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SU(N) Fermi-Hubbard model

<latexit sha1_base64="M1VIhABTw8oOkrqoyJChGgpUjOg="></latexit>

ĤS = Ĥhop + Ĥint
<latexit sha1_base64="RqcL9U9Sq33XdXp20vJlrgEvbOs="></latexit>

Ĥhop =
X

x,y2⇤

NX

�=1

tx,y ĉ
†
x,� ĉy,�

<latexit sha1_base64="vZ3QsHRcrnmzgtNam9Pcii0L/JM="></latexit>

Ĥint = U

X

x2⇤

X

1�<⌧N

n̂x,�n̂x,⌧ =
U

2

X

x2⇤

n̂x(n̂x � 1)

N : the number of internal degrees 
of freedom
In solids: 
N=2 (spins of electrons)
Ultracold atoms: 
N=6
(nuclear spins of 173Yb atoms)
N=10 
(nuclear spins of 87Sr atoms)

S. Taie et al., Nat. Phys. (2012),
F. Scazza, et al., Nat. Phys. (2014), 
X. Zhang et al., Science (2014),……

M. Cazalilla et al., NJP (2009),
A. Gorshkov et al., Nat. Phys (2010),
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n Theorems for the ground states
l Degeneracy, long-range order, ……

l Ferrimagnetism (repulsive interaction)

l Two-particle ODLRO (attractive interaction)

l Method: spin reflection positivity

n 𝜂-pairing states
l exact eigenstates that exhibit the two-particle ODLRO

l Method: η-SU(2) symmetry of the model

E. H. Lieb, PRL 62, 1201 (1989).

S.-Q. Shen and Z.-M. Qiu,
PRL 71, 4238 (1993).

C. N. Yang, PRL 63, 2144 (1989).

We extended these results to the SU(N) case.

Rigorous approaches to the SU(2) Fermi-Hubbard model

e.g. Lieb lattice
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n Rigorous results on the ground state (attractive interaction)

l Degeneracy and charge order
l Applicable to a wide class of 𝑁(≥ 3) -component lattice fermions in 

arbitrary dimension
SU(𝑁) symmetry is not (essentially) required

l Method: Majorana reflection positivity

n Generalization of 𝜂-pairing states (𝜂-clustering states )

l Exact eigenstates of extended SU(𝑁) Hubbard models 
with N-particle ODLRO

l Method: Restricted spectrum generating algebra

n (preliminary) Analysis of the Liouvillian gap
l Liouvillian gap for the SU(𝑁) Fermi-Hubbard model with two-body loss 

due to inelastic collision 
l Method: Solving a two-body problem of a doublon and a hole

Rigorous approaches to the SU(𝑵) Fermi-Hubbard model

H. Yoshida and H. Katsura, PRL 126, 100201 (2021) 

H. Yoshida and H. Katsura, PRB 105, 024520 (2022)
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Majorana reflection positivity
n Reflection positivity: Inequality for expectation values of 

operators in the ground state or the Gibbs state

l Reflection in real space
l Reflection in spin space（spin reflection positivity）

► Theorems on the ground state of the SU(2) Fermi-Hubbard 
model (Lieb's theorem)

l Reflection between two sets of Majorana operators 

► Used to solve sign problem in quantum Monte Carlo.

► Applicable to SU(𝑁) (𝑁 > 2) attractive Fermi-Hubbard models!

<latexit sha1_base64="lIH/9JeGy9iztUgAXXy93Hqx2rk="></latexit>

hÂ✓(Â)i � 0, etc. . . . ✓ : reflection

F. J. Dyson et. al., J. Stat. Phys. 18, 335 (1978).

E. H. Lieb, PRL 62, 10 (1989).

A. Jaffe and F. L. Pedrocchi, Ann. Henri Poincaré 16, 189 (2015). 

Z. C. Wei, et.al., PRL 116, 250601(2016), H. Xu, et.al., arXiv:1912.11233. 

<latexit sha1_base64="5XIHuf1262G9ARVIloKxe1G4/vA="></latexit>

�̂(1)
x,� = ĉx,� + ĉ†x,�, �̂(2)

x,� = �i
�
ĉx,� � ĉ†x,�

�
<latexit sha1_base64="7e0WkHn1vJ/Y29LBoBvGaBmKtUc="></latexit>

�̂(1)
x,� () �̂(2)

x,�
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The Hamiltonian 

n The SU(𝑁) attractive Fermi-Hubbard model on connected bipartite lattice 
l A, B : sublattices
l (       ) : creation (annihilation) operators of a fermion at site

with the internal degree of freedom σ = 1,… ,𝑁. 
l

l : hopping amplitude (real), : the strength of interaction

n Bipartite lattice: a lattice that allows neighboring sites to be painted in 
different colors when painted in two different colors.
l Examples: 𝑑-dimensional cubic lattice, honeycomb lattice ......

<latexit sha1_base64="M1VIhABTw8oOkrqoyJChGgpUjOg="></latexit>

ĤS = Ĥhop + Ĥint
<latexit sha1_base64="AVcu1/pALoTcCGIF+5bCansEUEY="></latexit>

Ĥhop =
X

x,y2⇤

NX

�=1

tx,y ĉ
†
x,� ĉy,�

Sublattice A
Sublattice B

<latexit sha1_base64="qD8vb7qXL1YhaJmMDin3YcGMMcE="></latexit>

Ĥint =
X

x2⇤

Ux

X

1�<⌧N

✓
n̂x,� � 1

2

◆✓
n̂x,⌧ � 1

2

◆

<latexit sha1_base64="hxAHzJhpBU/arJi7c+dG8qWIOoY="></latexit>

ĉ†x,�
<latexit sha1_base64="hIch7JpbitWIT1SUnunMMz5vb/M="></latexit>

ĉx,�

<latexit sha1_base64="sLGELjj9Axuj0q3SYmjjviXYwqU="></latexit>

n̂x =
PN

�=1 ĉ
†
x,� ĉx,�

<latexit sha1_base64="Yi0AnuTSl01ehBXV+wiFOR3uAJY="></latexit>

tx,y
<latexit sha1_base64="KNFNGVCf4UILQmrPD57taVvZ9rQ="></latexit>

Ux < 0

Particle-hole symmetric interaction

<latexit sha1_base64="wzgmxZMOrMloh9b0FBnk5a85Ev0="></latexit>

N � 3

A. Rapp, G. Zaránd, C. Honerkamp, and W. Hofstetter, PRL 98, 160405 (2007). 
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Theorem１︓Basic properties of the ground state

: the number of sites on each sublattice  

Theorem 1: When                 , there are exactly two ground states in 

the whole Fock space. The two ground states are SU(𝑁) singlets and 

their total fermion numbers are           and           , respectively. 

When                , there are at most two ground states, each of which 

is an SU(𝑁) singlet and whose total fermion number is

<latexit sha1_base64="tqbpwXeWmU3fJGGQuYe6aru5Lhw="></latexit>

NA 6= NB

<latexit sha1_base64="GMd7stliXtBEiNfqk/4Xsu3I85o="></latexit>

NNA
<latexit sha1_base64="allEALrkX3mBoBM007qTiAXa7Nw="></latexit>

NNB

<latexit sha1_base64="u+x9l+NKJeocbF0hw7j75xsyRwQ="></latexit>

NA = NB

<latexit sha1_base64="0mIM582ohUeVtTwcxcm34ej3U+Y="></latexit>

NNA(= NNB)

<latexit sha1_base64="HoS1cpbHBgc7DYO00QjjhvA15AA="></latexit>

F̂ �,⌧ |�singlet i = 0 for all � 6= ⌧, F̂ 1,1 |�singlet i = · · · = F̂N,N |�singlet i
<latexit sha1_base64="po9OnqmDQwSyGf3ikYxDzXnYlXA="></latexit>

F̂ �,⌧ =
P

x2⇤ ĉ†x,� ĉx,⌧where

n SU(𝑁) singlet︓a state invariant under SU(𝑁) rotation of the internal 
degrees of freedom. i.e.,
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Theorem２︓ An inequality about a density correlation

n Consider the following operator
<latexit sha1_base64="rUWzk91+BYClqGfNqV2H1/rRmw8="></latexit>

Ŝx,y = (�1)x(�1)y
✓
n̂x � N

2

◆✓
n̂y �

N

2

◆

Theorem 2 : We have for any ground state           and for          

that                                     . 

<latexit sha1_base64="sx3yrHpuzj5Xj+dsY+QSAt+EBuw="></latexit>

|�GSi
<latexit sha1_base64="2cCxMs7O45w8p+pP9ttDZz8c/8Q="></latexit>D
�GS

���Ŝx,y

����GS

E
> 0

<latexit sha1_base64="d2Eug0IobgDXkoUsDzEHg3RCQ4s="></latexit>

x, y 2 ⇤

<latexit sha1_base64="0c/BNclfosy/R4Db5L+/cAl7BbI="></latexit>

(�1)x = 1 if x 2 A and (�1)x = �1 if x 2 B
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Theorem 3: Existence of a density order
n Assume that                   is macroscopically large. 

n The order parameter

<latexit sha1_base64="7ycAg3fJFiBZgrk7+pjJ3QqDyMI="></latexit>

|NA �NB |

<latexit sha1_base64="HwWDg6KA6RjLgIivfu2VoNhk5Io="></latexit>

Ŝ =
X

x2⇤

(�1)x
✓
n̂x � N

2

◆
<latexit sha1_base64="0c/BNclfosy/R4Db5L+/cAl7BbI="></latexit>

(�1)x = 1 if x 2 A and (�1)x = �1 if x 2 B

<latexit sha1_base64="yDKzk+oMVsiwTegF8gRNo5HDYbU="></latexit>

|NA �NB | = aNs (0 < a < 1)
<latexit sha1_base64="JNAuM5jFzW6Jb4uPQGtq4c2cGaw="></latexit>

Ns = NA +NB

Theorem 3 : We have for any ground state           that  
<latexit sha1_base64="sx3yrHpuzj5Xj+dsY+QSAt+EBuw="></latexit>

|�GSi
<latexit sha1_base64="nh16boIELOMawc109zNSP5o1J6I="></latexit>D
�GS

���Ŝ2
����GS

E
>

✓
aNNs

2

◆2

The ground state has a density order.

Lieb lattice  (a=1/3)

(left) Two ground states 
in the limit 
in the SU(3) attractive Hubbard model    

|Ux| � |tx,y|
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An Example
n We calculated the lowest energy

of the attractive SU(3) Fermi-Hubbard model
by exact diagonalization.
l hopping amplitude: -t   the strength of interaction: -U (t, U > 0) 

1
3

2
3

1
filling

-2

-4

-6

-8

E/t

U/t=0
U/t=1
U/t=2

Filling
E/t 1/3 2/3 1

* The energy is shifted by a constant so 
that the energy of the vacuum is zero. 

In these two filling sectors, the lowest energy level is unique

1
3

2
3

1
filling

-2

-4

-6

-8

E/t

U/t=0
U/t=1
U/t=2

2.42 2.42

0.29

0.29

0.29

0.29

The lowest energy in each filling sector The expectation value of the
particle number at each site (U/t=1)

0.29 0.29

2.42

2.42

2.42

2.42

1/3 filling

2/3 filling

Lattice:

Cf.) A similar behavior is numerically found in a spinless fermion model on a Lieb lattice.        
M. Bercx, et.al., PRB 95, 035108 (2017).

Particle-hole 
symmetry breaking

<latexit sha1_base64="nTkksMIBgP/06LTHT6dkpmvQlMg="></latexit>D
�GS

���Ŝ2
����GS

E
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0.36 0.36

1.28

1.28

1.28

1.28

2/3 filling

1/2

1
3

2
3

1
filling

-2

-4

E/t

U/t=0
U/t=1
U/t=2

SU(2) case
n For the SU(2) attractive Fermi-Hubbard model, we performed

the same calculation.
l hopping amplitude: -t   the strength of interaction: -U (t, U > 0) 

Filling
E/t 1/3 2/3 1

* The energy is shifted by a constant so 
that the energy of the vacuum is zero. 

1
3

2
3

1
filling

-2

-4

-6

-8

E/t

U/t=0
U/t=1
U/t=2

1.28 1.28

0.36

0.36

0.36

0.36

The lowest energy in each filling sector The expectation value of the
particle number at each site (U/t=1)

1/3 filling

Lattice:

No particle-hole 
symmetry breaking

1

1

1
1

1

1

1/2 filling

<latexit sha1_base64="ddl2sAlVZyxRRJl5IV3NDOpbbPM="></latexit>D
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Outline of the proof(1/2) H. Yoshida and H. Katsura, 
PRL 126.100201 (2021)

<latexit sha1_base64="/N5381bDDkrI9OWQtsVzW+dq0AM="></latexit>

Ô(W ) =
X

↵,�

W↵,��̂
(1)
↵ �̂(2)

�

1. Consider an energy eigenoperator    .
<latexit sha1_base64="P2ugJ+6foc0ZKTKfGGni5byNhoI="></latexit>

{|E, ji | j = 1, · · · , nE}

<latexit sha1_base64="1NraThPd06ifr2M0scjnNtAkPa4="></latexit>

{|E, ji hE, k||j, k = 1, · · · , nE}

2. We obtain a matrix representation 𝑾
by expanding the eigenoperator     as

: eigenvectors

: eigenoperators

<latexit sha1_base64="bYewDL14K16hT7E9kfCQJtCULNU="></latexit>

Ô

<latexit sha1_base64="Sd36bMMK3eHwATAjoTCdznL30cw="></latexit>

Ĥ|E, ji = E|E, ji

<latexit sha1_base64="fWu11p/jb5/HmV6e9Qp5BlyCxEY="></latexit>

ĤÔ = ÔĤ = EÔ

<latexit sha1_base64="bYewDL14K16hT7E9kfCQJtCULNU="></latexit>

Ô

: all possible products of                  operators    
<latexit sha1_base64="CuBg3Ys2/IPbO14f+uKaFxTyMQo="></latexit>

�̂(1)
x,�, �̂

(2)
y,⌧

<latexit sha1_base64="4zTxALevIcmcxJFwzNXsM4Ttn7Y="></latexit>

�̂(1)
↵ , �̂(2)

�
<latexit sha1_base64="06XLCTsGz/gdLd44Chd8OIS/ODQ="></latexit>

↵,� ⇢ ⇤⇥ {1, 2, . . . , N}

<latexit sha1_base64="HQ6lz2lopQ9zRcU1FiBpgkrTkw4="></latexit>nE :degeneracy

Z.-C. Wei, et al., PRB 92, 161105(R) (2015). 
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Outline of the proof(2/2)

4. Using the property 3, we can prove
Theorem 1: Basic properties of the ground state,
Theorem 2: An inequality about a density correlation,
Theorem 3: Existence of a density order.

3. Prove that the matrix 𝑊 for the ground state is 
positive or negative definite. 

Point. For a Hermitian matrix      , we define a new matrix                           .        
Then, the following inequality holds (Majorana reflection positivity).

Here, 𝐸(𝑊) is the energy expectation value of the state represented by 𝑊 .
<latexit sha1_base64="VRrT54sM+3T1gb5tViRmxyBUZ1U="></latexit>

E(W ) = 2Tr
⇥
KW 2

⇤
+

X

x2⇤

NX

1�<⌧N

Ux Tr [WLxx,�⌧WLxx,�⌧ ]

: matrix elements of         ,         in the Majorana basis (Hermitian)

H. Yoshida and H. Katsura, 
PRL 126.100201 (2021)

<latexit sha1_base64="JaPWrsq2cg3ZfK233iTjbhVSUzY="></latexit>

Ĥhop
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Ĥint



17/31

Contents
n Introduction

n Majorana reflection positivity in the attractive SU(N) 
Fermi-Hubbard model

n Generalized η-pairing states in the extended SU(N) 
Fermi-Hubbard model

n Summary



18/31

Off-diagonal long-range order (ODLRO) 
n ODLRO characterizes BEC and superconductivity.

n Definitions: 
ĉ†x,� (ĉx,�) ︓creation (annihilation) operator of fermions/bosons

x �:a site ︓an internal degree of freedom（spin, etc.）

n A state has n-particle ODLRO

⇔ In the limit ,  

|
⌦
ĉ†xn,�n

. . . ĉ†x1,�1
ĉy1,⌧1 . . . ĉyn,⌧n

↵
| ! const. (> 0)

(x1, . . . , xn) (y1, . . . , yn)

min
1i,jn

|xi � yj | ! 1

︓sets of sites

n sites                      are close to each other 

(So are                      )

(x1, . . . , xn)

(y1, . . . , yn)
(x1,�1) (x2,�2)

(y2, ⌧2)

(y1, ⌧1)

r ! 1
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Physical implications of ODLRO
n Bosons︓One-particle ODLRO is related to BEC.

n Fermions︓One-particle ODLRO is prohibited.
However, two-particle ODLRO is possible.

l Two-particle ODLRO is related to superconductivity.

l Examples of states with two-particle ODLRO

: BCS wave function, η-pairing states

C. N. Yang, RMP (1962).

O.Penrose and L.Onsager, Phys. Rev (1956).



20/31

η-pairing states
n Exact eigenstates of the SU(2) Fermi-Hubbard model 

with two-particle ODLRO
l We define η-operator       as

l Definition: η-pairing states

C. N. Yang, PRL 63, 2144 (1989).

ˆ̃⌘† :=
X

x2⇤

(�1)x⌘̂†x

⌘̂†x := ĉ†x,"ĉ
†
x,#

ˆ̃⌘† :=
LX

x=1

ei⇡x⌘̂†x

| M i =
⇣
ˆ̃⌘†
⌘M

|0i| M i =
⇣
ˆ̃⌘†
⌘M

|0i : The vacuum state

η-pairing states are eigenstates of the SU(2) Fermi-Hubbard model.

l The vacuum is an eigenstate of the Hamiltonian
l The η-operator commutes with the Hamiltonian

η-pairing scars
: Hubbard + perturbation

S. Moudgalya et.al., PRB (2020).
D. K. Mark and O. I. Motrunich, PRB (2020).
K. Pakrouski et.al., PRR (2021).

(On a general bipartite lattice)

ei⇡x =

(
1 (x 2 A)

�1 (x 2 B)

A, B: sublattice

(On a general bipartite lattice)

η-pairing states are eigenstates of the SU(2) Fermi-Hubbard model.
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η-pairing states
n Exact eigenstates of the SU(2) Fermi-Hubbard model 

with two-particle ODLRO
l We define η-operator       as

l Definition: η-pairing states

C. N. Yang, PRL 63, 2144 (1989).

ˆ̃⌘† :=
X

x2⇤

(�1)x⌘̂†x

| M i =
⇣
ˆ̃⌘†
⌘M

|0i| M i =
⇣
ˆ̃⌘†
⌘M

|0i : The vacuum state

η-pairing states are eigenstates of the SU(2) Fermi-Hubbard model.

l The vacuum is an eigenstate of the Hamiltonian
l The η-operator commutes with the Hamiltonian

η-pairing scars
: Hubbard + perturbation

S. Moudgalya et.al., PRB (2020).
D. K. Mark and O. I. Motrunich, PRB (2020).
K. Pakrouski et.al., PRR (2021).

(On a general bipartite lattice)

ei⇡x =

(
1 (x 2 A)

�1 (x 2 B)

A, B: sublattice

(On a general bipartite lattice)

⌘̂†x := ĉ†x,"ĉ
†
x,#

ˆ̃⌘† :=
LX

x=1

ei⇡x⌘̂†x
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Motivation: generalization of η-pairing states
n η-pairing states: Exact eigenstates of the SU(2) Fermi-

Hubbard model with two-particle ODLRO

n Can we generalize η-pairing states to the SU(N) Fermi-
Hubbard model ?
l New type of N-particle clustering states

l Candidate for quantum many-body scars

An η-clustering state（N=3) An η-pairing state（N=2）

η-pairing scars
: Hubbard + perturbation

S. Moudgalya et.al., PRB (2020).
D. K. Mark and O. I. Motrunich, PRB (2020).

C. Wu, MPL B 20, 1707 (2006).
A. Rapp, et al., PRL 98, 160405 (2007). 
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η-clustering states: a natural extension  
N: the number of internal degrees of freedom

n A straightforward extension→ when N is odd.

n η-clustering states: nonvanishing for all N, defined on a chain.

HY and H.Katsura, PRB 105, 024520 (2022)

😞⇣
ˆ̃⌘†
⌘2

= 0

ˆ̃⌘† :=
LX

x=1

ei⇡x⌘̂†x ⌘̂†x = ĉ†x,1ĉ
†
x,2 . . . ĉ

†
x,N

⌘̂† =
LX

x=1

ei⇡xÛ1,...,x�1⌘̂
†
x

���L
M

↵
:=

1

M !

�
⌘̂†
�M |0i

Û1,...,x�1 = ei⇡
Px�1

j=1 n̂j n̂x︓particle number operator at site     <latexit sha1_base64="b8GfiUh/aXDTpi+7sr+jTIezZp8="></latexit>x

😃

An η-clustering state（N=3) An η-pairing state（N=2）
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Extended SU(N) Hubbard model
n η-clustering states are not eigenstates of the SU(N) Hubbard 

model when  N>2.          

n By adding (N-1) -body hopping terms, we can construct a 
model where η-clustering states are exact eigenstates.

😞

😃

<latexit sha1_base64="AzLRgZdSs4jmINOarkrDw3D1QCo="></latexit>

Ĥ = Ĥ1 + ĤN�1 + ĤU

Ĥ1 = �t

L�1X

x=1

NX

�=1

�
ĉ
†
x,� ĉx+1,� + h.c.

�

ĤN�1 = �t

L�1X

x=1

NX

�=1

�
ˆ̄c†x,� ˆ̄cx+1,� + h.c.

�

ĤU = U

LX

x=1

n̂x (n̂x �N)

ˆ̄c†x,� =
⇥
ĉx,�, ⌘̂

†
x

⇤
±where                           （ is (anti-)commutator for N even (odd))[ , ]±
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Connections to quantum many-body scars
l When N>2,       does not commute with the Hamiltonian.

l However, they satisfy the following relations.

⌘̂† =
LX

x=1

ei⇡xÛ1,...,x�1⌘̂
†
x

(i)

(ii)

(iii)

<latexit sha1_base64="BVEOpOo86LqOftMLz/MoI4c2jeg="></latexit>

Ĥ|0i = 0
<latexit sha1_base64="aIcv9w0xl/kHEFAQOwX2NbyI3Bs="></latexit>

[Ĥ, ⌘̂
†]|0i = 0

<latexit sha1_base64="6aIcCC3gzk5WKLYm+3ahWdnaGVk="></latexit>

[[Ĥ, ⌘̂
†], ⌘̂†] = 0

Restricted spectrum generating algebra (RSGA) of order 1. 

【c.f.】 When N=2 (η-pairing scars),
S. Moudgalya et.al, PRB (2020).

η-clustering states are eigenstates of the Hamiltonian.

l The energy is in the middle of the spectrum 
l The entanglement entropy scales 

logarithmically with the subsystem size.

Quantum many-body scars ! D. K. Mark and O. I. Motrunich, PRB (2020).
K. Pakrouski et.al., PRR (2021).
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Off-diagonal long-range order (ODLRO) 
N: the number of internal degrees of freedom

n Singlet correlation function︓characterizes N-particle ODLRO

⌦
⌘̂†x⌘̂y

↵L
M

:=

⌦
�L

M

��⌘̂†x⌘̂y
���L

M

↵
⌦
�L

M | �L
M

↵
���L

M

↵
:=

1

M !

�
⌘̂†
�M |0i L: system size

⌘̂†x = ĉ†x,1ĉ
†
x,2 . . . ĉ

†
x,N

1 x y L

r

n When N is even,

⌦
⌘̂†x⌘̂y

↵L
M

= (�1)r
M(L�M)

L(L� 1)

n When N is odd,

⌦
⌘̂†x⌘̂y

↵L
M

=

Pjmax

j=jmin
(�1)j

✓
L� r � 1

j

◆✓
r � 1

M � j � 1

◆

(�1)M+r�1

✓
L
M

◆

r = |x� y|, jmin = max{0,M � r}, jmax = min{L� r � 1,M � 1}
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Off-diagonal long-range order (ODLRO) 
N: the number of internal degrees of freedom

1 x y L

r

n When N is even, n When N is odd,

10 20 30 40
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0.0
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0.2

0.3

10 20 30 40
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-0.1

0.0

0.1

0.2

0.3
⌦
⌘̂†x⌘̂y

↵L
M

⌦
⌘̂†x⌘̂y

↵L
M

r = |x� y| r = |x� y|
Distance Distance

lThe correlations do not 
decay with distance.

N-particle ODLRO 
in the bulk !

lThe correlations decay 
exponentially with distance 
in the bulk.

lBut end-to-end correlations
do not vanish
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Parent Hamiltonian for η-clustering states
n η-clustering states are excited states of the extended SU(N) 

Hubbard model.

n We constructed a model where they are the unique ground states.

ĤV = V

L�1X

x=1

⇢
1

2

�
⌘̂
†
x⌘̂x+1 + h.c.

�
� 1

N2
n̂xn̂x+1 +

1

2N
(n̂x + n̂x+1)

�

ĤV = V

L�1X

x=1

⇢
1

2

�
⌘̂
†
x⌘̂x+1 + h.c.

�
� 1

N2
n̂xn̂x+1 +

1

2N
(n̂x + n̂x+1)

�

⌘̂†x = ĉ†x,1ĉ
†
x,2 . . . ĉ

†
x,N

Theorem: Consider the Hamiltonian               . If                                      , 

then the ground states in the whole Fock space are exactly             -fold 

degenerate and written as                                .
���L

M

↵
:=

1

M !

�
⌘̂†
�M |0i

(L+ 1)

<latexit sha1_base64="67elx+loCg1Rup5AfzPq3DojvPk="></latexit>

Ĥ + ĤV

<latexit sha1_base64="Hm6hA70PLSg1PfxaQVXfz8Kot14="></latexit>

U  0 and V > 8N2|t|

(M = 0, . . . , L)

c.f. For N=2: J. de Boer and A. Schadschneider, PRL (1995).
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Summary
n We proved theorems on the SU(𝑵) attractive Fermi-Hubbard 

model using the Majorana reflection positivity.

l Applications to other multi-component fermions?

l Applications to non-Hermitian systems?

n We constructed the 𝑵-component generalization of 𝜼-pairing 

states and examined the 𝑵-particle ODLRO.

l Experimental realization?

T. Hayata and A. Yamamoto, arXiv:2106.06192 

H. Yoshida and H. Katsura, PRL 126, 100201 (2021) 
H. Yoshida and H. Katsura, PRB 105, 024520 (2022)
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Key observation
n A representation of the Hamiltonian with Majorana operators

n We define an anti-linear map    as follows. 

n Then, the Hamiltonian is written as

<latexit sha1_base64="wsRs1INOhfX6q48BsiKGJGtJMK8="></latexit>

Ĥ =
X

x2A,y2B

NX

�=1

tx,y

✓
i

2
�̂
(1)
x,��̂

(1)
y,� � i

2
�̂
(2)
x,��̂

(2)
y,�

◆
+

X

x2⇤

X

1�<⌧N

Ux

✓
i

2
�̂
(1)
x,��̂

(1)
x,⌧

◆✓
� i

2
�̂
(2)
x,��̂

(2)
x,⌧

◆
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✓
⇣
�̂(1)
x,�

⌘
= �̂(2)

x,�, ✓
⇣
�̂(2)
x,�

⌘
= �̂(1)

x,�, ✓(i) = �i
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✓
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Ĥ = Ĥ
(1) + ✓

⇣
Ĥ

(1)
⌘
�

X

x2⇤

NX

1�<⌧N

|Ux|
✓
i

2
�̂
(1)
x,��̂

(1)
x,⌧

◆
✓

✓
i

2
�̂
(1)
x,��̂

(1)
x,⌧

◆
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(1) =

X

x2A,y2B

NX

�=1

tx,y

✓
i

2
�̂
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Effect of boundary conditions
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The behavior of singlet correlation function
n η-clustering states are mapped to a ferromagnetic state 

with as follows.                   
|0i 7! | #, #, . . . , #i

P̂ …… Projection operator to the subspace 
where                      for all sites.nx = 0 or N

<latexit sha1_base64="Chgo846wpQF9QRcfPL6LDWrs9TM="></latexit>

Ŝ+
x := ei⇡xP̂ Û1,...,x�1⌘̂

†
xP̂

Ŝ�
x := ei⇡xP̂ Û1,...,x�1⌘̂xP̂

Ŝz
x := P̂

✓
⌘̂†x⌘̂x � 1

2

◆
P̂

n The singlet correlation function is mapped to
<latexit sha1_base64="K2yROx6omWFBOM0lHoh/rJ90VZY="></latexit>

h⌘̂†x⌘̂yi 7!

8
>>>><

>>>>:

(�1)x+yhŜ+
x Ŝ�

y i when N is even .

hŜ+
x ei⇡

Py�1
j=x(Ŝz

j � 1
2 )Ŝ�

y i when N is odd.

LRO in the bulk

Constant if        is fixed and r=L
→ edge-to-edge correlations

Sz
tot = M/2

1 x y L

r

Sz
tot = M/2
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Relation with the Heisenberg model
n η-clustering states are mapped to a ferromagnetic state 

with as follows.                   Sz
tot = M/2

|0i 7! | #, #, . . . , #i

P̂ …… Projection operator to the subspace 
where                      for all sites.nx = 0 or N
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Ŝ+
x := ei⇡xP̂ Û1,...,x�1⌘̂

†
xP̂

Ŝ�
x := ei⇡xP̂ Û1,...,x�1⌘̂xP̂

Ŝz
x := P̂

✓
⌘̂†x⌘̂x � 1

2

◆
P̂

n is mapped as follows.

n This is the ferromagnetic Heisenberg model. 

→ The energy of the ferromagnetic states are lowered by the 

Hamiltonian.

ĤV

P̂ ĤV P̂ 7! V

L�1X
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✓
�Ŝx · Ŝx+1 +

1

4
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V > 0


