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Introduction
« Open guantum systems, Lindblad equation
 NESS, Liouvillian gap

* Dissipative quantum spin chains

Model I: Quantum compass chain + dissipation
Model II: Quantum Ising chain + dissipation

Summary
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Open quantum systems
B System & environment
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What's the equation that describes the system dynamics?

B Lindblad (or GKSL) equation [Lindblad, CMP 48, 119 (1976)]
* Markovian, CPTP (completely positive trace-preserving)

d , 1

Liouvillian i

p . density matrix L; : Lindblad operator



NESS and Liouvillian gap 42
B Eigenvalue problem
Llpi] = Xipi
1. Re(\) <0 Vi, 2. L[p:] = \ipi = L[p] = Xip!
1st decay mode Tm « Non-Equilibrium Steady State
; A
Ny Llpol =0 (Ao =0)
* * iy - Liouvillian gap
@ o—=e i‘ 5 he g = —max Re(\;)
® ® | \ )\7;2750
PS ? NESSs determined by the 1st decay mode
@ |

| Relaxation time: 7 =1/g
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Two-level examples
B Dephasing H =0,L =./70" (v > 0)
_dp L
Llp) = = (0% po” = p)
 Eigen-operators

L[1y] = L|o7] =0, Two NESS
Llo*] = =2~vo”, Ll|oY] = —2~v0Y Liouvillian gap = 2y
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B Spontaneous emission  H =o* L =./y0~ oF = >

i
 Eigen-operators

el )= ello 2= )

LloF] = (_1 4 Qi) i Single NESS
2 Liouvillian gap = y/2

d o _ 1,
Llp) = L = —ilo ,p]+’)f(0 p0+—§{0 o, p}




Super-operator formalism o2
B Vectorization of density matrix
p="> (mlpn) |m)(n| {Im)} : orthonormal basis
o) (7] & |o) & |7) p = lp) =) _(mlpln) [m)|n)
PpQ Y (mlpln) (PIm))(Q"|n))
- dp 2, 2
B Example: dephasing Lp] = i v(oZpo® — p)
P11 P11 0 0 0 0 P11
vor <p11 p12) _ | P2 dfp2| _ |0 =2y 0 O] |pr
P21 P22 P21 de | p21 0O 0 =29 0 P21
P22 022 0O O 0 0 P22

Clearly, the eigenvalues of £ are 0 and -2y.
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Dissipative guantum spin chains

B Previous exact results
* Boundary dissipation: Prosen, PRL 107, 137201 (2011)
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* Reducible to free fermions: Prosen, NJP 10, 043026 (2008)

* Reducible to imaginary-U Hubbard:
Medvedyeva, Essler, Prosen, PRL 117, 137202 (2016)

» Richardson-Gaudin: Rowlands, Lamacraft, PRL 120, 090401 (2018)

B Our results

Two spin-chain models with bulk dissipation.
Integrable! "Phase transition’ in the 1st decay mode.

Non-Hermitian

T €T Yy Y Z c
| 03,103, 05,054 o (dephasing) Kitaey Ladder
Non-Hermitian
1 zZ ST Z ST 5T .
95> 959541 95> 9595+1 Ashkin-Teller (= XX2)
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Model I: Quantum compass chain + dissipation
« Hamiltonian, dissipation
 Liouvillian - Kitaev-ladder - non-Hermitian SSH

 Liouvillian gap, autocorrelator of the edge spin



Model | 92
B Setup: spin-1/2 chain with OBC
site 1 2 N-1 N

gxxgngxgngxg

B Hamiltonian

* Quantum compass chain
Brzezicki, Dziarmaga, and Oles, PRB 75, 134415 (2007)

N/2 N/2—1
H = Hxx + Hyv = —J oxr. oY — ] o oY
XX YY T 2j—102; Y 2592541

Half of the XY chain. Reducible to free fermions.
B Dissipation: dephasing  L; =0 (j=1,..,N)
N.B. Li=1L;, (L;)?=x
« XY and XXZ with dephasing: Znidaric, PRE 92, 042143 (2015)



Steady states 10724
- Z2 parity P=]]o; [P,H] =0, [P,Lj]j=0V]
j=1
« NESS are prop. to the projections to the parity sectors
14+ P Ex.) N=2 1
P+ = oN P+=§(|TT)(TT|+|¢¢)<¢¢|)
+Proof  Llps] = —i[H,ps] + > [Lj,p+]L; =0
J
« Unigue NESS: Numerically checked uniqueness for small N
Liouvillian gap
T, =05 g Ju/J, =1.0 05 Jy/Jy, = 2.0
0.251 10l
0.20¢ i
2 0.15 8:2.
S 0.10 0.4}
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Mapping to Kitaev ladder
B \ectorization
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01, e, ON){(T1y ooy, TN| & |01, ooy ON) @ |T1, ooy TN)

With this identification, p can be thought of as a state on 2-leg ladder.

B Non-Hermitian "Hamiltonian’

‘H = iL + const.
XX YY XX YY XX

Kitaev model on a ladder!
A. Kitaev, Ann. Phys. 321, 2 (2006)
Solvable in the same manner as Kitaev honeycomb.
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From Kitaev to SSH 12/24

B Spin =2 Majorana - complex fermions
mobile immobile
(6%, 07, 07) (cj, b7, b7,b7) + other sublattice

J?7a777
(¢ dy) (£ 1))
{Fi 1]} = b,
{f it =1l fly=0

Gauge fixing

B Non-Hermitian tight-binding chain
N/2 N/2—1

H=20> (fli 1foithe)+20, Y (ffas1he)
1=1 1=1

Jz Jy I Jy

N 1
+ 2i (fo---> —_
(A SR A S B

pj ==+l

YN

Su-Schrieffer-Heeger chain (PRL1979) with imaginary u!
Solvable sector-by-sector (Sector~configuration of us)
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Liouvillian gap
B Fermionic picture
- Steady state: fully filled state in sector = (+,+,--- ,+)
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 1st decay modes: must be in the other sectors

B Results

« Three regimes
1. Topological (Ix<Jy), 2. critical (Jx=Jy), 3. Trivial (Ix>Jy)

* Liouvillian gap g =2y
(a) topological (J.= 0.5, J,=1.0)  (b)critical (J.= 1.0, J,=-1.0) 0(50) trivial (J.= 1.0, J,= 0.5)

1.2}

0.254 | 1.0} |\ T |

o, 020 | 0.8} | \ 03 4!

0.15} | 0.6} | |

% | | 0.2 |
o 0.10] 0.4}

| ! 01!
[ 1 YYor'moooo om0,
0 05 10 15 20 0 05Yc 10 15 20 O 05 10 15 20
Config. of us for the 1st decay mode in | is different from that in II.
- Nonmonotonic behavior in the Liouvillian gap g!

0.05




Liouvillian gap at critical’ case (Jx=Jy) 14/24
1.2
« Numerical result for N=10 1.0 |
>y 0.8 I
«Jx=Jy=1.0 o 06 |
S 04 :
Y/1m y
B Analytical results 0 05Yc 10 15 20

« 1st decay mode lives in the sector pp = (+,- -+ ,+,—,+, -+, +)
or p= (= — 4, ,+)

« Exact result for g (Jx=Jy=1.0)
( 2y (0<y<70)

2/3
61/3(97 + /4875 + 817T) T — 2. 6%/%
3v(9v2 + \/4876 + 81~%4)1/3

=
[l

(Ve <)

\

V3 -1

= 0.605...
2

« Critical dissipation strength Ve =
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Autocorrelator of the edge spin

B Signature of long-time coherence

Coclt) = (07 (077 (0)) 10 = e (e [o7]07)

« XYZ chain: Kemp, Yao, Laumann, Fendley, JSM (2017) 063105
* Dissipative quantum Ising: Vasiloiu et al., PRB 98, 094308 (2018)
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B Exact results
* Tour de force of 19C math.

 Topological regime * Trivial regime
Coo(t) Coo (t)
1.0 N o)y =05, v=0.1 1-0\ Jp/Jy =15, v=0.1
\
0.5_‘ ______________ 0.5 _\
R N T t -l..‘.*‘._g.-n.u-.--.-l......,...t
; 5 10 15 20 ; \ /' 5 10 15 20
_05l Both go to zero... o5l V

Decay is suppressed in topo. regime
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Autocorrelator of the edge spin

Im Im
|z ' Yw=1/z
— branch
cuts | A
poles
¥ N
N Re ——> Re
2|\ \ Z |\ |\ |\ 7 '\ |\ /7 \\
7/ N\ N/ \N/ \N/ \N/ \N/ \N/
/7 N\ N\ N\ N\ N\ N\ N\ P
7/ N| 7 \N| /7 \N |7 N |7 N |7 N| 7 N2

* Tour de force of 19C math.

—ﬂ3+1—q2 +r
r(n+ - n-)

t
o'+

+

—rt 1 — )y cos(; 2 _(r T —)|sin
¢ f11+qf("q)( Yycos(yt) + [v* = (r+ 1) (r+n-) ] W L 0<qe)

wr [2 + (r+ )2 ][y2 + (+n-)?]
e Tt fq+1f( )(r*l —r)ycos(yt) + [y = (7 + na ) (r +0-) | sin(yt) 1 (o1 0er<n)
C 2> <r<
wr Jg TN [y2 + (r+n0)2][y2 + (r +0-)2] . =
Ow(t): : H
- N 1 ’
et cos(\/‘q2 - lt) + i fcﬁ Msin(yt)dy (g=z1,r=1)
m Jag-1 y2 -—g2+1
7n3+17q2+r'2 7]+t_7172+17q2+7’2 ot
r(ns —mn-) r(ns —n-)

+

dy (g=1,r>1)

efrtfan( 7w eos(ut) + [y = (rm)(r 4 0o sinty)
Tr J1 ’ [y2+(r+7;+)2][y2+(r+n7)2]

where

Ny (g, r) = (717 2 i\/(l +r2)2 74q2r2)/(2'r')

) =v[(a+1)2 - y2][y2 - (a-1)2].
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Model II: Quantum Ising chain + dissipation
« Hamiltonian, dissipation
 Liouvillian - Ashkin-Teller = Non-Hermitian XXZ

 Liouvillian gap
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Model Il 1724
B Setup: spin-1/2 chain with PBC
XX XX XX XX XX 5
site 1}1 é' 25 é' é' é' N
SR S SR S S

Z Z Z Z Z Z
B Hamiltonian
* Quantum Ising chain

N
H = _JZUJUJ+1 hZa;f
j=1

Can be mapped to free Majorana chain. Critical at J=h.

B Dissipation: dephasing + XX

L(l) Vv Aio7, L(Q) VAot (j=1,...,N)

NB. (L =L (L) =4, (a=1,2)
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Steady states

+ Parity op. P = 00} ---0% commutes with H and L!", L1* vj

1+ P

* NESS: piL = oN (Uniqueness can be proved.)

Mapping to Ashkin-Teller XXX

EEEELES

N N N N N

| 7
‘H = iL + const. » Liouvillian gap
——Z JO'JO'J_|_1—|—hO'z- +Z JT;:TJ-x_|_1+thZ) ig

3_

+1A1 E o;7; +1As E 0703 1T Tixq 9

J
Quantum Ashkin- TeIIer model!
But non-Hermitian interchain coupling.




From Ashkin-Teller to staggered XXZ 19724
B Spin - Majorana = Spin
Ashkin-Teller Interacting Majorana Staggered XXZ

O R A U8

§ 248 8 MV A WA )
— el e e (X5, Y}, Z;)

a1 Ty ™N Idy ldy 1 1dyn
C--—=- > ————- >l L >

Modern rephrasing of
Kohmoto, den Nijs, Kadanoff, PRB 24, 5229 (1981).

B Non-Hermitian Hamiltonian
N

H = Z[h(X%—lXQi + Yo, 1Y2;) +1A1 Zoi 1 Zo4]
i=1

-+ Z (X2 Xoi+1 + Y2iYoit1) + 180729 Z9i11] + Hboudary

) =]1---Dand||) =], 1) correspond to 2 NESS.
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Uniqueness of NESS

HB[Lemma

Let T and K be (finite) Hermitian matrices. Let k; and A; (i=1,2,...)
be eigenvalues of K and those of ‘H =T + iK, respectively.
Then, we have
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max (Im)\;) < max k;.

W Proof

Let |; > be a right-eigenvector of H with eigenvalue A.
Assume that |y, > is normalized as <y; |y;> =1. Then,

i = (Vi H|s) = (s| T'|tbs) + i1 | K |15)
Im)\¢ = <’§DZ’K|1DZ> < max K;

real

B Application N
K = Z(Alzm—lzzi + AoZo;i Zoiv1) + DNoZo -+ Zon_1

1=1
| ) and | ||) are eigenvectors of K with the maximum eigenvalue.
(No other states with the same e.v.) They are annihilated by T.
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Liouvillian gap on self-dual line

B Reducible to uniform XXZ
J=h(=1), Ai=Ay=A
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N
« Hamiltonian H = Z(Xij+1 +Y;Y; 11 +1AZ; Z; 1) + Hooudary
j=1

« Boundary term
Hioundary = (—1)N Qx (Xon X1 + QzYanY1) +iAQz Zon 7,

Qz=]]%,, @x=]]X, commuteswith H.
j j

B Different sectors  Alcaraz et al., Ann. Phys. 182, 280 (1988).
(i
(ii

) (—1)"Qx = +1 Perodic

) (-7 Qx
(i) Qz=-1, (-1)"Qx =+1  Anti-diagonal twisted }

) (-7 Qx

} U(T) symm.
= -1 Anti-perodic

(iv
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Liouvillian gap in sectors (i) and (ii)
B EXxplicit 1st decay mode

2N
. - 1 -
- Singular state  |x") = o > (-1 oo )
j=1
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Avdeeyv, Vladimirov, Theor. Math. Phys. 69, 1071 (1986)
Essler, Korepin, Schoutens, JPA 25, 4115 (1992)

1+ (=D)YQx (4
7 X*)

with eigenvalue (2N — 4)Ai Similar eigenstate in (ii)

- Eigenstate of

B Exact gap
96) = 9¢i) = 4A

One can prove independently that the lower bound for g is 4A.
- The above state saturates the bound!



Gap In sectors (i) and (iv) 23/24
B Off-diagonal Bethe ansatz o gl
* Qiao et. al., NJP 20, 073046 (2018) for Bacly

Models

« Maximum modulus eigenvalue 7 = iA

2N : :
.. 1 1
E = —2isinh p E [cot (uj + _TI) — cot (uj — _77)] + 2N sinh n + 2 sinh n,
‘= 2 2

* Bethe roots
HO) = Y (X Xju1 +YiYj1 + Ae? Z;7541)

Im
Tilted string ey I .
1\ el
uj:_z+(2N+ _j) in + o(IN), S )
2 2 i
B Exact gap - y ko i 2 ke
gai) = 9w = 2V A2 +1
Consistent with perturbation theory around A=<« A
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Summary

Non-Hermitian
€x x y Yy z o

e T4 - : . . .
I 2§—19255 9292541 g (dephasmg) Kitaev Ladder

Non-Hermitian
< xXr T
| 5, @ 05, 0041 Ashkin-Teller (> XX2)

« Mapping to integrable non-Hermitian Hamiltonians

* NESS = completely mixed state in each parity sector

« Exact formulas for Liouvillian gap, transition at 1st decay mode

g
1.2

0 05Yc 10 15 20 02 04 06



