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Mapping class group

Σ = Σg,1: Compact, connected,
oriented surface of genus g with 1
boundary component.

M = {h : Σ
∼−→ Σ | h∂Σ = Id∂Σ}/isotopy

Dehn twist:

Dehn-Nielsen representation

π = π1(Σ, ∗) = 〈x1, . . . , xg , y1, . . . , yg〉

The map

ρ :M−→ Aut(π), h 7−→ h#

is injective.

Lower central series

Γ1π = π, Γ2π = [π, π], Γ3π = [π, [π, π]],

Γn+1π = [π, Γnπ]

[a, b] = aba−1b−1

The action ofM on π preserves
the lower central series.



M

ρn
%%

ρ
// Aut(π)

��

Aut(π/Γn+1π)

Torelli group

I =
{

h ∈M | h∗ = IdH1(Σ)

}
= ker(ρ1)

Johnson filtration

I = J1M⊃ J2M⊃ J3M⊃ · · ·

JnM = ker(ρn)

= {h ∈M | ∀x ∈ π : h#(x)x−1 ∈ Γn+1π}
= {h ∈M | [h, π] ⊂ Γn+1π}

( considering π oM )

Underlying abstract setting: A group G (above G =M) acting on a
group K (above K = π) with a N+-filtration (Ki )i≥1 (above Ki = Γiπ).

• (Habiro, Massuyeau) Considered a group G acting on a group K
with a N-filtration (Ki )i≥0.

•We consider a group G acting on a group K with a Λ-filtration
(Ki )λ∈Λ. Where Λ is a good ordered commutative monoid



• In this talk we consider Λ = N2 = {(m,n) ∈ Z | m,n ≥ 0}

with order (m,n) ≤ (m′,n′) iff m ≤ m′ and n ≤ n′.

Goal
Define a double filtration for the mapping class groupM and
for the Goeritz group G

M =M−1,−1 ⊃ M−1,0 ⊃ M−1,1 ⊃ M−1,2 · · ·
∪ ∪ ∪ ∪

M0,−1 ⊃ G =M0,0 ⊃ M0,1 ⊃ M0,2 · · ·
∪ ∪ ∪ ∪

M1,−1 ⊃ M1,0 ⊃ M1,1 ⊃ M1,2 · · ·
∪ ∪ ∪ ∪

M2,−1 ⊃ M2,0 ⊃ M2,1 ⊃ M2,2 · · ·
∪ ∪ ∪ ∪

M3,−1 ⊃ M3,0 ⊃ M3,1 ⊃ M3,2 · · ·
...

...
...

...



N2-filtrations

A N2-filtration of a group K is a
family (Km,n)(m,n)∈N2 of normal
subgroups of K such that

• K0,0 = K

• Km,n ⊃ Km′,n′ for (m,n) ≤ (m′,n′)

• [Km,n,Km′,n′ ] ⊂ Km+m′,n+n′ for all
(m,n), (m′,n′) ∈ N2

K0,0 ⊃ K0,1 ⊃ K0,2 ⊃ · · ·
∪ ∪ ∪

K1,0 ⊃ K1,1 ⊃ K1,2 ⊃ · · ·
∪ ∪ ∪

K2,0 ⊃ K2,1 ⊃ K2,2 ⊃ · · ·
∪ ∪ ∪

K3,0 ⊃ K3,1 ⊃ K3,2 ⊃ · · ·
∪ ∪ ∪
...

...
...

K̄m,n :=
Km,n

Km+1,n Km,n+1
is an abelian group.



Double lower central series

Consider a group K and two
normal subgroups X̄ , Ȳ E K . The
double lower central series of
(K , X̄ , Ȳ ) is the N2-filtration
(Km,n)(m,n)∈N2 of K given by

• K0,0 = K

• Km,0 = ΓmX̄ for m ≥ 1

• K0,n = ΓnȲ for n ≥ 1

• Km,n = [K1,0,Km−1,n] [K0,1,Km,n−1]
for m,n ≥ 1

K ⊃ Ȳ ⊃ Γ2Ȳ ⊃ · · ·
∪ ∪ ∪
X̄ ⊃ K1,1 ⊃ K1,2 ⊃ · · ·
∪ ∪ ∪

Γ2X̄ ⊃ K2,1 ⊃ K2,2 ⊃ · · ·
∪ ∪ ∪

Γ3X̄ ⊃ K3,1 ⊃ K3,2 ⊃ · · ·
∪ ∪ ∪
...

...
...

K1,1 = [X̄ , Ȳ ] K2,1 = [X̄ , [X̄ , Ȳ ]] K2,2 = [Ȳ , [X̄ , [X̄ , Ȳ ]]] [[X̄ , Ȳ ], [X̄ , Ȳ ]]



Lemma

Let K a group and X̄ , Ȳ E K such that K = X̄ Ȳ . Let (Ki,j )(i,j)∈N2 be
the double lower central series of (K ; X̄ , Ȳ ). For m ≥ 1, we have

Γm(K ) =
∏

i+j=m

Ki,j .

• Γ1K = X̄ Ȳ

• Γ2K = K2,0K1,1K0,2

• Γ3K = K3,0K2,1K1,2K0,3

K = X̄ Ȳ ⊃ Ȳ ⊃ Γ2Ȳ ⊃ · · ·
∪ ∪ ∪
X̄ ⊃ K1,1 ⊃ K1,2 ⊃ · · ·
∪ ∪ ∪

Γ2X̄ ⊃ K2,1 ⊃ K2,2 ⊃ · · ·
∪ ∪ ∪

Γ3X̄ ⊃ K3,1 ⊃ K3,2 ⊃ · · ·
∪ ∪ ∪
...

...
...



In term of basis:

• K = π1(Σ, ∗) = 〈x1, . . . , xg , y1, . . . , yg〉 free group on 2g
generators

• X̄ = 〈〈x1, . . . , xg〉〉K normal closure in K

• Ȳ = 〈〈y1, . . . , yg〉〉K
Let (Ki,j )(i,j)∈N2 be the double lower central series of (K ; X̄ , Ȳ ).

The subgroup of the mapping class group

G = Gg,1 =
{

h ∈M | h#(X̄ ) ⊂ X̄ , h#(Ȳ ) ⊂ Ȳ
}

acts on K preserving the double lower central series of (K ; X̄ , Ȳ )

The group G is called the (genus g) Goeritz group of S3 (relative to
the disk D)

Goeritz group of S3



K = 〈x1, . . . , xg , y1, . . . , yg〉 X̄ = 〈〈x1, . . . , xg〉〉K Ȳ = 〈〈y1, . . . , yg〉〉K

G =
{

h ∈M | h#(X̄ ) ⊂ X̄ , h#(Ȳ ) ⊂ Ȳ
}

Equivalent definitions:

• G is the group of isotopy classes of orientation-preserving
homeomorphism h : S3 → S3 such that h(∂V ) = ∂V and h(D) = D.

• G is the subgroup of mapping classes inM which extend to both
handlebodies V and V ′

• G is the subgroup of mapping classes inM which preserve the
standard Heegaard splitting of the 3-sphere.

Remark. It is not known if G is finitely generated for genus > 3.

Powell Conjecture. The group G is finitely generated. Moreover,
Powell proposed a set of generators with 5 elements.

Goeritz group of S3



K = 〈x1, . . . , xg , y1, . . . , yg〉 X̄ = 〈〈x1, . . . , xg〉〉K Ȳ = 〈〈y1, . . . , yg〉〉K

G =
{

h ∈M | h#(X̄ ) ⊂ X̄ , h#(Ȳ ) ⊂ Ȳ
}

Some related groups:

Handlebody groups

H = MCG(V ,D) =
{

h ∈M | h#(X̄ ) ⊂ X̄
}

H′ = MCG(V ′,D) =
{

h ∈M | h#(Ȳ ) ⊂ Ȳ
}

Twist (or Luft) groups

T = ker
(
H −→ Aut(π1(V , ∗))

)
T ′ = ker

(
H′ −→ Aut(π1(V ′, ∗))

)

M

H

≤

H′

≥

T

≤

G
≤≥

T ′

≥

· finitely generated

· not finitely generated

Goeritz group of S3



M

H

≤

H′

≥

T

≤

G
≤≥

T ′

≥

• tε, tγ , tδ ∈ T

• tε, tγ /∈ G

• tεt−1
γ , tδ ∈ G

Examples



H = H1(Σ;Z) = 〈a1,b1, . . . ,ag ,bg〉ab

Sp(H, ω) ' Sp(2g,Z)

ω : H ⊗ H −→ Z
intersection form

Lemma (folklore)

Let σ :M→ Sp(2g,Z) be the action on H, then

• σ(H) =

{(
P R
0 (PT )−1

) ∣∣∣∣ P−1R is symmetric
}

• σ(H′) =

{(
P 0
R (PT )−1

) ∣∣∣∣ PT R is symmetric
}

• σ(G) =

{(
P 0
0 (PT )−1

) ∣∣∣∣ P ∈ GL(g,Z)

}
' GL(g,Z)

• σ(T ) =

{(
Idg R
0 Idg

) ∣∣∣∣ R is symmetric
}
' Z

1
2 g(g+1)

• σ(T ′) =

{(
Idg 0
R Idg

) ∣∣∣∣ R is symmetric
}
' Z

1
2 g(g+1)

Action on H1(Σ,Z)

K = 〈x1, . . . , xg , y1, . . . , yg〉

ai = [xi ], bi = [yi ]



For all (m,n) ∈ N2 we set

Gm,n =
{

h ∈ G | [h,Ki,j ] ⊂ Km+i,n+j for all (i , j) ∈ N2
}

[h, z] = h#(z)z−1

Proposition

• Gm,n =
{

h ∈ G | [h, X̄ ] ⊂ Km+1,n, [h, Ȳ ] ⊂ Km,n+1
}

• G0,0 = G • Gm,n E G

• [Gm,n,Ga,b] ⊂ Gm+a,n+b that is, (Gm,n)m,n is a N2-filtration.

Double Johnson filtration for the Goeritz group

K = 〈x1, . . . , xg , y1, . . . , yg〉 X̄ = 〈〈x1, . . . , xg〉〉K Ȳ = 〈〈y1, . . . , yg〉〉K

The Goeritz group

G =
{

h ∈M | h#(X̄ ) ⊂ X̄ , h#(Ȳ ) ⊂ Ȳ
}

acts on K preserving the double lower central series (Ki,j )(i,j)∈N2 of (K ; X̄ , Ȳ )



tεt−1
γ ∈ G1,0

tδ ∈ G1,1

G0,0 ⊃ G0,1 ⊃ G0,2 ⊃ · · ·
∪ ∪ ∪
G1,0 ⊃ G1,1 ⊃ G1,2 ⊃ · · ·
∪ ∪ ∪
G2,0 ⊃ G2,1 ⊃ G2,2 ⊃ · · ·
∪ ∪ ∪
G3,0 ⊃ G3,1 ⊃ G3,2 ⊃ · · ·
∪ ∪ ∪
...

...
...

Examples



We extend the definition of
(Ki,j )(i,j)∈N2 as follows:

∀(i , j) ∈ Z2, set

Ki,j := Kmax(0,i),max(0,j)

...
...

...
...

· · ·K0,0 ⊃ K0,0 ⊃ K0,1 ⊃ K0,2 · · ·
∪ ∪ ∪ ∪

· · ·K0,0 ⊃ K0,0 ⊃ K0,1 ⊃ K0,2 · · ·
∪ ∪ ∪ ∪

· · ·K1,0 ⊃ K1,0 ⊃ K1,1 ⊃ K1,2 · · ·
∪ ∪ ∪ ∪

· · ·K2,0 ⊃ K2,0 ⊃ K2,1 ⊃ K2,2 · · ·
∪ ∪ ∪ ∪

· · ·K3,0 ⊃ K3,0 ⊃ K3,1 ⊃ K3,2 · · ·
∪ ∪ ∪ ∪
...

...
...

...

Double Johnson filtration for the Mapping class group

K = 〈x1, . . . , xg , y1, . . . , yg〉 X̄ = 〈〈x1, . . . , xg〉〉K Ȳ = 〈〈y1, . . . , yg〉〉K
(Ki,j )(i,j)∈N2 : double lower central series of (K ; X̄ , Ȳ )



For (m,n) ∈ Z2, we set

Mm,n :=
{

h ∈M | [h±1,Ki,j ] ⊂ Km+i,m+j ∀(i , j) ∈ N2
}
≤M

Theorem

For (m,n) ∈ Z2, we have

• Mm,n =
{

h ∈M | [h±1,K1,0] ⊂ Km+1,n and [h±1,K0,1] ⊂ Km,n+1
}

• Mm,n =Mmax(−1,m),max(−1,n)

• If (m,n) ∈ N2, thenMm,n = Gm,n

• M1,−1 = T and M−1,1 = T ′ (twist groups)

• M0,−1 = H and M−1,0 = H′ (handlebody groups)

• M−1,−1 =M (mapping class group)

Double Johnson filtration for the Mapping class group



M =M−1,−1 ⊃ H′ =M−1,0 ⊃ T ′ =M−1,1 ⊃ M−1,2 · · ·
∪ ∪ ∪ ∪

H =M0,−1 ⊃ G =M0,0 ⊃ M0,1 ⊃ M0,2 · · ·
∪ ∪ ∪ ∪

T =M1,−1 ⊃ M1,0 ⊃ M1,1 ⊃ M1,2 · · ·
∪ ∪ ∪ ∪

M2,−1 ⊃ M2,0 ⊃ M2,1 ⊃ M2,2 · · ·
∪ ∪ ∪ ∪

M3,−1 ⊃ M3,0 ⊃ M3,1 ⊃ M3,2 · · ·
...

...
...

...

Proposition

For (m, n), (a, b) ∈ {(k , l) ∈ Z2 | k , l ≥ −1, k + l ≥ 1} ∪ {(0, 0)}, we have

[Mm,n,Ma,b] ⊂Mm+a,n+b

Double Johnson filtration for the Mapping class group



D◦
n be a disk with n holes

FPBn = MCG(D◦
n) framed pure braid group on n strands

Any embedding of D◦
n → Σ induces a map FPBn →M

Proposition
Consider and embedding D◦

n → Σ such that the image of the
the holes of D◦

n bound mutually disjoint disks in V . Let
f : FPBn →M be the induced homomorphism. If β ∈ Γk FPBn,
then f (β) ∈Mk ,−1.

Examples



I = J1M︸ ︷︷ ︸
Torelli

⊃ K = J2M︸ ︷︷ ︸
Johnson

⊃ J3M⊃ · · ·

JnM = {h ∈M | [h,K ] ⊂ Γn+1K}

∀m, n ≥ −1 with m + n ≥ 1 we
have

Mm,n ⊂ Jm+nM

M H′ T ′ M−1,2 · · ·
H G M0,1 M0,2 · · ·
T M1,0 M1,1 M1,2 · · ·

M2,−1 M2,0 M2,1 M2,2 · · ·
M3,−1 M3,0 M3,1 M3,2 · · ·

...
...

...
...

• M2,−1, M1,0, M0,1, M−1,2 ⊂ J1M = I

• M3,−1, M2,0, M1,1, M0,2, M−1,3 ⊂ J2M = K

Relation with the usual Johnson filtration K = π1(Σ, ∗)



Theorem

I =M2,−1 · M1,0 · M0,1 · M−1,2 · K

Conjecture
We have K ⊂M2,−1 · M1,0 · M0,1 · M−1,2 and therefore

I =M2,−1 · M1,0 · M0,1 · M−1,2.

Theorem (case of automorphisms of free groups)

Let F = Fp,q = 〈x1, . . . , xp, y1, . . . , yq〉 be the free group on
p + q generators.
We can define a double filtration (Ai,j)i,j≥−1 for Aut(F ).
If IA = ker (Aut(F )→ Aut(F/[F ,F ])), then

IA = A2,−1 · A1,0 · A0,1 · A−1,2.

Relation with the usual Johnson filtration



Lie(A,B) =
⊕

(m,n)∈N2
+

Liem,n(A,B)

N2
+-graded free Lie algebra

generated by A in degree (1, 0)
and B in degree (0, 1).

M Lie0,1(A,B) Lie0,2(A,B) · · ·

Lie1,0(A,B) Lie1,1(A,B) Lie1,2(A,B) · · ·

Lie2,0(A,B) Lie2,1(A,B) Lie2,2(A,B) · · ·

Lie3,0(A,B) Lie3,1(A,B) Lie3,2(A,B) · · ·
...

...
...

Lemma ⊕
(m,n)∈N2

+

Km,n

Km+1,n · Km,n+1
'

⊕
(m,n)∈N2

+

Liem,n(A,B) = Lie(A,B)

Double Johnson homomorphisms

K = 〈x1, . . . , xg , y1, . . . , yg〉 X̄ = 〈〈x1, . . . , xg〉〉K Ȳ = 〈〈y1, . . . , yg〉〉K
(Ki,j )(i,j)∈N2 : double lower central series of (K ; X̄ , Ȳ )

ai = [xi ], bi = [yi ] N2
+ = {(m, n) ∈ N2 | m + n ≥ 1}

H = 〈a1,b1, . . . ,ag ,bg〉ab A = 〈a1, . . . ,ag〉ab B = 〈b1, . . . ,bg〉ab



Proposition

For (m,n) ∈ N2
+ there is a subgroup

Dm,n(A,B) ≤
(
A⊗ Liem,n+1(A,B)

)
⊕
(
B ⊗ Liem+1,n(A,B)

)
and group homomorphisms

τm,n :Mm,n −→ Dm,n(A,B)

such that
Mm+1,n · Mm,n+1 ⊂ ker(τm,n).

Moreover, these homomorphisms are compatible with the usual
Johnson homomorphisms: the diagram

Mm,n
⊂

//

τm,n

��

Jm+nM

τm+n

��

Dm,n(A,B)
j
// Dm+n(H)

is commutative.



Remark
The above result can be extended to all the double filtration(

τm,n :Mm,n −→ Dm,n(A,B)
)

m,n≥−1

We also obtain the following: If h ∈ I, then there exist

h1 ∈M2,−1, h2 ∈M1,0, h3 ∈M0,1, h4 ∈M−1,2

such that

τ1(h) = τ2,−1(h1) + τ1,0(h2) + τ0,1(h3) + τ−1,2(h4).


