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Mapping class group\

¥ = ¥ 4,1: Compact, connected,
oriented surface of genus g with 1
boundary component.

‘M ={h: T 5 3| hss = Idaz}/isotopy‘

Dehn twist:

k=

e

| Dehn-Nielsen representation |

T=m(X,%) = (X1,..., Xg, V1, ---» ¥g)
The map
p: M — Aut(r), h+—— hy

is injective.

| Lower central series |

Mm=m,Tor =[m, 7], T3m = [r, [r, 7],
M1 = [, Tar]
[a,b] = aba 'b~!

The action of M on 7 preserves
the lower central series.



\ Johnson filtration

P A l IT=JdiMDbM>DIMD---
Aut(7 /T ppqm)

InM = ker(pp)

Torelli grou
={he M|V¥xen: huy(x)x ' €lpy7}

I={heM]|h =ldys} ={heM|[hn] CTppm}
= ker(p1) ( considering m x M)

Underlying abstract setting: A group G (above G = M) acting on a
group K (above K = m) with a N filtration (K});>1 (above K; = I'jx).

¢ (Habiro, Massuyeau) Considered a group G acting on a group K
with a N-filtration (Kj);>o.

e We consider a group G acting on a group K with a A-filtration
(Ki)aen. Where A is a good ordered commutative monoid



e In this talk we consider A = N2 = {(m,n) € Z | m,n > 0}
with order (mn)<(m',n) iff m<mandn<n'.

Goal

Define a double filtration for the mapping class group M and
for the Goeritz group G

M=M__1+ D M_1p D> Moy D Moy
@] @] @] @]
Mo, -1 D G=Moo D Mo1 D Mo
@] @] @] @]
My, 4 D Mo D M4 D Mi
@] @] @] @]
Moz, _4 D Mapo > Moy D Mo
@] @] @] @]



N2-filtrations

A N2-filtration of a group K is a
family (Km,n)(m,nene of normal
subgroups of K such that

° KO,O =K
o Kinn D K. for (m,n) < (m',n’)

L] [Kmvn, Km/’n/] C Km+m/7n+n/ fOI’ a”
(m,n),(m',n") € N2

Koo O Ko
@] U
Kio DO Kijs
U @]
Koo D Kot
U U
Kso O Ksi
@] @]

Km,n

Km+1,n Km,n+1

)

is an abelian group.



| Double lower central series |

Consider a group K and two
normal subgroups X, Y < K. The
double lower central series of

(K, X, Y) is the N-filtration
(Km.n)(m,n)ene Of K given by

[ ] K0,0 = K

o Kmo=TmX form>1

e Kop=TpY forn>1

L Km,n = [K1,0, Km—1,n] [KOJ ) Km,n—1]
form,n>1

K > Y > Iy
U U U
X S K1 DO K
U @] U
rg)_( D K271 B K2)2
U U U
I'3X B} K371 D K3 2
U U U

Kii=[X,Y] Ko = [X,[X, Y]]

K2,2 = [?7 [)_(7 [)_(7 V]]] [[)_(7 V]: [)_(7 V]]



Lemma

Let K agroup and X, Y < K such that K = XY. Let (Kj ;)i jyene be
the double lower central series of (K; X, Y). For m > 1, we have

rm(K): H Ki,/"

i+j=m

o K=XY K=XY o Y > LY >
@] @] U

o DK =KoKi 1Koz X > Kii O K2 D
U U U

o 3K =Ks0Kz1Ki2Ko3 X > Koy D Koz O
@] @] U




Goeritz group of S8

In term of basis:

o K=m(X,*)=(Xy,...,Xg, }1,...,Yg) free groupon2g
generators

o X={((x1,..., X))k normal closure in K

o Y ={{y1 . Ya)lk
Let (Ki,)(ijene be the double lower central series of (K; X, Y).

The subgroup of the mapping class group

g:gg,1:{h€./\/l| h#()_()C)_(, h#(?)CY}

acts on K preserving the double lower central series of (K; X, Y)

The group G is called the (genus g) Goeritz group of S? (relative to
the disk D)



Goeritz group of S8

K:<X1,...,Xg,y1,...,yg> X:<<X17"'7Xg>>K Y:<<y1,...,}/g>>K

g:{h€M| h#()_()C)_(, h#()_/)c\_/}

Equivalent definitions:

e G is the group of isotopy classes of orientation-preserving
homeomorphism h : S* — S® such that h(0V) = 9V and h(D) = D.

e G is the subgroup of mapping classes in M which extend to both
handlebodies V and V’

e G is the subgroup of mapping classes in M which preserve the
standard Heegaard splitting of the 3-sphere.
Remark. It is not known if G is finitely generated for genus > 3.

Powell Conjecture. The group G is finitely generated. Moreover,
Powell proposed a set of generators with 5 elements.



Goeritz group of S8

K=(,....Xg Y1, Vo) X ={((¥,..., X))k Y=y Yok

g:{hGM’ h#()_()C)_(, h#(V)CY}

Some related groups:

’ Handlebody groups ‘

H=MCG(V,D)={he M| hy(X)C X} / \

) C
H':MCG(V',D)I{h€M| h#(y) }

’ Twist (or Luft) groups ‘ / \ / \

T = ker(H — Aut(m(V, *)))
T’ = ker(H' — Aut(ms (V' %))

- finitely generated

- not finitely generated



Exanpls |

o ft,t,teT

/ N Ll
/\/\

1 i j g

 ARHOGHB)




‘ Action on H;(X,Z) ‘

K:<X1,...,Xg,y17"'ﬂyg>

ai = [x], bi=1yl]
H:H1(Z;Z):<a1,b1,...,ag,bg>ab wH®H —7Z

intersection form
Sp(H,w) ~ Sp(29, Z)

Lemma (folklore)
Let o : M — Sp(2g, Z) be the action on H, then

* U(’H):{(g(PTF;*‘)
e o(H)= {(Z(PTO)_1) ’ PTRis symmetric}
(5

(PT‘)),1) ‘ P e GL(g, Z)} ~ GL(g,Z)

P 'Ris symmetric}

(Idg . ) Ris symmetric} ~ 7290+

e o(T)= (I‘,iqg h?g) ’ Ris symmetric} ~ 7,390+




’ Double Johnson filtration for the Goeritz group ‘

K:<X1a"'axgay1a"'a.yg> X:<<X17"'?Xg>>K V:<<}/17~--a}’g>>K

The Goeritz group

g:{hEM‘ h#()_()C)_(, h#(?)CY}

acts on K preserving the double lower central series (Ki,) jene of (K; X, Y)

For all (m, n) € N2 we set

Gmn={h€G| [hK, CKniiny forall(ij)eN} [hz]=hyu(z)z"

Proposition
o gm,n = {h € g ‘ [h7 )_(] C Km+1,f17 [ha V] C Km,n+1}
O g0,0 =g L4 gm,n 6

(] [gm’n, ga7b] C gm+a7n+b that |S, (gm’n)mvn |S a N2'f|ltrat|on




U{1 €Gipo U U
Gio DO Gig
ts € G1.1 U U
Goo DO Goy
U U
Gzo DO Gz
U U
1 i J

Go,2
Gip
Gopo
G3o




\ Double Johnson filtration for the Mapping class group \

K=(Xt,...,Xg, Y1, Yg) X = {{X1,...,Xg))k Y=(y,...

(Kij)ijene: double lower central series of (K; X, Y)

We extend the definition of
(Ki,j)(,‘)j)eNz as follows:

V(i,j) € Z?, set

Koo D Koo D Kot D

I(i,j o= Kmax(O,i),max(O,j) U U U
o K1 0o O K170 D K171 D)

U @] U
Koo D Koo D Kot D

U U U

7}/g>>K



’ Double Johnson filtration for the Mapping class group

For (m, n) € Z2, we set
Mm’n = {h c M ‘ [hj:17 I{/’/] C Km+j’m+/‘ V(I,j) S NZ} S M

Theorem

For (m, n) € 72, we have

o Mpn={he M| Kio] C Kni1,n and [h*', Ko 1] C K1}
o Mpmn= Mpax(—1,m),max(—1,n)

e If(m,n) € N? then Mpp = Gmn

e My_+=T and M_11=T' (twistgroups)

o Mo _1=H and M_i0=H (handlebody groups)

e M_ji_41=M (mapping class group)




Double Johnson filtration for the Mapping class group

M= M_q _4 D H' =M_qp D T =M_q D M
@] @] @] @]
H = Mo,—1 ) G = Mo, D Mo 1 D Moz
@] @] @] @]
T =M D Mo D M 4 > M
U U U U
Moz, 4 D Moz D) Mz, > Mozp
U U U U
M3, _1 D M3 D Ms 1 D Masp
Proposition

For (m, n),(a,b) € {(k,!) € Z? | k,1 > -1, k+1>1}U{(0,0)}, we have

[Mm,n, Ma,b] C Mm+a,n+b




Dy, be a disk with n holes
FPB, = MCG(Dy,) framed pure braid group on n strands
Any embedding of D, — ¥ induces a map FPB, — M

1 2 - g 1 2 g 1 2 - g
B0, HAK
SRR prPial ial ilvg

D3, — % Dy — ¥ Dy — ¥

Proposition

Consider and embedding Dy — X such that the image of the
the holes of D;, bound mutually disjoint disks in V. Let

f : FPB, — M be the induced homomorphism. If 5 € ' FPB,
then f(58) € Mg _1.




Relation with the usual Johnson filtration

I=JMDK=bMDJIHMD---
———— N —

Torelli Johnson
oM ={he M| [h K] C 1K}

vm,n>—-1withm+n>1we
have

Mm,n C Jm+nM

Mo
Moz
Mapo

K =m(X, %)
T M_q2
Mo,1 Mo,z
M 1 M
e Mz
Ma 1 M3z

o Mz 4, Mig, Mo4, M_12CIM=1T

o Mz _1, Mag, My, Moz, M_13C M=K



Relation with the usual Johnson filtration

Theorem

IT=Mzo_1-Mig-Mo1-M_42-K

Conjecture
We have K C Mz _1-Mjq- Mg - M_q and therefore

IT=Mz_1-Mig-Mo1-M_qp2.

Theorem (case of automorphisms of free groups)

Let F = Fpq=(X1,...,Xp, Y1, --.,Yq) be the free group on
p + g generators.

We can define a double filtration (A; ;); j>—1 for Aut(F).

If ZA = ker (Aut(F) — Aut(F/[F, F])), then

TA= Az 1-A1p- Aot - A2




| Double Johnson homomorphisms |

K=(Xt,...,Xg, Y1, Yq) X = {{x1,...,Xg))k Y =y, Yok
(Kij)(ijene: double lower central series of (K; X, Y)

a = [x], bi=[y] N = {(m,n) e N’ | m+n>1}
H:<a1,b1,...,ag,bg>ab A:<a1,...,ag>ab B:<b1,...,bg>ab
th A B @ Liem, n A B 312071 (A, B) ,Qitoyg(A, B) e
(m,meng Liero(A B)  Lier1(AB)  Liero(A B)---
N2 -graded free Lie algebra Lieoo(A,B)  Liez1(AB)  Liezo(A B)- -
generated by A in degree (1,0) Liego(A,B)  Lieg1(A,B)  Lies2(AB)---

and B in degree (0, 1).

Lemma

B L~ @D Siend(A B) = gie(A B)

Km - K
+1,n m,n+1
(m,n)eNZ " (m,n)eN3




Proposition
For (m, n) € N2 there is a subgroup

and group homomorphisms

Tm,n . Mmyn — Dm}n(A, B)

such that
Mpmitn- Mmngr C ker(Tmn)-

Moreover, these homomorphisms are compatible with the usual
Johnson homomorphisms: the diagram

C . .
Mmnp—— ImpnM is commutative.

Tm,nJ( J’Fmﬁ—n

Dim.n(A, B) —— Din.n(H)




Remark
The above result can be extended to all the doubile filtration

<Tm,n Mmp — Dm,n(Aa B))

m,n>—1
We also obtain the following: If h € Z, then there exist

hi € M1, hpe Mio, h3e Moy, haeM_y>
such that

71(h) = 12, _1(h1) + 110(h2) + 70,1 (h3) + 71 ,2( ha).




