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Abstract

We propose a new methodology for the valuation problem of financial contin-
gent claims when the underlying asset prices follow a general class of continuous
[to processes. Our method can be applicable to a wide range of valuation prob-
lems including contingent claims associated with stocks, foreign exchange rates,
the term structure of interest rates, and even their combinations. We illustrate
our method by discussing the Black-Scholes economy when the underlying as-
set prices follow the continuous diffusion processes, which are not necessarily
time homogeneous. The standard Black-Scholes model on stocks and the Cox-
Ingersol-Ross model on the spot interest rate are simple examples. Then we
shall give a series of examples on the valuation formulae including plain vanilla
options, average options, and other contingent claims. We shall also give some
numerical evidence of the accuracy of the approximations we have obtained for
practical purposes. Our approach can be rigorously justified by an infinite dimen-
sional mathematics, the Malliavin-Watanabe-Yoshida theory recently developed
in stochastic analysis.
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1 Introduction

This paper proposes a new approach in the valuation problems of financial con-
tingent claims based on the small disturbance asymptotics. We shall extensively
develop an asymptotic expansion technique for financial asset pricing problems
in the continuous time stochastic process framework. This approach is general
enough to be applicable to a broad class of continuous Ito processes for asset prices
and their functionals and it is possible to evaluate the fair values of complicated
payoffs such as the average options under the general class of asset processes.
Contrary to other approaches, we can derive explicit formulae for many valuation
problems of contingent claims when the underlying asset prices follow the general
[to stochastic processes.

The asymptotic expansion approach was first proposed and developed by Ku-
nitomo and Takahashi (1995), which mainly have dealt with the valuation prob-
lems of interest rates contingent claims in the HJM framework. (See Heath,
Jarrow, and Morton (1992).) Our approach is based on the key empirical obser-
vation that the observed and estimated volatilities of financial asset prices may
very over time, but they are not very large in comparison with the observed level
of asset prices. Then we can develop an asymptotic expansion method in which
the continuous Ito process can be expanded around the corresponding determin-
istic process. In the asymptotic expansions of the continuous stochastic processes
we shall derive, the first term is a Gaussian random variable and the following
terms are some adjustment terms. Thus we can derive explicit approximations
for the valuation problems of contingent claims based on the asymptotic expan-
sions of the stochastic processes. This method was first introduced by an intuitive
reasoning but can be justified in a rigorous mathematical fashion. However, since
the general Ito processes involve a space of Wiener measure, the mathematical
validity of our method is far from standard one even in probability theory.

The main purpose of this paper is to develop our asymptotic expansion ap-
proach for various problems of contingent claim evaluation. For this purpose we
mainly concentrate on the specific situation when the stochastic processes of as-
set prices follow a general class of the diffusion processes, that is, the continuous
Markovian processes. The Black-Sholes economy for stocks and foreign exchange
rates and the Cox-Ingersol-Ross economy for spot interest rate are special cases of
this framework. Since this is the simplest situation in our framwork, our method
can be rather explained in a straightforward way and the resulting formulae are
relatively simple. Also it is relatively straightforward to examine the accuracy
of the resulting approximations in the present case. We shall demonstrate that



they are accurate for many practical purposes. In a companion of this paper, Ku-
nitomo and Takahashi (1995) have applied the asymptotic expansion approach
to the valuation problem of interest rates based contingent claims. Since they
have directly dealt with the stochastic processes for forward rates which are not
necessarily Markovian as we usually define in the standard stochastic analysis,
they need some discussions on the special features of the approach to obtain a
rigorous mathematical validity. However, non-Markovian processes can be rep-
resented by multi-dimensional Markovian processes in most cases and hence the
method discussed in this paper could be also applied to the HJM framework.

The organization of this paper is as follows. In Section 2 we explain the basic
method in the Black-Scholes economy where there is a constant risk-free interest
rate and the underlying asset price follow a one-factor stochastic process of the
general Markovian type. Then in Section 3 we shall apply our approach to sev-
eral problems including basket options, average options, options with stochastic
volatilities, and illustrate the general applicability of our approach to many other
problems. In Section 4 we shall investigate some numerical examples. We report
the accuracy of numerical pricing values when the underlying asset prices are the
square—root process and the log—normal process as examples in particular. In
Section 5, we shall give some concluding remarks on the asymptotic expansion
approach and discuss some generalizations. Finally the mathematical validity of
our approach will be discussed in the Appendix.

2 The Asymptotic Expansion Approach

The stochastic processes we mainly consider in this paper can be described by
the stochastic differential equation of Markovian type. More explicitly, in the
Black-Scholes economy, each underlying asset process {S@(¢)} follows

N
(2.1) dS® = rSOdt + 53" 6;(S9 t)diy
i=1

under the equivalent martingale measure, where 0 < 6 < 1, w;; = (w;(t)) are
independent standard Brownian motions, and r is a positive constant. In the
Black-Scholes economy the interest rate of the riskless asset is constant and the
risky assets follow the continuous Markov processes. There is a strong restriction
imposed on the drift coefficients because we shall use the no-arbitrage theory
which has been standard in financial economics while the volatility functions
depend on both time and the underlying asset price. We emphasize that our



method can be applicable to more general situations and we shall discuss this
issue briefly in Section 5.

In this section, in order to illustrate and clarify the basic method of the
asymptotic expansion approach, we take the Black-Scholes economy when N = 1.
More general Markovian cases will be explained in Section 3 and the validity of
our approach will be discussed in the Appendix. Thus the derivations in the next
two sections are formal in the proper mathematical sense. When N = 1, there is
one factor and the volatility function depends on time and the underlying asset
price in the economy. Hence it includes the standard Black-Scholes model, the
CEV (Constant Elasticity of Variance) processes, and the processes derived as
the continuous limit of the implied trees in our framework. For instance, the
Cox-Ingersol-Ross model for the spot interest rate is a special case of the CEV
processes.

The asymptotic expansion approach we are proposing consists of two steps.
First, we make the detailed derivation of the asymptotic expansion for the density
function of the normalized price of the risky asset. Next, by making use of the ap-
proximated density function, we can derive new formulas for the valuation of the
contingent claims when the underlying asset follows an approximated stochastic
Markov process. In this section we shall illustrate these steps by deriving some
explicit formulas for the plain vanila options.

2.1 The Asymptotic Expansion Approach to the Black-
Sholes Economy

We consider an economy where there is one risky asset and a riskless asset. The
volatility function in the risky asset process depends on the current level of the
asset and the current time. We assume that the process of the risky asset is
described by

(2.2) dS'® = rSOdt + 5o (SO, t)di,

and the process of the riskless bond price {B;} is determined by

(2.3) dB =rBdt ,

where 0 < 0 < 1, @, = (w(t)) is a one-dimensional standard Brownian motion,
and r is a positive constant. Alternatively, the integral form of the risky asset
process can be expressed as

(2.4) SO = 5(0) +7 [ 'S80 (5)ds + 6 / " o(SD), s)di(s)



Our first task is to obtain an asymptotic expansion of the random variable S (t)
around § = 0 . By inserting 6 = 0 in (2.4), we have a deterministic process
described by the differential equation

t
SO(t) = lim SO(1) = 5(0) +7 / SO,
- 0
By solving the above equation, we have the solution as
(2.5) SO(t) =eS(0) .

Next, we shall expand the integral equation (2.4) with respect to § in a formal

way. In order to calculate the first order coefficient of 4, let

_aS(5>(t)|
R

By differentiating (2.4) with respect to d, we obtain the stochastic differential

A(t)

equation which A(t) must follow :

dA(t) = rA(t)dt + o(SO, t)dw(t) .
This stochastic differential equation can be solved as
(2.6) A = [ "er=95(50) ) dii(s) .

By expanding (2.4) twice and three times with respect to J, we can also obtain
the second and third order coefficients of 4. For this purpose, let

92S0)(t)
= o =

Then we obtain the stochastic differential equation of B(t) :

B(t)

dB(t) = rB(t)dt + 200(SO, t) A(t)dw(t) ,

where we have used the notation for convenience

do(S© ¢
Do (59 1) = %\g(a)zs(m :

We can solve the above stochastic differential equation and B(t) can be expressed

as

t
(2.7) B(t) =2 / e t=995(8O), 5)A(s)di(s) .
0
We repeat the above construction and let also
PSSO (t)
Ct) = W\ézo :

>



Then we have the stochastic differential equation :

dC(t) = rC(t)dt + 39° (S 1) A(t)2di(t) + 300 (S, ) B(t)di(t) .
Hence C(t) can be expressed as
(2.8)(t) =3 /Ot e 99%0(SO) 5)A(s)?di(s) + 3 /Ot 290 (SO 5)B(s)di(s).

By summarizing the above terms up to O(8%), we have a formal asymptotic ex-
pansion of the random variable S (¢). We state our reslut as the following propo-

sition.

Proposition 2.1 An asymptotic expansion of the price of the risky asset, S (t)

at any particular time point t, as 6 — 0 is given by

(2.9) SOty = SO(t) + 6A(t) + 52@ + 53? +0(6%)

where A(t), B(t), and C(t) are defined by (2.6), (2.7) and (2.8), respectively.

Since S is a deterministic function of time, A(t) in the above expression
follows a normal distribusion. By a simple calculation

(2.10) A(t) ~ N(0,%4,)

where .

(2.11) Y4, :/ =95 (SO 5)2ds .
0

Next we shall derive an asymptotic expansion of the density function of the

(9) )

random variable X;”’. For this purpose we normalize Xt(‘; around the determin-

istic process S° and let
®)(4) _ 5O B
12)  x0= (TROEET0) g B0 2 G0
= g1 +0g+08gs+--,

where we have implicitly defined g¢; (i = 1,2,3) . Since we know that

(2.13) g1~ N(0,%4,) = N(0,%,,),

) can be obtained as the

an asymptotic expansion of the density function of Xt(‘s
normal density function combined with the adjusted terms as 6 — 0. In order
to obtain the explicit functional forms of the adjusted terms, we shall use the

inversion method based on the characteristic function which will be explained
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below. First, we make the following assumption in all the subsequent analyses of
this paper.

)

Assumption I : The variance of the random variable Xt((S , 2g,, Is positive

for any t.

From (2.11) this condition is satisfied if (5% ¢) > 0 for some t. Next, we
define the characteristic function of the random variable X (¢) by

V(€)= BN

where E[-] is the expectation operator. Then, the characteristic function (§)
itself can be formally expanded along the polynomial orders of 6 as § — 0 :

BE) = Efen oot
2
= E[e“ {1+ 6(i€)ga + 0°(i€) g5 + %(igfgg TR
= E[e""] + 0(i€)E[e" go] + 62 (i) E[e’" gy

52 ;
i E(Z-£>2E[ez£glg§] I
= L SGOE [ Blgulg = )] + (6B [“EBlglg, = o]
+ %52@'5)213 [ Blglgr =]+,

where E[-|g;] is the conditional expectation operator given g;. Then we can ex-
plicitly evaluate each term in this expansion of the characteristic function. First,
we shall show that E[gs|g1 = z], E[g3|g1 = 7], and E[g3]|g; = x] are some polyno-
mial functions of x, which will be denoted as hy(x),h3(x), and hao(z), respectively.
To do this, we present useful formulae to evaluate those conditional expectations
which will be used repeatedly in this paper.

Lemma 2.1 (1) Let w; be an N dimensional Brownian motion. Let T be a k
dimensional vector. Suppose ¢i(t) be a R* — R*N non-stochastic function.

Suppose also qx(t) and gs(t) be R' — R™N non-stochastic functions.

Then,
E [/Ot {/j@(u)dﬁu

t rs
= trace/o /0 Z;llﬂ(s)%(s)T@(u)ﬂ(u)Tng {ffT —Zgl} duds.

T

— T —
w5 [ w(wad, =]
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(2) Let w, be an N dimensional Brownian motion. Let & be a k dimensional
vector. Suppose q(t) be a R' — RF*N non-stochastic function. Suppose also

¢ (t) and @3(t) be R' — RN non-stochastic functions.

Then,
E H [ awad)] [ @] [ awad,= f]
Z; [ffT Zgl}Z;ll {/Ot(h( g3 (s) " ds| .

= /Ot G (u) @ (u) " du + [/Ot G (w)qy (u) Tdu

(3) Let Wy be an N dimensional Brownian motion. Let & be a k dimensional
vector. Suppose qi(t) be a R' — RF*N non-stochastic function. Suppose also
@ (1), (t) and ¢i(t) be R* — RN non-stochastic functions.

Then,
E[/ﬂ/ib<mw4‘gﬁamm@}@@m@uﬁﬂﬂwm&azﬂ

= [ [ [e0ae) 5 757 - 2] Sla@ae) d@6ne)
— @(s)a(s)" Zgl @ (v) {Q:s(v) Bu) + ¢3(v) "5 (u )} 1(u )TZ x} dudvds

+ / / G @) Gi(5)q (s) S5 Fduds

(4) Let Wy, be an N dimensional Brownian motion. Let T be a k dimensional
vector. Suppose qi(t) be a R' — RF*N non-stochastic function. Suppose also
@ (1), ¢(t) and ¢i(t) be R* — RN non-stochastic functions.

Then,
" l/ot [ 1wt gy | " ()i, = f]
- /Ot /0 /0 [E(U)QJ )18, ] [*TEgl 0 (0)6 ()] [di(s)a(s) "2, 7| dudvds
- /Ot | awam] (25 a0 60 ] [dEae)] S5 wdududs
- /ot /0 /0 Ba©)] 2, a(s)di(s)"] | @) ] 2, Tdudvds
“ff;ﬁ%&UT@ﬁmmengwpymmm

(5) Let w, be an N dimensional Brownian motion. Let & be a k dimensional
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vector. Suppose ¢i(t) be a R' — RN non-stochastic function. Suppose also
@(t), @(t) qa(t), and ¢i(t) be R* — RN non-stochastic functions.

e[/ ) sooo o] [ /[ s dwu] o dwsw w07, -

L s o -] s

() (u) T2} [fﬂ gJ 2o g (v) s (v
)+

)’
a(v)@v) @)

- q2<> o) @ <>q5< > q4< N (u ()]
[_HT 91} Z]91 (h
— @GOals) ) a0 >q1 () + @ ()@ (W) G 0)a ()] %

o 1**Tz Lgy () s (u) }du dudvds
b [ aent) S 5 -5, 550w ) ) d) ' duds
b [ aa) 5 (757 - 5] 55t 6)d () G e) ' duds
)0l S (17 - 5 5! [ [ awEo)] [ G du
[ @) dug(s)y () ds
X £ [ - 2, ) 25 | [ ) dit) T du] Gio)@ ()T ds

@ (u)q (u) " du
q3(s)g5(s ) g5 (u)q; (u)Tduds

ds

=

St EET - 2] 5 a ()@ (v) T dv

S— S—

+

_I._
S— S — S — o~
S~

Formulas (1) and (2) are slight generalizations of Lemma 5.7 of Yoshida (1992a),
which are already reported as Lemma 6.1 of Kunitomo and Takahashi (1995).
Formulas (3), (4) and (5) are the direct results of calculations by utilizing the
Gaussianity of continuous processes involved. Since they are quite tedious but
straightforward to be done, we omit their derivations.

By using Lemma 2.1, we can evaluate the conditional expectations appeared
in the asymptotic expansion of the characteristic function. First, by applying
formula(1) to E[ga]g1 = ], we have

(2.14) Elgolg1 = 2] = ca® + f
where

1 t s
c= —/ er(t’s)a(S(O),5)80(5(0),5)/ 5 (SO v)2duds
0

2
Egl 0



and
f=—cXy .

Second, we evaluate E[gs|gi = x] by using formula(3) and formula(4) . We

note that
C(t
g3 = —é)
t
_ lert/ [61”5820,(5(0),8)} [

2 0
t S
+ et / 9(S© s) / 955, v) / e (SO, 1) did(w)dd(v)dd(s)
0 0

v
0

/0 T e0(89, ) div(w)| div(s)

By applying formula(3) and formula(4) to the first and second term of E[gs|g; =

x], respectively, we obtain
1
(2.15) E[gslg1 = 7] = 56”[$3011 +afu] + e[z’ crs + 2 fia)

where

1 t S 2
c1y = —63”/ [/ 6721%)0'(5(0), U)de} 320(5(0), S)U(S(O), s)ds
0

3 0
1 t s
fi1 = 2—6”/ {/ e g (8O U)%ZU} P (S 5)0 (SO s)ds — 3%,,c11 ,
o Jo Lo
1 t s
12 = —363”/ {e’”a(S(O), )00 (SO, 5)} / {e”"”a(S(O),0)80(5(0),0)}
by 0 0

g1

/ [e’QT“a(S(O), u)ﬂ dudsdt
0
and
fi2 = —3Yg,ci2 .

Alternatively, we can write
(2.16) E[g3lg1 = 2] = c12® + fix

where )
Cc1 = 56”011 +ecpy

and .
fi= iethn +e" fia .

Similarly, by using formula(5), we can show that by the use of the constants
C2, f2 and ks,
(2.17) E [ggygl = 1:} = cort + for® + ko,

10



where

2rt 1

cy = e i x [
g1

—6 1
fo = e [— X+ = X (2m—|—n—|—o)]
o o

3
_ 2rt
kg = € lz—;Xl+z

-

and we have defined [, m, n and o as follows;
t s 2
| = et {/ e 0 (59,5)00(S, s)/ e g (SO, u)2duds]
0 0
t s v
m = em/ e 0 (S95)00(SY, s)/ e (S, 0)d0 (S, v)/ e g (SO ) dudvds
0 0 0

t s v
n = 2 [/ G_TSO'(S(O),S)ao'(S(O),S)/ 6_7”0(5(0),0)80(5(0),0)/ e g (SO w)dudvds
0 0

0

t s 2
0o = 62”/[80(5(0),5)]2 [/ e%“a(S(O),u)Qdu} ds
0

0
By collecting terms of the asymptotic expansion, we obtain a simpler form of the
characteristic function as
—(ig)ng . €x . €x
V(E) = e 7 +(E)E [ hy(2)] + (B [ hs(x)]
5 ,
+ 5(25)2]3 {€Z§xh22(l')} + -

The explicit formulas of the expectations such as E [ei5xh2 (:p)} , E [eig’“"hg,(x)} :
and E {eithgg(x)} in ¢(§) can be easily obtained due to the Gaussianity of the
leading term.

As the final step to obtain the asymptotic expansion of the density function
of X@(t), we need to invert ¢(¢) (i.e. the inverse Fourier transformation). We
make use of the following formula, which has been given by Fujikoshi etal.(1982),
to summarize both steps of evaluating characteristic function and implementing

the inverse-Fourier transformation.

Lemma 2.2 Suppose that Z follows N -dimensional normal distribution with mean
0 and variance-covariance matriz S . Then, for any polynomial functions h(-) and

9(),

(2.18) F {g(—z{)E [h(f)eiwﬂkb =g [%1 h(&)n[@; 0, 2],
where
F B @] = G [ e (il e 7] ag



the expectation E [] is taken over x, and F~' [-|_,. denotes F~' ] being evaluated

at @.

The proof of this lemma is simple. If we notice that

(L

N 725Tw T & F_ = .
) [ OB [h(@)e 7] df = h(@nlw;0. 3]
then by differenciating both sides with respect to the elements of & , we can
obtain the result.
As the final step, by applying each term in the asymptotic expansion of the
characteristic function, we can obtain the corresponding asymptotic expansion of

the density function of Xt(‘;), which is denoted by f, ), as
t

o~ 0lai050] 40 |~ fiaa)nlas0, %, )

b 8| thatolnlei0 S0} + 5360 |  ths(aalos0. 2y +

where

SO(t) — SO)
6 )
and the density function of the Gaussian distribution is given by

1 x?
njz; 0,2, ziexp[— ]
[ g ] 27T2g1 2291

Using the polynomial functions of hy(z),h3(z), and hey(x), we can obtain more

X =

explicit form of the density function. For later use, we state our result as the

following theorem.

Theorem 2.1 An asymptotic expansion of the density function of X = [S© (t)—

©(#)]/6 as § — 0 is given by
(219) th(é) = n[iL‘; 07 E91]

c f

0 ({2 + (&

+ [{E 2"+ (5

g1 g1

—2c¢)x}nfz; 0, 2,,]

fo 9c2 | a1

+ & [{ 2 + ( — + —)a*
252 32 oy, %,
ks 5f2 2 ks
( - + —3c1 + 6c2)a” + (—f1 — + f2)}nlz; 0,3,
22 2%, X, 224, o
+ 0o(6%) .

12



We again note that the asymptotic expansion we have obtained is formal in the
proper mathematical sense and it may not be a valid expansion of the density
function. However, we can give a rigorous mathematical validity as we shall
discussed in Section 6. The mathematical devices to justify our approach are
far from standard ones mainly because the continuous diffusion processes are

involved.

2.2 A New Computational Method for Options

We next show how to evaluate plain vanilla options with the general volatility
function by using an asymptotic expansion of the density function of Xt(a) ob-
tained previously. This is the simplest case which illustrates our approach to the
valuation problems of more complicated contingent claims. The payoffs of plain
vanilla options are defined as

or

V(T) = (K — S(T))*,

where (X)* = max(X,0). We shall use the martingale technique which has been
standard in financial economics and the value at the initial date is given by

(2.20) V(0) = e "TEX[V(T)]

where the expectation is taken under the equivalent martingale measure. Because
we have imposed a restriction on the drift function in the Black-Scholes economy;,
this expectation is the same as the expectation operator F(-) we have already
used.

In the following, we only consider the asymptotic expansion of a call option
because that of a put option is obtained in the similar manner. We note that by
using X(T(S), the V(T') can be expressed as

SO(T) - K

+
(2.21) V(T) =4 f —l—X;(pa)] -5 [y(a) +X(T(5)}+ ’

where 0
o = 2 =K
)
In order to evaluate the terminal payoff function at the initial period, we need an

assumption.

13



Assumption II : There exists a constant y such that

¥ =y +0(9).

The above condition means that we are considering the situation where the
strike price is near S(T) = e S,. It corresponds to that we are considering
the valuation of call options when the strike price is near the forward value of the
underlying asset at the contracting period, that is, K; = S©O(T) — dy + O(5?).
For the notational convenience, we omit & of the strike price Ks and will use
the notation K as before. This assumption could be relaxed to a certain extent,
but then there could be some more complications in the following analyses. We
shall use the formulas E[gs|g1 = z] = c2? + f, E[g3|g1 = 2] = c12® + fiz, and
E[g3|g1 = x| = cox + for® + ko, where ¢, f, 1, f1, Co, fo and ky are defined in the
previous subsection. By substituting these formulas into the terminal payoff of
the call options, we can obtain the initial value of the call option. The resulting

expression is given by
V() = e TRy + X))
_ s @) [ o0
) {y /—y(5) fX(Té) (I)df + /—y(5) T X(Ta) (x)dx

dzx

~ e s [(y + a0 + a2(52)/ nlz; 0, Xy, |dz
—(y+a1d+a26?)
00 _ 2 0.8
+ 5(y+a16+a262)/ 8{(0[)3 +f)n[x707 gl]}dl’
—(y+a16+a262) Ox
o0 _ 3 0.8
+ 52(y+a15+a252)/ 8{(Clx +f1‘r)n[x707 gl]}d[)’}
—(y+a16+a262) Ox
1 0o 2 4 2 k . by
b SBy+ad+ad?) [ Tilew + for +kynlri0 B} j,
2 —(y+a16+a282?) ox
o0 o0 -0 2 ;0,2
+ / xn[x;O,Egl]dx—i-(S/ x {(ea” + f)nle; 0, 2, ]}
—(y+a16+a262) —(y+ai16+az26?) ox
o2 /°° x—a{(013?3 + fiz)n[z; 0, Egl]}dx
—(y+a18+a26?) Ox
N 152 /00 x82{(02x4 + fox? + ko)n[z; 0, Zgl]}da:
2 —(y+a16+a282?) 0x?

where we use y9 ~ y 4+ a1 + ax6® for some constants y, a1, and as. In the

following theorem, we present a more explicit formula upto the third order which

may be convenient to evaluate the value of the call option. !

! Tn numerical computation of section 4, given S(©) (T), 6 and K, we substitute actual y(®)
for y and set a; = as = 0 in the formula, which shows enough accuracy for practical purpose.
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Theorem 2.2 Under Assumption II, an asymptotic expansion of the price of a

call option with the general volatility function is given by

(222) V() =e"" [5 (yN( Y) 4 Sgnly: 0, Egl])

Yy
+ 0 ((ngl +f+ al)N(Z% ) — cydig, nly; 0, 291])
Il

1
+ & (aﬂw%) + {1258, +4°5y,) + % + 5 (e’ + foy® + ko)
X1

+ (%a% + cayy® + ar f) Inly; 0, Zgl])] + 0(6%).

The proof is a result of the straightforward calculation from the previous
equation for V(0). In order to derive (2.22) and to evaluate the integrals which
would appear in the coefficients of §*, k > 4, the following formulae are useful.
We omit the proofs because they are easily obtained by the repeated applications

of integration by parts operations.

/ xn[‘m’O’Zgl]dw = Zgln[y;07 291] Y
-y
e Y
1'2%[1‘;0, Zgl]d‘r = ZglN(E—%) - yzgln[y70) 291] )
-y

g1

:I:3n[x;0, Zgl]dl' = (2231 + Zgly2>n[y;07 E91] )

—

<

8

— —

<

z'n[r;0,%,,|dx

N

Y

2
A

=) — (352 v+ gy )n[y; 0,5,,]

2n[x; 0, 5y, |d (853, 4452 y* + S, y")n[y; 0,5, ],

8

2n[w;0,5,,)de = 1558 N(—%) — (1552 y + 552, ¢ + Sy0%)nly; 0, 5y

g
/ P[0, Sy Jde = (4850 + 2452 o + 652yt + 5, 4%)nly; 0, 5,

-y

\ﬁg

<

3 Applications

Our new computational method previously presented is so general that it can be
applicable to various problems in the valuation of contingent claims in the unified
manner. To demonstrate this, we show three examples in this section, the pricing
of basket options, average options, and options with stochastic volatilities. It has
been known that the explicit formulas are hardly obtainable for these problems

15



even when the underlying asset price follows the geometric Brownian motion
case as in the original Black-Scholes model. On the other hand, all examples
in this section are evaluated under the assumption that underlying assets and
factors follow the general class of Markov processes, which are not necessarily

time homogeneous.

3.1 Basket Options

We consider the pricing of basket options (including so called ”spread” options)
which is a natural extension of plain vanilla options by using our method. We
formally define "basket” I(t) as

(3.23) I(t) = fj a;8;(t)

where S;(t) denotes the the price of the j th risky asset which is a component of
the basket. We note that, as a special case, the "spread” is defined by a1 =1 ,
ajo=—1, j2#j1 and j =0 for j # j1,72 in I(t). That is,

I(t) = Sji(t) — Sjal(t).

Then the payoffs of the basket options are expressed as

or

V(T) = (K - I(T))"

. In what follows, we consider call options and we set V(T') = (I(T') — K)*. For
the present pricing problem, we consider the Black-Sholes economy where there
are risky assets, each of which may depend on N independent Brownian motions.

N

(3.24) dS(t) = rSP()dt + 63 0,(SV (1), t)dwi(t)
=1

where

dB = rBdt

r is a positive constant, and 0 < § <1 .

In this formulation we note that 0 can differ in j and can be d;, but then
we redefine 0 such that § = min[d;]; and we have the same expression of
the processes as above. Also we shall use the notations, o¥;(t) and 9;00(t) for
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5(5 (), 1), and 2250

j ), respectively. Then, following the steps in the

\ 519
]
previous subsection, for each 7 we define

P = lim s ) = ;0

05" (1) L otms) .
A4(t) = —L=Llso = [ et )gag(t)dwi(S)
9?7t .
B;(t) = 87 _ —2/ r(t= 5)28 05 (8)A; (s)di(s)
and
S (#)
) = WB:O

= 3/ it S>Za§ 0%, () A; (s)2diis (s +3/ it S>Zaaw (s)dii(s)

Then, as in the previous subsection, we can obtain the asymptotic expansion of
each risky asset as S](-a)(t) (7=1,2,---,N).

SOty = SO (t) + 5A;(t) + 5233'2@) N 5303-6@)

Because the "basket” I()(t) is a linear combination of finite number of risky

assets S](-(S) (t) (j =1,2,---,N), we can easily obtain the asymptotic expansion of
the random variable of the basket :

(0) N 62 N 53 N
Z%S )+5ZajAj(t)+§Z%Bj(t)+gzaj03(t)+
j=1 =1 j=1

Next, as in the previous subsection, we define X () (t) for which we can explicitly

obtain the density function. Let

IO(t) — 1O)(¢)
)

(3.25) XO(t) = ~ g1+ 6gy + 0%gs + - --

where
g = [ eI dils),

N

t S = =
g2 = e’"t;&j/o [/o e‘”’&?(v)TdﬁJ(v) 8j5?(s)Td@D(s).

4(0)( ), @(s) and 0;67(s) denote N dimensional vectors of which the i-th elements
are >0, 04]00 (s), 04;(s) and 0;0;(s) respectively. Because the integrand of g, is

a deterministic function, g; follows the Gaussian distribution and we can write

g1~ N(O,Zgl) ;

17



where .
g E/O 2 =970 () T# (5)ds .

For the pricing problem of the call basket options, we need to evaluate the con-
ditional expectations such as E[gs|g1 = z|, E[g3|g1 = ], and E[g2|g; = z|. By
using formulae in Lemma 2.1, we can evaluate those expectations. For example,

by applying formula(1l), we obtain
(3.26) Elg|gy = 2] = ca® + f

where

N

_ rt P

C = e ZOé]Cj,
J=1

N
[ = eTtZ@jfja
j=1

) _ L 2rt ¢ ? —2rv =(0) T =0 d —rs =(0) Ta‘—»‘O d
G = 3me e G (v) & (v)dv| e d (s) 905 (s)ds
2 o Lo
and
fi = —Xag.

Therefore, by applying the pricing formula in Theorem 2.2 and replacing y® by
y©®) = [IO(T) — K]/, we can obtain the initial value of the basket (call) option.
3.2 Average Options

We next consider as a more complicated example the average options commonly
known as 7 Asian Options” in the simple Black-Scholes economy with the general
volatility function. The payoffs of the average options are defined as

(3.27) V(T) = (ZNT) — K)*

or

V(T) = (K = Z2°(T)",

where

T
ZO(T) = % / SO (t)dt .
0

Then the value of average options at the initial date can be again expressed as

V(0) = e "TE[V(T)).
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In what follows, we evaluate the call options as an example. In the average option
case, we consider the asymptotic expansion of the functional of the risky asset
Z©)(T) and we have

(328) 2() = 2°(T) + 1. /OT Aty + /OT %t)dt /OT %dt T

where

1 T
ZO0T) = lim ZO(T) = / SOt)dt .
0

0—0
By defining X%‘;) for which we obtain the density function as

o _ Z20(T) — 200(T)
T 5 ’

the the stochastic expansion of X;‘s) is given by
() _ 2
Xy’ =g1+0ga+67gs+ -,

where

T
0

T B(t
g2:/ ()dta
0 2

_[Mc)

We note that the leading term in the average options case also can be written

and

as

T 1 [erT=) —1 N

Because of the same reason as before, g; follows a normal distribution. The

variance of the Gaussian random variable can be calculated as
(330) g1~ N(Ov Zg1) s

where

Ty ferT- 1%
Zgl:/o ﬁ[f} O'(S( ),S) ds .

By following the same method as in the previous sebsection, we can express the

asymptotic expansion of the density function as

fX;J) ~ n[x;(]?Zgl] +5_8{E[g2|gl :af}n[x’o’zgl]}

o —0{E[gs|g1 = z]n[x;0,3, ]}
ox

O*{E[g3|g1 = z]n[z;0,%,,]} N

0 0r?

1
252
+ 2
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Then, we need to evaluate the conditional expectations such as E[gs|g1 = z],
E[gs|lg1 = 2], and E[g3|g1 = .
For instance, noting go = £ i i €90 (S, 5) [5 e o (SO, v)dib(v)div(s)dt, and

using the formula(l) in Lemma 2.1, we can show
(3.31) Elgo|gr = 2] = ca’ + f

where

- gl [ [

s v) _
X / e " [71] o(S© v)2dvdsdt
0

r

(3.32)

and
f=—cXy .

3.3 Options with a Stochastic Volatility

The third example in this section is the evaluation problem of options with
stochastic volatilities which He (1992) has developed in an equilibrium frame-
work. We assume that there exists a risk-free rate, » which is a positive constant.
In general, under the equivalent martingale measure, the processes of the under-
lying asset and a state variable in He (1992) are defined by

(3.33) dsV) = (S, YO tydt + 6575, v )T dids,
and
(3.34) AYO) = (S0 YO 0)dt + 665(S0, YO )T did,

where 0 < 0 < 1, W, is the standard two dimensional Brownian motion, and
cﬂ(SYS),Y(‘”,t) and a}(SYS),Y(‘”,t) denote two dimensional vectors. By using

vector representation, two equations can be rewritten as
(3.35) a5 = @S9 YO Hydt 4 65(SD, YD $)di, |

where



and
2(5(5)’3/(5)7,5) = | 7!

In fact, we know that
ul(Sfa), Y© 1) = ng) .

Next, we define a non-singular matrix, G, which satisfies a (deterministic) dif-

ferential equation:
(3.36) dG, = Ou’G,dt ,

where

O Oaptl
) 0 _ 1M1 1 7
b lalﬂg Dot

ol

0= E{g)b:o, and Séa) = Y(a)

il =

In order to derive the asymptotic expansion of 5}(5), first 5}(0) is defined so that

this solves the differential equation :

(3.37) dS© = 7SO, YO p)at .
Next, we define A, as
Gi(6)
Ay = 82’3 |50

A, must satisfy the following stochastic differential equation :
dA; = Op° Adt + X0dwby, .

This stochastic differential equation can be solved as

— t —
(3.38) i =a, / G0,
0

Third, we define B, as

. 82 5@(5)

t = W‘é:o-
Then we can show that B, must satisfy the following stochastic differential
equation :

. 2 2 . 2 2 .
dBt = Z Z @-Gj,quitAjt + Z @-uOBit dt + 2 Z @Z()Aitdwt .
i=1 j=1 i=1 i=1
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This equation also can be solved as

ds

2 2
L anaa,

+2/Q [Zaz Aw] i, .

Hence, as in the previous sections, the stochastic expansion of 57,5(5) is given by
(3.39) SO = SO 4 551 + 6%Gy + - -+

where g7 = A,, and go = %B} In this case the two dimensional leading term

follows the two dimensional Gaussian distribution with

(3.40) gi ~ N(0,%,,) ,

91 S

t
2, =G, | G226 T sG]
0

7 5(5)_ 5(0)
To evaluate a call option, we first define X ©) = 5 =5

, and derive the asymp-

totic expansion of the density function of X by utilizing the formulas of Lemma

2.1 and Lemma 2.2, and then we compute e "TSE[(XY + y®)*] where X =
©)_g© 50—
51 55” and y©® = T' The detail is omitted since the similar argument can

be applied as in the previous examples.

4 Numerical Examples

In this section, we will present several numerical investigations of the approxi-
mations derived by the asymptotic expansion method introduced and explained
in the previous sections. In the Black-Scholes economy, as the first numerical
example we will present the numerical examples of plain vanilla call options for
the square-root process 2 of the underlying asset. As the second example, we
will give numerical results on of average call options for the square-root process
of the underlying asset as well as for the log-normal process of the underlying as-
set. In the Black Scholes economy the latter process has been commonly used in

2 We have used this because it is a typical time-homogenous diffusion example. However, the
volatility function is not smooth at the origin and we need to use a smoothed version of the
square root process at the origin for the mathmatical point of view. (See the conditions (6.48)
in Section 6, for instance.) However, we can show that the smoothing does not make significant
differences and the effects are negligible in the small disturbance asymptotic theory.
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practice. Under the equivalent martingale measure, we assume that the processes
of the underlying asset are given by

(4.41) dSO = (r — )SOdt + §(5D)2 duy,
or
(4.42) dS® = (r — )SWdt + 65V dw,

where r and ¢ denote the risk-free interest rate and a dividend yield, respectively,
both of which are assumed to be positive constants in the Black-Scholes economy,
and w,; denotes the one dimensional Brownian motion.

Tables 1-3 show the numerical values of plain vanilla call options for the
square-root processes of the underlying asset which represents an equity index
with no dividend. The values obtained by the stochastic expansions upto the first
and second order are given respectively. For the comparative purpose, the values
by the Monte Carlo simulations are also given, which are based on 500,000 trials
implemented in each case. We note that all the ”difference” or ”difference rate”
appearing in Tables 1-14 are those from, or those relative to, the corresponding
values by the Monte Carlo simulations. The spot prices and the risk-free interest
rate are assumed to be 40.00 and 5 % respectively, and the term to expiry is
assumed to be one year. The volatilities § are set so that the instantaneous vari-
ances at time 0 are equivalent to those of the log-normal process whose volatilities
are 10 % in Table 1, 20 % in Table 2, and 30 % in Table 3. The values of out-of-
the money (strike price K= 45), at-the-money (K=40), and in-the-money (K=35)
are given. We observe that the values obtained by the stochastic expansions upto
the second order are improved and more accurate than those with the first order.

Tables 4-10 show the numerical values of the average call options when the
underlying assets follow square-root processes, where the underlying asset is an
equity index with no dividend (that is, ¢ = 0 ) in Tables 4-6 and it is the foreign
exchange rate of Japanese yen and US dollar (that is, ¢ is a US Interest rate)
in Table 7-10. The results given by the stochastic expansion are those from the
computation upto the second order. For the comparative purpose, the values by
the Monte Carlo simulations are also shown, which are based on 500,000 trials
implemented in each case.

In Tables 4-6, the spot prices and the risk-free interest rate are assumed
to be 40.00 and 5 %, respectively, and the volatilities (4) are set so that the
instantaneous variances at time 0 are equivalent to those of log-normal process
where the volatilities are 30 %. The vales of out-of-the money (strike price K=
45), at-the-money (K=40), and in-the-money (K=35) are shown for each of the

time to maturities : three months, six months and one year.
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In Tables 7-10, the spot prices, the risk-free Japanese interest rate, and the
US interest rate are assumed to be 100.00, 3 %, and 5 % respectively. The
volatilities(d ) are set so that the instantaneous variances at time 0 are equivalent
to those of the log-normal process where the volatilities are 10 % in Tables 7-9
and 30 % in Table 10. The values of out-of-the money (K= 105 for Tables 7-9 and
K=110 for Table 10), at-the-money (K=100 for Tables 7-10), and in-the-money
(K=95 for Tables 7-9 and K=90 for Table 10) are shown for each of the time to
maturities : three months, six months, and one year.

Tables 11-14 show the numerical values of average call options when the un-
derlying assets follow log-normal processes, where the underlying asset is the
foreign exchange rate of Japanese yen and US dollar. The assumptions for the
spot prices, the risk-free Japanese, and US interest rates are same as in Tables
7-10. The volatilities are assumed to be 10 % in Tables 11-13, and 30 % in Ta-
ble 14. The values of out-of-the money (K= 105 for Tables 11-13 and K=110
for Table 14), at-the-money (K=100 for Tables 11-14), and in-the-money (K=95
for Tables 11-13 and K=90 for Table 14) are shown for each of the time to ma-
turities : three months, six months, and one year. The results given by the
asymptotic expansion are those from the approximations upto the second order
as well as from computation upto the first order. We observe that the values
from the asymptotic expansion upto the second order are much more improved
than those upto the first order. Figure 1 shows the difference of the distributions
of the X2/ 22'15 obtained by the asymptotic expansions from those obtained by
the Monte Carlo simulations. We can observe that the difference is significantly
smaller in the asymptotic expansions upto the second order than those upto the
first order, which leads to the much improved values of the option prices. For
the comparative purpose, the values by the Monte Carlo simulations are shown,
which are based on 500,000 trials implemented in each case, and moreover, the
values obtained by the PDE method developed in He and Takahashi (1996) are

given.

5 Concluding Remarks

In this paper we have proposed a new methodology for the valuation problems
of financial contingent claims when the underlying asset prices follow the general
class of continuous Markov processes. The method is applicable to a wide range
of the valuation problems of contingent claims associated with stocks, foreign
exchange rates, and those in a stochastic interest rate enviroment. We illustrate
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the method by giving a series of examples when the processes of underlying assets
and economic factors are described by the general stochastic differential equations
of Markovian type. In a companion of this paper, Kunitomo and Takahashi (1995)
have systematically presented the results of our asymptotic expansion approach
in a non-Markovian setting of term structure of interest rates, whic was originally
developed by Heath, Jarrow, and Morton (1992). Also it is even possible to extend
our approach to the valuation of the average option on foreign exchange rates in
the stochastic interest rates economy. *

As we have seen in Section 3, the formulae for the various pricing problems
of contingent claims are simple analytic functions based on the Gaussian kernel,
which can be evaluated quite easily. As we have shown in Section 4, the approxi-
mations we have obtained are numerically accurate for practical purpose in many
cases. Also as we shall discuss in Section 6, our method is not an ad hoc ap-
proximation because we have developed a rigorous mathematical theory for the
validity of our asymptotic expansion method, which is basically along the line
of the Malliavin-Watanabe-Yoshida theory. The latter theory has been recently
investigated by probabilists and our asymptotic theory can be regarded as their
natural application. Therefore the Small Disturbance Asymptotic Theory and the
resulting asymptotic expansions we are proposing in this paper does have not

only practical usefulness but also may have some theoretical interest in finance.

6 Mathematical Appendix: Validity of the Asymp-
totic Expansion Approach

The mathematical validity of the asymptotic expansion approach in this paper
can be given along the line based on the remarkable work by Watanabe (1987)
on the Malliavin calculus in stochastic analysis. Yoshida (1992a,b) have utilized
the results and method originally developed by Watanabe (1987) and given some
useful results on the validity of the asymptotic expansions of some functionals
on continuous time homogenous diffusion processes. The validity of our method
can be obtained by the similar arguments used by Yoshida (1992a,b, 1997) and
Chapter V of Ikeda and Watanabe (1989) but with some modifications. Since the
rigorous proofs of our claims in this section can be quite lengthy but some parts
are straightforward extensions of the existing results in stochastic analysis, we
shall only give their essentials and the modifications we need for our applications

3 Takahashi (1995) has dealt with this case for the multi-countries economy with interest
rates and derive some useful formulae in the framwork of Heath-Jarrow-Morton interest model.
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4 The main aim in the following steps will be to

in the previous sections.
check the truncated version of the non-degeneracy condition for the Malliavin-
covariance in our situation and show the sufficient conditions of Theorem 2.2 of

Yoshida (1992b).

First, we shall prepare some notations. For this purpose, we shall freely use
the notations by Ikeda and Watanabe (1989) as a standard textbook. We shall
only discuss the validity of the asymptotic expansion approach based on the
one-dimensional Wiener space without loss of generality. We only need more
complicated notations in the general case. (See Ikeda and Watanabe (1989) for
the details.) Let (W, P) be the 1—dimensional Wiener space and let H be the
Cameron-Martin subspace of W endowed with the norm

(6.43) iy = [ tite)

for h € H. The norm of R—valued Wiener functional g for any s € R, and
p € (1,00) is defined by

(6.44) lgllp.s = 17 = £)g]l, ,

where £ is the Ornstein-Uhlenbeck operator and || - ||, is the L,-norm in the
standard stochastic analysis. An R—valued function ¢ : W — R is called
an R—valued polynomial functional if ¢ = p([hi|(w),- -, [h,](w)), where n €
Z* hi € H, p(xy,---,x,) is a polynomial, and

) = [ htydu()

for h € H are defined in the sense of stochastic integrals.

Let P(R) denote the totality of R—valued polynomials on the Wiener space
(W, P). Then P(R) is dense in L,(R). The Banach space D), is the completion of
P(R) with respect to ||-||,,s. The dual space of D is the D_*, where s € R,p > 1,
and 1/p + 1/q = 1. The space D™ = Ny20 Nicp<ioo D, is the set of Wiener
functionals and D = Uss0 Mi<p<ioo D, ” is a space of generalized Wiener
functionals. For F' € P(R) and h € H, the derivative of F' in the direction of h

is defined by

(6.45) DuF(w) = lim ~{F (w+ ¢h) — F (w)} |

e—0 ¢

4 For complete discussions on mathematical validity of our approach, see Kunitomo and
Takahashi (1998).
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Then for F' € P(R) and h € H there exists DF' € P(H) such that D, F(w) =
DF(w),h >y, where < - >p is the inner product of H and DF is called the
H—derivative of F. It is known that the norm || - ||, s is equivalent to the norm
St _olID* ||, For F € D> we can define the Malliavin-covariance by

(6.46) o(F) =< DF(w), DF (w) >p ,

where < - > is the inner product of H. It is known that the operator D can
be well-defined in D*. (See Chapter V of Ikeda and Watanabe (1989) for the
details.)

Now we give the proof of validity of our method. For the ease of exposition,
we consider a one dimensional stochastic differentail equation and the validity
of the multidimentional case could be obtained by the similar arguments with
more complicated notations. For the fixed T' < 0 and 6 € (0, 1], we consider a
stochastic differential equation :

T
(6.47) S9 — 5+ / 1(S©, s)ds + / 50(S® s)dw, ,
0

where (S, s) and o(S{, s) are Rx[0,T] — R and Borel measurable in (S, s).
We assume that they are C*(R — R) for s € [0,7] with bounded derivatives
of any orders in the first arguments. That is, for the first argument there exists
M >0 such that

9" (s, s)
— | < M,
SERS,(1)1£s§T| 8Sk |
k
(6.48) sup ]m\ <M

SER,0<s<T oSk

for any £ =1,2,3,---. We further assume that there exists a positve M’ such
that
sup_[[1(0, s)] +[0(0,s)[] < M".

0<s<T

These conditions imply that there exists some positve K such that for all s €
[0,77],
(6.49) (S, 8)[ + [0 (S, 5)] < K(1+[S]),

(6.5004(S19, 5) — (529, 5)| + |o(S19), 5) — (529 5)| < K|S1®) — 5209,

By the standard argument (e.g. Ikeda and Watanabe (1989)) we have the exis-

tence of the unique strong solution which has continuous sample paths and is in
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L, for any 1 < p < oo. In the remaining of the section, we will discuss the validity
of the asymptotic expansion of ¢(X\)Iz(X\Y) where X{” is defined by

S
5

and B is a Borel set. In the typical examples of European call options and

XP =

put options, we take ¢(x) = (x + y) and B = [—y,00) for call options, and
¢(z) = (—x —y) and B = (—o0, —y| for put options, where y is a constant.

Lemma 6.1 Under the assumptions we have stated, S(T(S) is i D> and has an

asymptotic expansion

(6.51) S~ S+ gir + 8 gor + -+ -

in D as 6 | 0 with gi7, gor, - -+ € D™.

Proof: First, we shall prove Si(pa) in D*. Let us define Y® by
Ay ® = op(S® )Y Odt + 600 (5D, )Y Odw,, Y =1,

where Ou and do  denotes the % and ds(é), respectively. Then we see that

Y has the unique strong solution and Y e L,. Let W) = Yt(a)_l. Then, by
using It6’s Lemma, W? satisfies the stochastic differential equation

AW’ = —{0p(S), ) = 6°00 (S, )"} W'dt — 600 (S, )W duwr, Wy = 1.

Hence W has also the unique strong solution and y©®-1 ¢ L,.
In order to show our assertion, we calculate the first order H-derivative of Sg)

For any h € H, we note that DhS(T(S) satisfies an stochastic integral equation :
DpSY = /0 " 500(S®), ) DpSPdu(s)+ /0 L oS, ) DpSDds+ /0 " 50(S@. s)hads.
Then for h € H,
DS = /0 ' YO v O-156(89 s)h,ds.
Hence for the first order H-derivative we have
DS = [ VYO s0(59), ) s
We note

DSy < VPP | [ IO R+ 150
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Thus we have an inequality
B[IDsPR] < #B [VORL[| WO PR+ 1501
Likewise for any 2 < p < 0o, we can show an inequality :
B [ID8715] < GrPTR O p( [ YO+ 5.

In our evaluation we often use Holder inequality for expectations:
El|v.y.l] < Blla.)7 Byl

forp>1,q>1, % + é = 1. By using an inequality
(|| + Iy < 277 (jaf” + |y")

for p > 1 and Fubini’s theorem, we can evaluate the right hand side of the last

equation as

5 T _
B[ IO 50

[N

IN

BV B |(f (v Ol + 159y

=

IN

- 21 T
BV i | [ O 50
— ! 0
- 21 T 1 1
< B[P T B[y E [+ [sO)] sy

1 1
2 2

- -1 T
< B[y 03 [ E[{IyO¥] B 200 (14 |50

3.

Because S0, Y0 Y-t ¢ [, for s € [0,T] and any 1 < p < oo, we have
E [|DS¥S)|’;{} < oo for any p > 1. Therefore, we conclude S(T(S) € Nicpesc D,
Repeating the similar arguments as for the first derivative, we can show the
boundedness of higher order H-derivatives ® with L, estimates of S}a). Then we
conclude S©® € D>,
Next, we shall prove the second part of the lemma. The coefficients of the

asymptotic expansion of Si(pa) is given by the Taylor formula. For instance,

T
QT = / YTY;_IO-(S(O)yS)dwsa
0

® To be rigorous mathematically, we have to use Lemma 2.1 of Kusuoka and Strook (1982)
and some related results for abstract spaces. See the proof of Theorem 3.1 of Kunitomo and
Takahashi (1998) for the detail.
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1

gor = / SYrYHO (S, 5)gids + 200 (S, s)grsdws}
0

and

T 1
gsr = / YTKA{@QM(S(O):5)91392sd5+Eagu(s(o):s)g%sds
0

1
+ 5820(5(0), 8)g2.ds + 0o (S 5)gasdw,}

where Y, = Y;(O) is the solution of the differential equation
dY = ou(SY, t)Ydt, Yy = 1.

Thus we have Y; = exp(fy (S, s)ds). By the boundedness of Yz, Y, ™!, (S, s)
on [0, 77, it is easily seen E[|g15|?] < 00,5 € [0,T] for any 1 < p < co. Given g5 €
L,, we can easily see by Burkholder’s inequality (or local martingale inequality in
Theorem III-3.1 of Tkeda and Watanabe (1989) ), E[|gas|P] < oo for any 1 < p <
oo. Likewise, gys € L, is obtained recursively given g;s € Ly, 7 = 1,2,---k — 1.

Hence gir, gor, -+ € Nicpesc D,
Next, we note Dpgir = Y7 fy Y 'o(S©, s)hyds and Df ., g1 = 0 for k =
2,3, . Thus we can show g1 € D*. We also have

T T
Dyngor = YT{/O 32_182#(5(0)73)91th91st+/0 K‘lﬁa(Sﬁo),S)Dhglsdws
T .
+ / Y, 00 (89 5)hds},
0
T T )
Dy 9o = YT{/O 3/5_132M(5(0)7S)Dhlglthgglst+/O Y, 00 (59, 5) Dy, gishasds}.

and D;lih...,hngT =0 for k = 3,4,---. Then, given g;, € D> for any s € [0, T/,
we can conclude gor € D™
By using similar arguments, recursively we can show the L,-boundedness of

any order H-derivatives of gi7, k = 3,4, - - - . Therefore, we have proven the second
part. Q.E.D.

_ _ _ 5 5 S®_g©®
Next, we consider the normalized random variable Xé) as Xé) = LT

By Lemma 6.1, we see Xé‘s) is in D> and has the asymptotic expansion :
X}(S) ~ qir +0ger + -

in D% as 0 | 0 with gq,gs,--- € D*. We also have the first order H-derivative
as
T 0y (6)-1 (8) o\j
DpXr = / YOYO-15(80 s)h,ds.
0
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Hence the Malliavin covariance U(erpé)) =< DX(T(S), DXP}‘S) >p 1s explicitly given
by

T
(6.52) [ OO 0(59, s 2ds.
0
Note .
(6.53) (X)) = Sgy = [ VY oSO, 5) s
0

as 0 | 0 where ¥, denotes the variance of g7, which is the limiting random
variable.

We consider the uniform non-degeneracy of Malliavin covarince, which is the
important step of the application of Theorem 2.2 of Yoshida (1992b). In order to
do this application, we make the following assumption.

Assumption I’ :

T
(6.54) S, = / (VoY 1o (S©, 5))2ds > 0 .
0

Next, we define n° by for any ¢ > 0,

T
w=c [ VOO o(s0) VoY o(s0) s
0
Then we have the following lemma.

Lemma 6.2 Under Assumption I’, the Malliavin covariance U(X}‘S)) is uniformly

non-degenerate. That is, there exists co > 0 such that for ¢ > cy and any p > 1,

(6.55) sup E[ (e<1yidet U(XT))}_Z’} < 00.
5€(0,1]

Proof : Let &, = Y,V (Y9)6(S?) and &, = V;Y, o (S).
Then, 7] <1 is equivalent to [ 800 — Eorl?ds < L.
Note

5
0(47) =Sl = | [ (€~ €V
T
< [V galds+2 [ leallels - arlds
1 L1
< -+ 22921(_>%'
c c
Hence we can take cg > 0 such that for any ¢ > ¢q > 0,

) )
0< By — |o(XP) = B, | < o(X)
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holds uniformly for § € (0,1]. Thus, we obtain the result. Q.E.D.

Next, we present two inequalities which are useful to show the truncation by
¥(n?) is negligible in the asymptotic expansions. We omit their proofs because
they are quite lengthy. ©

Lemma 6.3 (1) There exist positive constants a; (i = 1,2) independent of 6 such
that

(6.56) P(sup [S® — SO| > q) < %(ao + ) exp(—
0

2
a0 6—2)
2
0<s<T

(ao +C)
for all ag > 0.
(2) There ezist positive constants a; (i = 1,2) independent of § such that

2
6.57 P(sup |V —Y,|>a <ﬂa + (') ex —ﬂc;”
©57) Pl s [V~ Y| > a0) € Do+ C)exp(— o)
for all ag > 0.

By using Lemma 6.3, we now can show the truncation is negligible in probability

by utilizing the above large deviation inequalities. We present this result as the
next lemma, but omit its proof because it is straightforward but quite lengthy.”

Lemma 6.4 For ¢ > 0, 1% is O(1) in D> and for co > 0 , there exist some

constants c¢;, © =1,2,3, such that
(6.58) P({]ne] > eo}) < e1exp(—c2d™)

Then all conditions stated in Theorem 2.2 of Yoshida (1992b) are satisfied and
we have the desired result as its direct consequence.

Proposition 6.1 Under the assumptions we have made, for a smooth function
¢°(z) with all derivatives of polynomial growth orders, w(ng)gzﬁ‘s(X}é))IB(X}é)) has

an asymptotic expansion;:
(6.5) W(nD)¢° (X5 Is(Xg") ~ By + 6%y + -

in D™ as & | 0 where B is a Borel set, Y(x) is a smooth function such that
0 <¢(x) <1 forze R(x) =1 for |x| < 1/2 and ¢ = 0 for |z| > 1, and

Dy, Py, - - - are determined by the formal Taylor expansion.

6 See Lemma 3.5 of Kunitomo and Takahashi (1998) for the proofs.
" See Lemma 3.6 of Kunitomo and Takahashi (1998) for the proof.
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Finally, we obtain an asymptotic expansion of the expectation of ¢° (X(T(S))I B(X(Té))

as 6 — 0, which is summarized in the next theorem.

Theorem 6.1 Under the assumptions we have made, an asymptotic expansion
of EW&(X&)[B(X}(S))] is given by

(6.60) E[0°(XP)Is(X] ~ Ep)e’ (X)) Is(X2)]
~ E[®] + IE[®] + -

as 0 | 0.

As a final concluding remark, we should mention that the inversion technique
we have used is different from the one used by Yoshida (1992a,b). He has used the
Schwartz’s type distribution theory for the generalized Wiener functionals while
our method is based on the simple inversion technique for the characteristic func-
tions of random variables, which has been standard in the statistical asymptotic
theory. Hence what we need to show is that the resulting formulae by our method
are equivalent to his final formulae. Let take ¢°(z) = 1 in Proposition 6.1 as an
illustration. ® Then Yoshida (1992a,b) used the notation

d

(@) = (=) [6(fo) 1i01a(fo) o = ],

and
() = (1B A6 Halfo)lfo = 2.

where 14(fp) is the indicator function and fy corresponds to the random vari-
able of the order O,(1), which are the same as Iz(-) and ¢, respectively, in our
notations. The differentiation of indicator functions in the above has a proper
mathematical meaning in the sense of differentiation on the generalized Wiener
functionals. (See Watanabe (1987) and Yoshida (1992a,b) for its details.) By
the use of the pull-back operation of the generalized Wiener functionals, Yoshida
(1992a) has obtained the explicit expansion form of the density function for a

particular functional in his problem as
pi(x) = pi(x) + py ().
In our framework it is straightforward to show that

Pi(x) = (<)) [Bloalgr = 7)n(z:0,5,,)

8 Theorem 3.7 of Kunitomo and Takahashi (1998) shows the proof of the equivalence up to
the third order term.
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and p) (z) = 0 since d¢(-) = 0 . Then we notice that p;(x) is exactly what the
inversion formula gives as the second order term in the asymptotic expansion of
the density function of the normalized random variable X;‘s). We have the similar

arguments for higher order terms in the asymptotic expansions.
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Figure 1: Errors in the Expansion around the Normal distribution
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Table 1: Plain Vanilla Call Options-Square root process -(vol. = 10% )

Strike price 45 40 35

(1)Monte Carlo 0.5771 | 2.7226 | 6.7676
(2)Stochastic Expansion(second) | 0.5763 | 2.7228 | 6.7640
Diff. Rate% -0.144 | 0.007 | -0.053
(3)Stochastic Expansion(first) 0.5548 | 2.7398 | 6.7796
Diff. Rate% -3.865 | 0.632 | 0.178

Table 2: Plain Vanilla Call Options-Square root process -(vol. = 20% )

Strike price 45 40 35

(1)Monte Carlo 2.0005 | 4.1841 | 7.4802
(2)Stochastic Expansion(second) | 1.9979 | 4.1858 | 7.4855
Diff. Rate% -0.130 | 0.041 | 0.071
(3)Stochastic Expansion(first) 1.9460 | 4.2231 | 7.5776
Diff. Rate% -2.724 1 0.932 | 1.303

Table 3: Plain Vanilla Call Options-Square root process -(vol. = 30% )

Strike price 45 40 35

(1)Monte Carlo 3.5347 | 5.7069 | 8.6453
(2)Stochastic Expansion(second) | 3.5379 | 5.7105 | 8.6502
Diff. Rate% 0.091 | 0.064 | 0.057
(3)Stochastic Expansion(first) 3.4573 | 5.7674 | 8.8191
Diff. Rate% -2.189 | 1.067 | 2.010
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Table 4: Average Call Options on Equity -Square root process -(T=0.25y)

Strike price 45 40 35
(1)Monte Carlo 0.1559 | 1.4985 | 5.2659
(2)Stochastic Expansion | 0.1562 | 1.4983 | 5.2679
Difference 0.00029 | -0.00020 | 0.00210
Diff. Rate% 0.18 -0.01 0.04

Table 5: Average Call Options on Equity-Square root process-(T=0.50y)
Strike price 45 40 35
(1I)Monte Carlo 0.5221 | 2.1758 | 5.6468
(2)Stochastic Expansion | 0.5228 | 2.1788 | 5.6516
Difference 0.00078 | 0.00301 | 0.00482
Diff. Rate % 0.15 0.14 0.09

Table 6: Average Call Options on Equity-Square root process-(T=1.0y)

Strike price 45 40 35
(1)Monte Carlo 1.2802 | 3.1848 | 6.3845
(2)Stochastic Expansion | 1.2813 | 3.1873 | 6.3881
Difference 0.00112 | 0.00255 | 0.00362
Diff. Rate % 0.09 0.08 0.06
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Table 7: Average Call Options on FX-Square root process- (T=0.25y)

Strike price 105 100 95
(1)Monte Carlo 0.0416 | 1.0217 | 4.7672
(2)Stochastic Expansion | 0.0419 | 1.0215 | 4.7698
Difference 0.00031 | -0.00025 | 0.00254
Diff. Rate % 0.75 -0.02 0.05

Table 8: Average Call Options on FX-Square root process-(T=0.50y)

Strike price 105 100 95
(1I)Monte Carlo 0.1721 | 1.3625 | 4.6858
(2)Stochastic Expansion | 0.1730 | 1.3654 | 4.6931
Difference 0.00090 | 0.00286 | 0.00730
Diff. Rate % 0.52 0.21 0.16

Table 9: Average Call Options on FX-Square root process-(T=1.0y,Vol.=10%)

Strike price 105 100 95
(1)Monte Carlo 0.4443 | 1.7700 | 4.6525
(2)Stochastic Expansion | 0.4426 | 1.7709 | 4.6585
Difference -0.00166 | 0.00090 | 0.00600
Diff. Rate % -0.37 0.05 0.13

Table 10: Average Call Options on FX-Square root process(T=1.0y,Vol.=30%)

Strike price 110 100 90
(1I)Monte Carlo 2.7995 | 6.18088 | 11.7334
(2)Stochastic Expansion | 2.8045 | 6.1881 | 11.7464
Difference 0.00502 | 0.007221 | 0.00130
Diff. Rate % 0.18 0.12 0.11

40




Table 11: Average Options on FX -Log-normal process- (T=0.25y)

Strike price 105 100 95
(1)Stochastic Expansion(normal)(1st) 0.0384 | 1.0199 | 4.7738
Diff. Rate % -15.97 | -0.19 0.16
(2)Stochastic Expansion(normal)(2nd) 0.0452 | 1.0220 | 4.7650
Diff. Rate % -1.09 | -0.02 | -0.02
(3)Finite difference(Crank-Nicholson method) | 0.0457 | 1.0216 | 4.7659
Diff. Rate % 0.01 -0.02 | -0.00
(4)Monte Carlo simulation method 0.0457 | 1.0218 | 4.7660

Table 12: Average Options on FX -Log-normal process- (T=0.50y)

Strike price 105 100 95

(1)Stochastic Expansion(normal)(1st) 0.1620 | 1.3610 | 4.7040
Diff. Rate % -11.96 | -0.53 0.53

(2)Stochastic Expansion(normal)(2nd) 0.1830 | 1.3660 | 4.6800
Diff. Rate % -0.54 | -0.16 0.01

(4)Finite difference(Crank-Nicholson method) | 0.1831 | 1.3656 | 4.6788
Diff. Rate % -0.49 | -0.19 | -0.01

(5)Monte Carlo simulation method 0.1840 | 1.3682 | 4.6793
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Table 13: Average Options on FX -Log-normal process- (T=1.00y,Vol.=10%)

Strike price 105 100 95

(1)Stochastic Expansion(normal)(1st) 0.4180 | 1.7590 | 4.6750
Diff. Rate % -10.30 | -0.61 0.81

(2)Stochastic Expansion(normal)(2nd) 0.4640 | 1.7720 | 4.6410
Diff. Rate % -0.43 | -0.12 0.08

(3)Finite difference(Crank-Nicholson method) | 0.4640 | 1.7715 | 4.6315
Diff. Rate % -0.43 | -0.09 | -0.13

(4)Monte Carlo simulation method 0.4660 | 1.7699 | 4.6375

Table 14: Average Options on FX -Log-normal process- (T=1.00y,Vol.30%)

Strike price 110 100 90
(1)Stochastic Expansion(normal)(1st) | 2.6107 | 6.1516 | 11.8900
Diff. Rate % -12.22 | -0.76 2.61
(2)Stochastic Expansion(normal)(2nd) | 2.9699 | 6.1910 | 11.5751
Diff. Rate % -0.14 | -0.12 -0.11
(3)Monte Carlo simulation method | 2.9740 | 6.1985 | 11.5874
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