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Abstract
Essays on the Valuation Problems of Contingent Claims
by
Akihiko Takahashi
Doctor of Philosophy in Business Administration
University of California, Berkeley
Professor Hua He, Chair

This dissertation consists of three essays on valuation problems of contingent
claims in financial markets. The first essay proposes a new methodology for the
valuation problems of financial contingent claims when the underlying asset prices
follow the general class of continuous Ito processes. My method can be applicable to
a wide range of the valuation problems including the complicated contingent claims
associated with a stock, a foreign exchange rate and the term structure of interest
rates. I illustrate the method by giving a series of examples both in the Black-Sholes’
economy and in the arbitrage-free based forward rate model of the term structure.
My method gives some explicit formulae for solutions which are numerically accurate
enough for practical purpose in most cases. Moreover, I present a rigorous proof on
the validity of the method by utilizing the Malliavin-Watanabe Calculus in stochastic
analysis.

The second essay propose a new valuation technique for the valuation problem
of the average-rate options under log-normally distributed underlying asset prices.
This method transforms the valuation problem into an evaluation of a conditional
expectation that is determined by a one-dimensional Markov process as suppose
to a two-dimensional Markov process commonly known. This transformation is
extremely useful since numerically it is much easier to handle a one-dimensional
problem than a two-dimensional problem. Alternatively, I also derive a partial
differential equation that the value function must satisfy. I illustrate this technique
in the simple Black-Scholes’ economy and in the term structure model.

The third essay examines the valuation problems of the securities with default
risks. I propose two models in a general equilibrium framework, one of which utilizes

a predictable stopping time and the other of which makes use of a totally inaccesible



stopping time to characterize the state of default. In the both models, the state of
the default may be related to the other economic variables which are determined in
equilibrium inside the models. Moreover, for the both models, I explicitly derive the
partial differential equations with boundary conditions which allow us to evaluate

any securities subject to default risks in a unified framework.



Chapter 1

An Asymptotic Expansion
Approach to Pricing Financial
Contingent Claims

1 Introduction

We propose a new approach to the valuation of contingent claims where we exten-
sively develop the unified method of the asymptotic expansion technique for the
asset pricing in a continuous time framework. The approach is general enough to be
applicable in the broad class of Ito processes of assets and of their functionals, and
is powerful in evaluating the complicating payoffs such as average options under the
general asset processes. The asymptotic expansion technique is, to our knowledge,
firstly applied to financial economics by Kunitomo-Takahashi(1992). They make
use of the first order expansion in the pricing of average option under the assump-
tion of the log-normal process of the underlying asset when the volatility is small.
That is, they approximate the distribution of the average price by the log-normal
distribution which is obtained by the first order stochastic expansion around the
volatility parameter being zero. This method gives relatively accurate values, but
those are not accurate enough for practical purpose when the volatility parameter is
large. Hence, they propose another method where the arithmetic average is replaced
by the geometric average which follows the log-normal distribution with its mean
and variance adjusted to match the mean and variance of the arithmetic average.
Although their second approach gives more accurate values, it is not general enough

to be applied to the other processes and the other types of financial claims. Our



method is valid in much more general situation and gives the formula for the expan-
sion upto the higher orders which includes their formula as a special case. Moreover,
the method gives numerical values which are accurate enough for practical purpose.
Following this approach, we can evaluate various types of contingent claims in the
unified fashion in a sense that we may apply the same procedure to various types
of payoffs under the general class of continuous Ito processes shown below. The
processes we consider in the paper can be expressed in the following manner. In the
simple Black-Scholes” economy, the underlying asset processes are given by

N

dS* =rS°dt + 6 0i(S°, t)diy,

i=1
where 0 < § < 1, Wy is a one-dimensional standard Brownian motion and r is
a positive constant. In the term structure model of interest rates, the stochastic

processes of instantaneous forward rates are given by

F(6T) = £(0,T) + &2 /Ot bs(v,T)dv+€/OtZaf(v,T)d1Di(v)

where
N T
b (0.T) = Yo oi(0,T) [ oi(,9)dy,
i=1 v

and in particular,

(1) = £(0,1) + 2 /Ot be(y,t)dv+5/OtZai(v,t)dwi(v).

Especially, we note that the continuous stochastic processes for spot interest rates
and forward rates are not necessarily Markovian or diffusion in the usual sense. The
stochastic process is expanded around the deterministic process where the diffusion
term (that is, § or ¢ ) is zero. The expansion is taken along the polynomial order
of the volatility coefficients (that is, along 6* or ¥ where k = 1,2,--- ). We obtain
stochastic differential equations which the coefficient of each term in the expansion
must satisfy. By making use of those stochastic differential equations, we can derive
the density function (or distribution function) at any date the process follows. We
can show that the coefficient of the first order follows normal distribution and the
coefficients of the higher orders are considered adjusted terms whose density can

be described as the normal density function multiplied by a polynomial function.



Theoretically, any orders can be evaluated, but in practice, the expansion upto the
second is enough for most cases. Once the density function of the (discounted)
payoff under the equivalent martingale measure is obtained, it is easy to evaluate
the expectation of the discounted payoffs. We finally note that this approach is
justified in a rigorous fashion by making use of the theory recently developed by
Malliavin-Watanabe in the stochastic analysis.

The advantage of this method may be explained as follows. First, this is applica-
ble in the unified manner to the pricing of various types of assets and their functionals
in the economy evolved by very general class of continuous Ito processes, which are
usually very difficult to evaluate. Second, this method is computationally efficient
compare to the other methods such as the partial differential equation(PDE) ap-
proach and the Monte Carlo method since it is very fast to obtain the answer by,
for example spread sheet in ordinary PC. Third, the distributions of the underlying
assets and their functionals at any date can be obtained. This is very useful, for ex-
ample in various kinds of simulation analysis. We also note that the pricing formula
obtained by this method can be used as a control variate to improve the efficiency of
Monte Carlo simulations. We briefly discuss the other methods. The PDE method
requires tough task in implementation especially when the underlying assets follows
multifactor or complicating processes. This often happens in term structure models.
It also requires special consideration for boundary conditions as well as transforma-
tion of variables in each case and there is no unified technique. The Monte Carlo
method is easy to implement, but is not computaionally efficient. This matters
especially when fast response is required such as in forex dealing. Moreover, the
Monte Carlo simulation is quite time-consuming in the cases where the process of
zero coupon bond can not be solved explicitly in a term structure model and hence
need a special treatment.

The organization of the paper is as follows. In the second section, we explain
the basic concept of this technique in the simple Black-Scholes’ economy where
there is a constant risk-free interest rate and the underlying asset following one-
factor diffusion process. First, we show the asymptotic expansion of the underlying
asset and then, show how to evaluate basket options including ”spread” options

and average options as well as plain vanilla option by making use of this method.



Next, we present another method, the asymptotic expansion by using a log-normal
distribution, which can be thought as a direct extension of the method proposed in
Kunitomo-Takahashi(1992). In the last part of this section, We briefly explain how
to apply the technique to options with stochastic volatilities.

In the third section, we extend this method to pricing problem of term structure
model where we take arbitrage-free based forward rate model as our basics. First,
we present a series of the asymptotic expansions of spot interest rates, instanta-
neous forward rates and zero coupon bonds as well as discount factors. Then, we
evaluate the bond options including caps, floors and swaptions, and average options
on interest rates by applying this technique.

In the forth section, in order to show that this method is also useful in the
Black-Scholes’ economy combined with term structure model, we present the pricing
formula of average options on foreign exchange rate in the (cross-currency) stochastic
interest rates economy.

In the fifth section, we show the several numerical examples. In the Black-
Scholes’ economy, first we give the numerical values of plain vanilla call options
under the square-root process of the underlying asset. Next, we present numerical
examples of average options for two types of the underlying asset process, one of
which is a square-root process and the other of which is a log-normal process. In
particular, we examine the log-normal case in detail which is widely used in prac-
tice. We numerically compare the values obtained by the asymptotic log-normal
expansion to those obtained by our original method. In a term structure model,
we present numerical examples of average options on interest rates for the constant
volatility model of instantaneous forward rates. In the final section, we discuss the
validity of our method in detail. We shall explain that our method is not an ad-hoc
approximation method because it can be rigorously justified by using the Malliavin-
Watanabe theory in stochastic analysis and we shall also emphasize that our simple
inversion technique gives the exact same formulae as those obtained by the Malliavin
calculus. In the appendix, we give the proofs of mathematical formulae freqently
appearing in the paper and show the formulae in the multi-dimensional cases.

We finally note that this technique may also be applied to the valuation of various

kinds of options in a multicurrency economy combined with term structure models,



which are considered, in general, very difficult task.

2 The Asymptotic Expansion in the Black and
Scholes’ Economy

In this section, we present the asymptotic expansion method in the simple Black-
Scholes’” economy where the interest rate of the riskless asset is a constant and the
risky assets follow some diffusion processes whose volatility functions may depend
on the current level of the assets as well as on the current time. First, we derive
the asymptotic expansion of the density function of the normalized price of the
risky asset and that of the price of the plain vanilla call options in order to explain
our method in detail. We next consider the valuation of basket options which is a
natural extension of the plain vanilla options. Finally, we show that this technique
is also valid in the pricing of average options which is a tough task especially when

the underlying asset has a general volatility function.

2.1 The Asymptotic Expansion of Underlying Assets

We consider economy where there is one risky asset and a riskless asset. The volatil-
ity function in the risky asset process may depend on the current level of the asset
and the current time. That is, the processes of the risky asset and the riskless asset

are described as

dS® = rS°dt+ 60 (S°,t)di, (1.1)
dB = rBdt

where 0 < § < 1, w; is a one-dimensional standard Brownian motion and r is
a positive constant. Alternatively, the integral form of the risky asset process is

expressed as

So(t) = S(0) + T/Ot S9(s)ds + 5/; o(S°,s)di(s).

Our first objective is to expand S°(t) around § = 0 . The deterministic process

where = 0 is obtained by

6—0

t
SO(t) = lim S°(¢) = S(0) + 7’/ S%ds.
0



Then, we easily have

SO(t) = €"S(0). (1.2)
Next, we calculate the coefficient of the first order of 9. Let

é
A =20,

Then, we obtain the stochastic differential equation which A(¢) must follow.

dA(t) = rA(t)dt + o(S°, t)dw(t)
This stochastic differential equation can be solved as
t
Aft) = [ 0 (5", 5)di(s). (1.3)
0

The coefficients of the second and the third orders of § are obtained in the similar
manner. That is, let
925°(t)
B(t) = ——Z|5-0.
6= lomo

Then, we obtain the stochastic differential equation of B(t).

dB(t) = rB(t)dt + 200 (S°, t) A(t)dw(t)

where Do (S°,t)
do (8%, t) = Tg’bé:sw
Hence, B(t) is solved as
B =2 "9 90(S°, ) A(s)dis(s). (1.4)
Similarly, let s
c) = oD

and then,
dO(t) = rC(t)dt + 30°0(S°, t) A(t)*dw(t) + 305 (S°, t) B(t)dw(t).
Hence,
=3 Fert=9920(50. ) A(s)2din(s) + 3 / L t=995(89. 5)B(s)din(s).  (1.5)

Finally, we obtain the asymptotic expansion of S°(t). We state the reslut in the

following proposition.



Proposition 1.1 The asymptotic expansion of the price of the risky asset, S°(t) at

any particular time point, t is given by

e + 0(6°) (1.6)

() = S°(t) + SA(t) + 522 ;t) e
where A(t), B(t) and C(t) are defined by (1.3), (1.4) and (1.5) respectively.

Here, we can easily see that A(t) follows a normal distribusion. That is,

where
t

Y4 = /eQT(t’S)a(SO,S)st.
0

We next define the new variable for which we explicitly calculate the density func-

tion. Let
SO(t) — SOt B(t C(t
Xf:{()(s <)} = A{t)+90 §>+52 é)+--- (1.8)
= g1 +0g+08gs+--.
We know that
a1~ N(O7 EAt) = N<O7 Z91)' (19>

Then, intuitively, we see that the density function of X°(¢) can be obtained as the
normal density function combined with the adjusted terms. To obtain the explicit
functional form of the adjusted terms, we use the characteristic function method
which is explained in detail below. First, we make the following assumption which

is valid in all the subsequent analyses of this paper.
Assumption

Xy >0 (1.10)

Next, we define the characteristic function of X°(¢) as

¥(€) = B[],



Then, ¥(§) itself can be expanded along the polynomial orders of ¢ .

77/}(6) = E[6i5(91+692+52g3+._,)]

2
= E[e™" {1 +6(i€)go + 0°(i€)gs + ‘;(igygg oY

= E[e""] + 0(i€)E[e"* go] + 62 (i) E[e’™ gs]

5 i
TP g + -
(i€)%2g,

= e 2 +0(iE {ei&E[szfh = x]} + 6%(i§E [eiﬁxE[g3|g1 = 33]}

b BB [(CRlglg = o] + -

Next, we explicitly evaluate the expansion of this characteristic function. First, we
will show that E[gs|g1 = 7] , E[g3|g1 = 2] and E[g?|g; = x] are some polynomial
functions of x , ha(x) , hy(x) , and hoe(z) , respectively. We present useful formulae

to evaluate those conditional expectations.

Lemma 1.1 Suppose w(t) is a one-dimensional standard Brownian motion and
q(t), 1=1,2,3,4 are R' — R' non-stochastic functions. Let x denote a scalar.

Then, the following formulae for conditional expectations hold.




M Uo a2(u)di ] U (u)dw(u )} ga(s)did (s)] /0 " (w)div(u) :x]
= ol [ [f e udu} o))

g [ [ et H/ (0] as)o (o)
! [21/ [ e@a@d] | ["aad q4<s>q1<s>ds]

V/ U }‘B v)di(v)gs(s)di (s I/ g1 (u)did(u) = x]

= =3z [22 /tf}4( )q1(s )/ a(v)q (v )/0 g2(u)q1(u )dUdUdsl

v o g [ [ wmi [ wlon @]

(5)
o[ [ etorotw] axomnco] 1 [ ot =]
= -/thl /Qzl )duds Zl;glx‘l—;;x —1—23;]
+ /Q31 /Q32 / Qm(u)dudvds} [x —;]
+ /Q31 /0Q22 dUdS} l;ﬁ—;]
+ /Q33 [/ Q21 (u durdsl [21;952—2191]
[ Quls) [ @nwyduds
where
Qij(s) = qi(s)g;(s).
PROOF.

See appendix. 1



The formulae for multi-dimensional cases are also given by Lemma 1.1 in the ap-
pendix whose proof is quite similar to that of Lemma 1.1 and hence it is omitted.
Hence, we can evaluate the conditional expectations by using Lemma 1.1. First,

by applying formula(1) to E[gz|g1 = ], we have

Elplg =2] = c®+f (1.11)
where
1 t s
c = —/ er(t_s)a(SO,s)aa(SO,s)/ )5 (S, v)2duds,
32 Jo 0
and
f = —cXg.

Second, we obtain E[gs|g1 = z] by using formula(3) and formula(4) . First,
we note that
c(t)
6
_ 1 rt K rs 02 0 [ v 0 ~ ]2 ~
= 3¢ /0 [e 0o (S ,s)} /0 o(S%,v)dw(v)| dw(s)
t s v
+ et / 90(S°, 5) / 95(S°, v) / e~ (S, w)did (u)did (v) dii (s).
0 0 0

g3 =

Hence, applying formula(3) and formula(4) to the first and second term of

Elgs|g1 = | respectively, we obtain

1
Elglg =1 = §ert[$3011+xf11]+€Tt[$3012+9€f12] (1.12)
where
1 t s 2
cp = —263”/ [/ eQT”a(SO,v)Zdv] 9*a(S°, 8)0(S°, 5)ds,
X2 o LJo
1 t s
fun = E—e”/ [/ 6_2T”0(So,v)2dv} 9*a(S°, s)o (S, 5)ds — 3%, c11,
g1 0 0
— 1 3rt t —rs SO SO
Cl2 = E—gle ; {e (S, s)o( ,s)}
/S {6_”0(50,1))0(50,@)} /U [e‘QT“a(SO,u)ﬂ dudsdt,
0 0
and
f12 = —3291612.

Then, we can write
Elgslgr=2] = a2’ + fix (1.13)

10



where
1

a = —eey +eey,

2
and

1
i = §€th11 + e fia.
Similarly, by using (5), we can show that for some constants ¢z, fo and ks,
E g3l = 2| = 2’ + fo2® + k. (1.14)

Therefore, we obtain the characteristic function as
7(i§)2291 ; €T : €T
W(E) = e 7 +0(6)E [ hy(x)] + 8*(i€)E [ hs(x)]
62 ‘
+ 5(25)2]3 {elimhgg(fli)] R

We need to evaluate the expectations such as E [eiﬁ‘”hg(x)} , E [e’f”hg(a:)} , and
E [eigmhgz(x)} to obtain () .

In the final step to obtain the density function of X°(¢) , we need to inverse (&)
(inverse the Fourier transformation). We make use of the following formula which is
given by Fujikoshi etal.(1982) to summarize both steps of evaluating characteristic

function and implementing the inverse-Fourier transformation.

Lemma 1.2 Suppose that ¥ follows N -dimensional normal distribution with mean

0 and variance-covariance matriz X . Then, for any polynomial functions h(:) and

9(-)

Fo R (e ), = o | v@mi0El s
where

1

F g(—iB [n(@)e 7] = (5=

<>

W[ e (i [a(@)e ] de,

the expectation E [-] is taken over x , and F~'[]_5. denotes F~'[-] being evaluated

at @ .
Proor. It holds that
1

(E)N /RN efiﬁTwE {h(i”)eifTﬂ dg‘: h(ﬁ)n[w,ﬁ,@]

11



Differenciating both sides with respect to the elements of & , we obtain the result.

I Finally, we obtain the asymptotic expansion of the density function of X?, fo-

That is,
0
g~ k0.5, 46 = ) (ha(onlei0.5,.])

b 8| g thatolnlei0 8] + 36| 2 ts(ainlas0. 2 ) +
where
(1) — SO(#)
510~ )

ZIZ'2
exp | — o .
g1

Using polynomial functions of he(z) , hs(z) , and hea(x) , we can obtain more explicit

X, =

and

niz; 0,2, ] =
[ ol = 7=

g1

form of the density function. We state this result as the following theorem.

Theorem 1.1 The density function of X? = t)iso(t sz as 6 — 0 can be

expressed as

fxg = n[z;0,%,] (1.16)
+ 0 { c $3_|_( f _20)1,}”[1.0 ) ]
Egl 291 » Uy Hg1
f2 902 C1 4
+ & [{ 2%+ ( - + o)
252 252 2%, X
k2 5f2 fl ) )
_ - . o
+ (2231 >, T, e+ 6c2)2” + (= fi o, + fo)}n[z;0,%,]
+ o(6?).

2.2 Plain Vanilla Options

We next, show how to evaluate plain vanilla options with general volatility functions
by using the density function of X! obtained previously. First, we define the payoffs

of plain vanilla options as

V(T) = (S(T) - K)* (1.17)

V(T) = (K - S(T)*.

12



Then, from the well-known martingale technique, the value at the initial date is
given by
V(0) = e "TE*[V(T)) (1.18)

where the expectation is taken under the equivalent martingale measure. In the
following, we only consider the asymptotic expansion of a call option because that
of a put option is obtained in the similar manner. First, we note that by using X?,

the V(T') can be expressed as

0T) - K +
V(T) = 5[S(;+Xf] :6[y+)(ﬂ+
where
SUT) - K
y = —_———.

Hence, using E[ga|g1 = z] = cx®> + f , Elgs|g1 = 2] = c12® + fiz and E[g3]g; =
x] = cox* + fox? + ko where ¢, f,ci1, fi,¢2, fo and ke are defined in the previous
subsection, together with the valuation formula, we can obtain the initial value of

the call option. That is,

V() = e "TOE (y + X7)]

= oy [ pgade+ [ (@
) o —Q{(cx® + f)n[z;0,%,,]}
T g1
5[/yuozﬂm+@/ o du
L 523// —8{ 011’ +J;;3) [ZE,O, Zgl]}dx
0*{(cox* + fox?® + ko)n[x;0,5,,]}
1o ) Yy — g1
+ 25 y/_y o2 dx
00 ' o —{(ca® + f)n[z;0,%,]}
+ /_y znlz; 0, Egl]d:v+5/_y x o7 dx
oo 3 )
. 52/ NACE: +J;1$)n[$70’291]}dx
—y i
1y, (= O*{(con + for® + ko)n[z; 0, 5y,]}
+ogf e o dx

In the following theorem, we present an more explicit formula which may be con-

vienient to evaluate the value of the call option.

13



Theorem 1.2 The asymptotic expansion of the price of a call option with the gen-

eral volatility function is given by

V() = e [&gN( yl )—l—d/oo anz; 0,2, |dx (1.19)
X, -
+ 6° /Oo(ch + finfx;0,%,,]dx

-y

o 1
+ ﬁ/(wﬁ+ﬂmmm2MMﬁ5ﬁ@f+ﬁf+@mwﬂjd

-y

+ o(d6%).

PrOOF. From (1.19), the straightforward calculation shows the result. 1

In order to evaluate the integrals in (1.19) and those wnich may appear in the
coefficients of §%,k > 4, the following formulae are useful. We omit the proofs

because they are easily obtained from integration by parts.

/ zn|x; 0, X, |de = 3, nly;0,%,]
~y
> )

Izn[l‘;o,z}gl]dl‘ = EshN(i%) - yzgln[y;()a E91]

g1

:C?’n[:l:;O,Egl]da: = (2231+291y2)n[y;0,291]

—

-y

8

<

w'nlz;0,3,,]dr = 3231]\[( y; ) — (3252;19 + 30,5 )n[y; 0, By,
i)

2on[r;0,5,]de = (8] +4%2 y° + Xy, y")nly; 0, Sy,

\g\

<

8

—

2n[z;0,%,,]dr = 15E§1N(2y1 ) — (1553 y + 552 4 + %, " )n[y; 0, ]
—y 2
g1
/ T 0,5y lde = (4851 + 2452 o 1 652yt + 5,,45)n[y; 0, 5,

-y
2.3 Basket Options

Next, we consider the pricing of basket options (including so called ”spread” options)
which is a natural extension of plain vanilla options by using our method. First, we

formally define "basket”, I(t) as

uwzi%@@ (1.20)

14



where S;(t) denotes the the price of the j th risky asset which is a component of
the basket. We note that, as a special case, the "spread” is defined by a;; = 1,
ajo=—1, j2#j1 and j =0 for j # j1,72 in I(¢). That is,

I(t) = Sj(t) — Sjpa(t).
Then, the payoffs of the basket options are expressed as

V(T) = (I(T) - K)* (1.21)

V(T) = (K—I(T))".

In what follows, we consider call options. That is,

For the pricing, we consider the Black-Sholes’ economy where there are risky assets,
each of which may depend on N independent Brownian motions.
dsi(t) = rSo(t)dt + 5201 (t, S9(t))dy(t) (1.22)
=1
dB(t) = rB(t)dt
where 1 is a positive constant and 0 < d < 1 .
Note: § can differ in j that is, J , but if we redefine 6 such that § = min|d;]; , then

we have the same expression of the processes as above.

Following the steps in the previous subsection, we can show for each 7,

S = lw S - S0

A = B [t S o ada

Bi(t) = 8285; 5= 0—2/ e S)Za% (s)dwi(s)
and

o) = Toas [0S ol (o ans

+3 / r(t=s) Zaam (5)dai(s).

15



Then, we obtain the asymptotic expansion of each risky asset, S? t),j=1,2,---

53(0) = $20) + 94, (1) + 2200 4 GO

As the "basket”, I(¢) is a linear combination of risky assets S2(t) ,j = 1,2, -

=

we can easily obtain the asymptotic expansion of a basket.

s N N 52 N 53 N
L(t) ~ > a;SY(t) + 6> ajA;(t) + 5 > a;Bj(t) + 3 > a;Ci(t) + -
j=1 j=1 =1 j=1

Next, as in the previous subsection, we define X°(¢) for which we explicitly

obtain the density function. Let

I°(t) — I°(t)
5

g
—~
~+~
~—
Il

~ g1+ 092+ 6793+ - -

t
g o= [ o) dils), of(s) =

N
a;0;(s)
j=1 ~

(A
and

g = e %1 a; /Ot [/08 ema?(v)TdtD(v)} 30?(5)Tdu~1(s).

We can easily see g; follows the normal distribution,

g1 -~ N(Oazm)
where
t
X, = /eQr(t’s)a?(s)Ta?(s)ds.
0

(1.23)

(1.24)

For the pricing of the call option, we need to evaluate conditional expectations

such as E[g:|g1 = 7] , E[g3]g1 = 2] and E[g5|g1 = z]. By using formulae appear-

ing in Lemma 1.1, we can evaluate those expectations, for example, by applying

formula(1),
Elg|gi = 2] = ca®+f
N
c = €' e
j=1
and

N
_ 1
f= ey af
=1

16
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where

1 t s
cj = Eglem/o {/0 e_ZT”U?(v)Ta?(v)dv e_rso?(s)Taa?(s)ds
and
fj = _Eglcj'

Therefore, applying the pricing formula in Theorem 1.2 by replacing y by y =

IT)-K
5

, we can obtain the initial value of the basket (call) option.

2.4 Average Options

We next consider more complicating example, the average options commonly known
as 7 Asian Options”, in the simple Black-Scholes’ economy with a general volatility

function. The payoffs of the average options are defined as

V(T) = (Z°(T) - K)* (1.26)
V(T) = (K—-2Z°(T)*
where

Z(T)

! / ' SO(t)dt

T Jo '

Then, the value at the initial date is expressed as, by using the martingale technique,
V(0) = e "TEV(T)).

In what follows, we evaluate the call option as an example. In this case, we consider

the asymptotic expansion of the functional of the risky asset, Z°(T) .

Z9(T) = ZO(T)+;/OTA(t)dtJr(S;,/OTBét)dt/oTCét)dtJr--- (1.27)

where

70T = hmZJ(T)Z;/OTSO(t)dt.

6—0
We define X9 for which we obtain the density function.

xp= 2020

17



Then, the asymptotic expansion of X9 is given by

X%:gl+5gg+(52g3+~~

where
T
n= [ Awa,
0
T
9 = —B(t)dt
0 2
and o
TC(t
= —2dt
g3 /0 6
We note that
Pt -1 S0, s)di 1.28
91*/0 T[r]a( , 8)di(s). (1.28)

Then, we can see that ¢g; follows a normal distribution. In fact,

g~ N(O,Egl) (129)

where

Y, = /0 W[T] o(SY, s)%ds.

Following the same method as in the previous sebsection, we can express the asymp-

totic expansion of the density function as

fX% ~ n[l’;O,Egl]
+ 5_8{E[92|91 = x]n[m, 0, Zm]}

ox
Lo —0{El[gs|g1 = z|n[z;0,3,,]}
ox
5ﬁ%ﬂ%@—w}maﬁﬂ}+“_
0x?

Then, we need to evaluate conditional expectations such as E[gs|g1 = 2] ,

Elgs|g =
z] and E[g3|g1 = ] .

Using the formula(l) in Lemma 1.1, we can show

Elgslgy =2] = ca®+ f (1.30)

where

18



s r(T—v) _ 1
/ ers=Y) [6] o (S°,v)*dvdsdt,
0 r

and
f = —cXg.

Next, using formula(3) and formula(4) in Lemma 1.1, we can obtain

Elgs|gn = 2] = ax’ + fix
c1 = C11+ Cio,
fi = f11 + f127

(1.31)

2
r e U (T—u) 0 2
cu = g 47“3 23 / t/ { {er —1}o(S%, u) du]

[7‘8{6 19— 1}0%0(S°, 5)o (S°, 5)| dsdt,

fu = 2T2r2 / / [/ I U)de}’

[”{e’"(T ) = 1}0%0(S°, 5)0(8°, 5)| dsdt — 35, c11,

Cla = ! 1/T et /t {{GT(T_S) —1}90(S°, 5)o(S° s)}
BTy 33 Jo 0 ’ ’

/05 {{er(T—v) — 1}00(S°, v)U(SO,U)]
/0” e {er ™ — 1}0(S°, u)?| dudvdsdt,
and

fiz = —3Eg1012-

We can also show
E[9§|91 =z]= cor + fox® + ko

where ¢y , fo and ky are defined by using the following formula.

(5)

[/()T/Othl(S) /Ostl(u)dudsdt] [;x _Eix +232]
Vo T /Ot Qs1(s) /0 Qs2(v) /0 Qzl(u)dudvdsdt] [222]; B 22 ]

g1

19
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N V [ty [ sz(u)dudsdt] [m ) zlgl
V /Q33 U Q21(u dU} dsdt] [22;,;2_
" /0 /0Q33(3) /0 Qa2 (u)dudsdt

Qij(s) = qi(s)g;(s).

PrOOF. The proof is a slight modification of that of formula(5) in Lemma 1.1.

I Therefore, by using Theorem 1.2 where we replace y by y = ZO(T%, we can finally

.

where

obtain the vale of the average (call) option.

2.5 Stochastic Log-normal Expansion of Average Option

In this subsection, we present another approach to pricing average options in the
simple Black-Scholes’ economy with a log-normally distributed risky asset process.
In what follows, we consider an average call option in the economy where the pro-

cesses of the risky asset and the riskless asset follow respectively

dS°(t) = (r—q)Sudt + 6S,di(t) (1.33)
and

dB(t) = rB,dt.

The basic idea is that we expand the distribution of

log Z°(T) — log Z°(T)

; (1.34)

by using a normal distribution while we expand

Z5(T) — Z°(T)
5

by using a normal distribution in the original method. We will formally describe

this method. First, we define Z°(T) as

1 (T s
_f/o S%(t)dt

20



Let

1 /T e*T —1
1) = o [ St =S
1) = 5| Swa =50~
where
a = r—q-—o°/2.
Next, we define
1 Z(T)
5
=1 1.
for which we obtain the asymptotic expansion.
Then, the asymptotic expansion of ¢° is given by
P~ gt (1.36)
T k T
g1 = / —(eaT—e‘“’“)dﬁ)(u)E/ a(u)dw(u),
0 « 0
1 7 L[ 7 2
g = = / ke (8 (1)2dt — ~ / ko (£) (8 dt
2 Jo 2 |Jo
where
o
[ A—
el — 1’
k oT au
alw) = (e e
and
kr(t) = ke

We easily see that g; follows a normal distribution. That is,

g1 - N(Oazgl)

where
oT 2aT
wr€® — 1 n et —1

Yo = a 2a

)2 | Te2eT — 2¢

Q|

We need to evaluate E [ga|g1 = ] to obtain the asymptotic expansion. This can be

obtained by using the formula(2) in Lemma 1.1. Thus,

Elplg =2] = c®+f (1.37)

/Ot a(u)du]

where
11 /T

21
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and

1 T
f o= —zglc+§/ ke ()tdt.
0

Therefore, by using the same technique as in the previous subsection, we have the

asymptotic expansion of the density function of ¢° as

f
)

f95 Nn[x;oazgl]+0[ ‘ 553“‘(

— 26):13‘| n[z;0,3,]+---.
g

g1

Finally, we need to evaluate
C(0) = e ™E" [(2(T) - K)*].
This can be written as

e ET[(Z(T) - K)'] = e BT [(Z2°(T)e™ — K)F|

~ e " ZT) /Oo e’ fo(x)dx — e 'K /yoo fo(z)dz

y
where
1 | K
=5 % 20T)
The first term is given by
oo %%, c
[ ttats = e | 75 14 ot 0z,
Y 91
S —
+ ol —20)(0%g)| N
2 H

o’y
+ oexp [2‘(”] [30(;)(0291)2 + (Ef — 20)] X

/ znlz; 0,3, ]dz
y

1

2
o2,

v 3Uexp[ - 1(; )(Uzgl)/mzzn[z;O,Zngz

22 0o
+ oexp la 291]( ¢ )/ 23n[2;0,%,,]dz

where

31 :y_azgr
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This can be simplified to

[ ttats = e | T5m N
)

1
> 1w
22 oo
+ oexp e ( ¢ )/ 23n[2;0,%,,]dz
2 291 y1
+ / —20)/ zn[z;O,Egl]dz]
291 yl
2 oLy, —h < 2
+ oexp (f —2cX4, )N(— )+30/ 2°nz; 0, X, ]dz
2 Y2 1
- 9
4 0—2291 2 _yl o . d
+ o"exp 5 cZglN(E% )+ 3cX,, /yl znlz; 0,8, |dz| .
g1

The second term is given by

y) + o(cy* + fnly; 0,5, ].

/y for (2)da = N(Eél

Finally, we obtain the initial value of the average call option. We state the result in

the following theorem.

Theorem 1.3 The asymptotic log-normal expansion of the price of the average call

option s given by

22 _ _
C0) ~ e |exp | T2 | N(ZL) - kN (1.38)
2 ZE EE
g1 g1

25y 0o 0o
+ oexp [091] [(c)/ 2*n[z;0,%,,]dz + ( / —20)/ zn(z; 0, Egl]dzl
2 Zgl Y1 Zgl Y1

1

2 0By, —h < 2
+ o°exp 5 (f — QCEgl)N(—%) +30/y z*n[z; 0,3, ]dz

L g1

22 _ 00
+ otexp [091] X2 N( y1)+302g1/ 2n|z;0,%,,]dz

i
2
291 Y1

— o(ey® + f)nly; 0, 291]:| :

2.6 Options with a Stochastic Volatility

We may also apply the asymptotic expansion method to the evaluation of the options

with stochastic volatilities which He(1992) develop in an equilibrium framework. We
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assume that there exists a risk-free rate, r which is a positive constant. In general,
under the equivalent martingale measure, the processes of the underlying asset and

a state variable are defined respectively by

dSS(t) = (S8, Y t)dt + 651(S2, Y2, 1) duy, (1.39)
and

AY°(t) = po(S2, Y0 t)dt + 655(S2,Y° 1) duby.

where 0 < § < 1, w; is the standard two dimensional Brownian motion, and
a1(S¢, Y% ) and 05(S¢,Y°,t) denote two dimensional vectors. By using vector

form, these can be rewritten as

dS? = [(SS,Y? t)dt + 6X(S°, Y°, t)dud, (1.40)
where
(3
}/'t )
=0 Q0 o _ ,u_i(Sf,Ya,t)
,LL(Sl,Y,t)— llfz(Sf,Y‘;,t) )
and

(%, Y°,t)

S0,V 1)
(S0, Y, 1)T

In fact, we know that

ul(Sf,Y‘s,t) = rSft.

Next, we define G, which satisfies a (deterministic) differential equation.

dG, = O’ G,dt (1.41)
where
Ol Opp?
) 5 _ 1M1 1
£ l ipy Dapy |
and y
/_L.
&uj = 875']6’5:0'

We derive the asymptotic expansion of S . First, §? is defined so that this solves

the differential equation.
dS? = [i(S°, V", ¢)dt (1.42)
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Next, we define A, as

)
A = 75!5:0

A, must satisfy the following stochastic differential equation.
dgt == 8H0Xtdt + ZodU:}'t

This can be solved as

- t =
i =aq, / GIIS0d,. (1.43)
0
Third, we define B, as
. 8256
B, = 8T;|5=0-

We can show that B, must satisfy the following stochastic differential equation.

2

2 2
Z Z 0i0;1° Asr Aje + Z Oip°Bjy

i=17=1 =1

2
dB, = dt + 23" 8,50 Ay duiy

=1

This can be solved as

- t 2 2 .
By :/0 G,G* lzzaiajﬂoAisAjs

i=1j=1

t 2 5
ds + 2 /0 GG [Z&»E“Ais] dif,.  (1.44)
=1

Hence, as in the previous sections, the stochastic expansion of S¢ is given by

SP = S04 8g; + 6% + - (1.45)
where

R - . 15

g = A;and g5 = iBt.

We observe that

gi ~ N(0,%,) (1.46)
where
t
S, = G 66 dsGl
0

We note that we need only the first element of the asymptotic expansion of 57,?
in order to obtain the option prices. Once the asymptotic expansion of S, is
obtained explicitly, the same argument holds for evaluating option prices as in the
plain vanilla options and so we omit the detail arguments.

X
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3 The Asymptotic Expansion in the Term Struc-
ture Model

In this section, we extend our result to the term structure model of interest rates.
The valuation problems in the term structure models are usually considered diffi-
cult tasks especially when the processes of state variables have multifactors and state
and time dependent volatility functions. We show that the asymptotic expansion
method is quite useful even in this situation. In what follows, we consider the gen-
eral class of arbitrage-free forward rate based model to which we apply asymptotic
expansion techinique. The stochastic processes of forward rates considered in the
section are fairly general, where the number of factors is a some positive number,
N and volatility functions are allowed to depend on the current level of forward
rates as well as on the current time and maturities. We note that in this case the
continuous stochastic processes for spot rates and interest rates are not not neces-
sarily Markovian in the usual sense. Under this general setting, we shall present the
formulae for the values of options on a coupon bond( and swaptions ) and options
on average interest rates as well as the formulae for the stochastic expansions of

(instantaneous) forward rates, spot rates, discount factors and zero coupon bonds.

3.1 The Forward Rates and Spot Rates

In the arbitrage-free forward rate based models, We first consider the processes
of an instantaneous forward rates and spot rate. Under the equivalent martingale

measure, the process of instantaneous forward rate is described as

¢ t N
€ _ 2 € € 7.
FT) = F0,T)+¢ /O b(v,T)st/O ;ai(v,T)de(v) (1.47)
where
o (v,T) = oi(v, T, f(t,T)),
and
N T
. T) = Yot T) [ oiv.y)dy.
i=1 v

In particular, the spot rate process is described as

() = f(0,t) +¢&° /Ot b* (v, t)dv + ¢ /Ot ; o; (v, t)dw;(v). (1.48)
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We will derive the asymptotic expansions for those processes. First, we note that

lim f*(v,T) = f(0.7). (1.49)
Next, we define AET) and Bt(T) as
of(t,T)
AD = -
! de le=o:
and )
(T) _ 0 fs(t,T)
Then, we can show
t N
AT = / > o (v, T)dw;(v) (1.50)
0 i=1

where
U?(U7 T) = O'l-E(U, T>’8=O-
Here, we note that f¢(¢,7") included in the of(v,T) is evaluated at ¢ = 0 , that is,
[t T)|e=o = f(0,T).
we easily see AgT) follows a normal distribution.
AT~ N, 2 ,m) (1.51)
where

t N
Y,m = / > ol (v, T)?dv.
’ 0 =1

We can also show that

(T) Yo b )4 .0 ~
B = 2/ b (U,T)dv+2/ S" AP (v, T)divy (v) (1.52)
0 0 i=0
where
0os (v, T)
0 =i\
aO'Z (/U,T) = afg(/u7T)|€:0'

Therefore, we obtain the asymptotic expansions of the processes of f¢(¢,7) and
re(t) .
Proposition 1.2 The asymptotic expansion of an instantaneous forward rate is
gien by
1
e, T) = f(0,T) + A" + €2§B§T) + o(e?). (1.53)

In particular, that of a spot rate is given by

1
re(t) = £(0,1) + AP + 52513?) +o(?). (1.54)

27



3.2 Discount Factor and Zero Coupon Bonds

We will present, in this subsection, the asymptotic expansions of a discount fac-
tor and a zero coupon bond which are functionals of spot rates and forward rates
respectively, and play an important role in the pricing problems of term structure

models. We obtain an asymptotic expansion of the discount factor as
T T T1
e Jo T L p(0, T exp [—5 / At — &2 / QBlft)dt] (1.55)
0 0

r T 1 T
~ P(0,T) ll—s/ AE“dt—e2/ §B§t>dt+52§(/ A§t>dt)2+--.].
0 0 0

First, we note

/OT Agt)dt = /OT o (v)dw(v), oy (v) = [/UT a?(v,t)dt] (1.56)

i
where w(t) denotes N dimentional independent Brownian motion and we note that

or(v)isal x N vector.

We can also show

Lpog — +/ / U (v, )dis(v)] D0 (s, )dis(s)dt  (1.57)

ke(T) = /OT/UTbO(v,t)dtdv.

Similarly, by using the well-known relation,

P(t,T) = exp [— /tT f(t,u)du} ,

we obtain the asymptotic expansion for the value process of zero coupon bond as
P(0 T1 _(u
P(t,T) ~ P eXp [ / A 62/ §Bt( )du] (1.58)
t

T 1 /T
1— 5/ A du, — 82/ ~B™du + 82*</ Ag“)du)2 +--.
) t t 2 2t

We can show

/ Ay / opr(v)diw(v), opp(v) = l/fa?(v,u)du} (1.59)

%
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where we note that oy (v) is a 1 X N vector. We can also show

/tT ;Bt(u)du = k4(t,T)+/tT/0t [/Osgo(v,u)dﬁ)(v) 80 (s, u)div(s)du (1.60)

where
t T
ka1, T) = / / b (v, w)dudv.
0 Jt
Hence, we summarize above results as a proposition.

Proposition 1.3 The asymtotic expansions of the discount factor and a zero coupon

bond are respectively given by

T T 1, /T
e~ Jo 795 _ p(o, ) [1 _ 5/ AW gt — 52/ §Bt(t)dt+52§(/ AEt)dt)%] + o(?)
0 0 0
(1.61)

and

P(0,T T T ., 1T
P(t,T) = P((O,t)> [1 — E/t Ay — 52/13 §B§ )du+€2§(/t Al )du)zl + o(e%).
(1.62)

Moreover, we easily obtain the asymptotic expansion of a coupon bond and a swap
since thier value processes can be written as linear combinations of those of zero
coupon bonds. That is, the value process of a coupon bond or of a swap is expressed

in the form of

Pty ey (t) = D P(t, 1)) (1.63)
j=1
where ¢ < Ty < --- < T,, and ¢; are some constants. Hence, the asymptotic

expansions of coupon bonds and swaps are just linear combinations of those of zero

coupon bonds.

Corollary 1.1 The asymptotic expansion of a coupon bond or of a swap is a linear

combination of those of zero coupon bonds.

3.3 Options on Coupon Bonds and Swaptions

Based on the results in the previous subsection, we will explicitly derive the formula

for options on coupon bonds and swaptions. We formally define the payoffs of
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options on coupon bonds and swaptions at expiry, T as

V) = [Pagryien(t) — K] (1.64)

V(T) = [K — Pm,{Tj},{Cj}(t)}—’—

Then, we can evaluate the value of the option at ¢t < T by using the martingale
technique. That is,
* [T r(s)ds
V(t) = E; [e S e vm}
In what follows, for simplicity, we assume 7" < T} and evaluate V(0) for
Jr

V(T) = |Pozy ey (1) — K|
Based on the corollary in the previous subsection, we have the asymptotic expansion
Of P 1,3 (T) as

= P(0,T;) T 7 1
Py (T) ~ S e _ / AW gy — 2/ SB®Waul . (165
(21ey(T) ;cj P(0.7) expl e | AYdu =< | B du (1.65)

Hence, together with the asymptotic expansion of the discount factor appearing in
the previous proposition, we can derive the asymptotic expansion of

o fOTr(S)ds |:Pm,{Tj},{Cj}<T) — K} .

T
e o TN [P e (T) = K] ~ o+ 2gi + €22 + - (1.66)
where go, g1, g2 are defined as follows.
i=1
T ~
g = /D o (v)dii(v) (1.68)
where
05, (v) = —goor(v) +>_ —¢;P(0,Tj)or., (v).
i=1

We note that g; follows a normal distribution.

g1~ N(0,%,) (1.69)
where

T
o = /0 o (v, (v) Tdv
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go is expressed as a rather complicating form.

1 T T m T;
i () 1512 (s) , , (u)
oot [, AT+ [ A0} D ePOT APl (170

g2

LS~ T-){/Tj ADan? — g [ LBoas
2 & I OJo 27°
U T 1

> POT){ [ 5B du}

j=1

We next define X7 for which we explicitly obtain the density function.

- fT r(s)ds P T — K| —
e Jo m,{T}},{c; g
X: = {”?“) |- (1.71)

= g1tegt

We already know that g; follows a normal distribution. Then, we need to evaluate
E[g2|g1 = ] to obtain the density function upto the second order. We can evaluate

this conditional expectation by using formula(l) andformula(2) in Lemma 1.1.
Elglgy =2] =c2® + f (1.72)

where

. 21; [ /OT o0 (0)o. (1) d@] gcj PO.T) [ /OT 9.1, (V)0 (v)wl

11 & T . ?
+ EETZCJP(O,T;) [/0 O'%Tj(U)O'gI(U)TdU‘|

g1 j=1

go | [T [t . s .
- E[/ IRACZION o—°<u,t>o—gl<v>Tdvdsdt]

_ 212 i c;P(0,T5) [/TTj /OT 0;1(3)800(3, u)’ /Os (v, u)a;(v)Tdvdsdu]

g1 j=1
and
f= —goks(T) =Y c;P(0, Tj)ka(T, Tj)
i=1
1 g T * ’ g g
- i [ omea] + | [ oo
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m T T .
+ Elgl ;CJP<O’T7) [/T /0 (7;1(8)800<$,u)T/0 OO(U>U>U;(U>TdUCZSdu‘| .

Hence, according to Theorem 1.2 in the previous section where we replace y by

90

m

¢;P(0,T;) — KP(0,T)
j=1

M= M| =

)

we obtain the asymptotic expansion of V(0) which can be used as a valuation

formula.

3.4 Options on Average Interest Rates

Our method is general enough to be applied to more complicating pricing problem.
As an example, we will derive a pricing formula for options on average interest
rates under general forward rate processes. This problem was solved by the PDE
approach under the constant volatility assumption in Chapter 2 of this dissertation.
Our approach allows the problem to be evaluated under more general setting. We
first define the payoffs of options on average interest rates. The payoff of the option

on an average interest rate is given by

V(T) = (Z(T) - K)* (1.73)
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V(T) = (K- Z(T)"*
where

Z(T) = ;/OTLT(t)dt,

that is, Z(T') denoes the average of interest rates L7 (t) from time 0 to time T and
K denotes a strike rate. Specifically, L™(t) represents the yield of a zero coupon

bond at time t with the time to maturity of 7 years.

1 1
L't)= |=———1| —
®) [P(t, t+7) ] T
In what follows, we evaluate the initial value of a call option whose payoff is given

by

V(T) = (2(T)-K)*

- 1(/T1dt—k)+
- Tr'Jo P(t,t+71)

where

k=(1+K7)T.

Then, by using martingale technique, we express the initial value of a call option on

average interest rates as

_i * 7foTT(3)d3 /T 1
V(0) = 7B [e ) pa

i) —k)"|. (1.74)

To evaluate V(0) explicitly, we first expand

T
e fOT r(s)ds/ ¥dt
o P(t,t+7)

as

—fTr(S)ds/Tldt ~ POT/TP(Ovt)
" o P(t,t+7) O ) Poo.t+

t+7 (w) T
x |1+ 5{/ AV du — / A®)ds}
¢ 0
1 t+7 T
+ 525{/ A dy —/ AP ds)?
t 0

t+7 1 T1
+ & / 5B du — / 2B§S)ds}] dt.
t 0
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Hence, together with the asymptotic expansion of the discount function, we obtain

e_foTT(S)ds /Tldt_k ~go+Eq +E2ge A+ e (1.75)
o P(t,t+7)
9o, 91 and go are given by
) / —k 1.
P, l PO t+T ] (1.76)
T )
9= [ o)) (L.77)
and
oy 2
- 0 1.
= om0 [ o] -
- / [/20 ()] | [ o)) d
P 0 t—i—T i o T
1
+ §g0 [/ 0 () di (v )] it
t+7 1 T1
2@ } _ / 150
* /POt—l—T /t Qtdudt 90[02tdt
where
t+1
o) = / a?(v,u)du] ,
t (2
T
0% = l/ ol (v u)du] :
and
t 0
051 (v OT/ P0t+ 00 (v)dt — P(0,T) [ P0t+T)dt k| o2(v).

Next, We define X7 as

e_fo r(s)ds _
X(T) = L Pg ez i I (1.79)

~ g1t+Egyt

We will evaluate E[g2|g1 = 2| to obtain the the density function upto the second
order. We can evaluate the conditional expectation by applying formula(1l) and

formula(2) in Lemma 1.1.
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where

and

Elgp|lg1 = 2] = ca® + f (1.80)

2

11
dt

iETP(O ) 0 0t+7- [/Ota 0, (v) " dv
PO.T) 22 V P(0,t+7) 0 t—i—T /ot" V)07, (v Tdvdt] l/OTU%(v)a%Tk(v)Tdv
;212 Jo [/Ot V)0, (v Tdvr

) por s
/f” [ (5100 1) [ (0, )b (o) dvdscuat

T st )
97(2)/ / U%Tk(s)f)ao(S,t)T/ (v, )0l (v) T dvdsdt,
E91 0 0 0

ot [ o) ] a

/ p@t+ /t of (v)of (v) " dvdt

[/ W )T vt [ /OT 02 (0)0 (v) v
/ p0t+T /t o0 (v)o(v) dvdt

;zllgo [/0 o2 0)0ry(v) o]

2l [ o w) o]

o V bl ”lmdt] = goks(T)

OT/
POt—i—T

t+7 s
/ / 03 (8)00% (s, u) " / O(v, )0, (v) " dvdsdudt
t 0 0

T rt s
go / / 00 (5)90%(s,1)T / o%(v, )0, (v) T dvdsdt.
g Jo Jo 0
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Finally, according to Theorem 1.2 where we replace y by

1
Yy = —9o
€

1,
_ OT/ dt — k|,
€ [ P0t+7'

we obtain the asymptotic expansion of V' (0) which is used as a pricing formula of

a call option on the average interest rate.

4 Average Options in a Stochastic Interest Rate
Economy

In this section, we will show that our method may be applied to the pricing problem
in a multi-currency economy combined with a term structure model. As an exam-
ple, we will derive a pricing formula of the call option on average foreign exchange
rates in a stochastic interest rate economy. Clearly, we can apply our technique
to the other cross-currency or multi-currency contingent claims such as ”differen-
tial swaps” and options on "differential swaps”. In what follows, we consider a
cross-currency (J-currency and U-currency) economy which is represented by for-
eign exchange rate process, J-currency’s instantaneous forward rate processes and
U-currency’s instantaneous forward rate processes. Under the equivalent martingale

measure (of J-currency denominated world), those processes are given by

5°(5) =50+ [ "r5(s) — 15 (s)} S5 (s)ds + / ZUZS )i (s (1.81)

Fo(6,T) = £5(0,T) + ¢ / b (v, T) dv+5/ Zaﬂ v, T)din(v), (1.82)

and

f5(T) = fu(0,T) + = / by (v, T) dv+5/ Zaw (v, T)disy(v)  (1.83)

where

ois(s) = ois(s, 5(s)),
o;(v,T) = ouyT, f5v,T)),
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O-iEU<,U7T) = O-iU(U7T7f5(U7T))7
N T
B0, T) = Y oL.T) [ b0y
i=1 v
and

0.T) = Yot D[ it nds— G

In particular, both currencies’ spot rate processes are given by

rE() = £5(0,4) + €2 /Ot b (0, £)dv +5/OtZ:UfJ(v,t)dwi(v) (1.84)
and v
r6U<t>:fU(o,t)+52/0 bfg,<v,t)dv+g/0 Soipv i) (185)

Hence, the foreign exchange rate process is rewritten as

St = S(0)+ /Ot{fJ(O,s)—fU(O,s)}SE(s)ds
ey t 150, 9) = b (0, ) oS (s)ds

g i [ (05 0.5) — 030, )} 5% (5)ds + 055 (1)] o).

+

We first need to evaluate explicitly

_ 05°(1)
A(t) = 5% |le=0
and )
_ O°55(1)
B(t> - 652 |€:0

to obtain the asymptotic expansion of average-rate of foreign exchange rates. We

can easily evaluate S°(t) as

$°(6) = S(0) + [ 1500, 9) = Ju(0,9)}5"(0)ds.

Thus, we obtain

(1.86)



Next, we can show that A(t) satisfies the following stochastic differential equation.

dA(t) = {f;(0,t) — fur(0,t)}A(t)dt + ivj ods (t)dw; (t)

i=1
This can be solved as

A = [ > ?Z((Z’ ;) Ao(0)dis(v) = [ oa,(0)di(e), (1.87)

where l

and
PJ(07 t)

We can also show that B(t) satisfies a stochastic differencial equation,

dB(t) = {fs(0,t) — fu(0,t)}B(t)dt
L2 [ /0 (0, 1) — (0. t)}deO(t)} dt +23 00%(1) A(t)da(t)

i=1

where

This can be solved as

B(t) = 2 /Ot [?ZE;SSO(S)} [ /Os{bg(v,s)—bg(v,s)}dv]ds (1.88)

+ 2 /0 ti; ?ZEZQA(s)@a?s(s)dwi(s).

Next, we define ths average-rate of foreign exchange rates Z°(7T') as
1 /T
Z5(T) = — / S (t)dt.
T Jo

Therefore, the asymptotic expansion of the average-rate of forign exchange rates is

given by

Z¢(T) ~ ;/OTSO(t)dtJra;/

TA(t)dt+521/T Yp@dt - (1.89)

0 T Jo 2
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We note that the first term of the right hand side is easily evaluated by S°(t)

obtained above. Next, we can evaluate the second term as

/ LA dt = /0 "o (s)dis), (1.90)

0

where dw(s) is a 1 X N vector and o4, ,.(s) is a 1 x N vector

o= (] )

(2

Third, we can show

/oTBé +/ / U (vﬂ os,,(s)dw(s)dt, (1.91)

/ /t foe / {65 (v, ) — b (v, s) }dudsdt

where

and
FU($7 t)

UBs,t(S) = [FJ(S, t) 80—?8(3)‘| :

%

We already know from the previous section that the asymptotic expansion of the

discount factor is given by
T T1 1, /T
o= Jo ri(9)ds P;(0,7) [1 - 5/ Al 52/ §B§t)dt+52§(/ Agt)dt)ﬂ .
0 0

We note that
/ APt / 09...(v)dio (v) (1.92)

where o;7(v) is a 1 x N vector,

o) = | [ o0t

i

and

/OT;Bt(t)dt = +/ / {/ UJ v, T)dw(v )} 809(57t)du~;<5)dt (1.93)

T T
:/0 / b2 (v, t)dtdo.

where
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Therefore, we combine the asymptotic expansions of the average-rate of foreign

exchange rates and that of the discount factor, which leads to
T
e Jo ”(S)dS(Z(T) — K) ~ go+eg1 + &g, (1.94)

that is useful to evaluate the average option. g, g1 and ¢ are defined respectively

as

S(0) (T Py(0,1)
= — K| P;(0,T 1.
90 [ T 0 PJ(O,t)dt J(07 )7 ( 95)
T
9= | o (s)di(s) (1.96)
where
i 1
g, (8) = TPJ(QT)OAS,T(S) — 9007 (5).
and
_ ™ ow,, , Py(0,T) (71
92 = —90/0 5 B dt + —— /0 5 Bt)dt (1.97)

+ go; VOT A,@dtr - P"(;’T) [/OT A(t)dt] [/OT A,@dt] .

We easily see that g; follows a normal distribution.

g1~ N(0,%,) (1.98)
where

T
Yo = /0 azl(s)agl(s)Tds.

As in the previous sections, we define X7 as

e Jo rids(7(T) — K) — go
X%: - ~ g +¢egs+--- (199)

for which we obtain the density function.

Next, to obtain the density function of X5 , we need to calculate E[gs|g1 = z].
Then, we can show by using formula(l) and formula(2) in Lemma 1.1 again,
that

Elgolgi = 2] = ca® + f (1.100)

40



where

_ Llgo |7 AR
© = 52731 l/o o7 (v)ag, (v) d“}
lPJ<O’T> ! * (T T « (o \T
T 25271 [/O UAv,T(U)O—m(U) dv A UJT(U)Ugl(U) dv
B VY 0 T o £ (T

2 [/0 /0 0, (8)00°(s,T) /0 oy, T)o; (v) dvdsdt

Py0,T) [ /7 1t . s )
+ JTZz [/0 /OUgI(S)UBS,t(S)T/O UAS(U)ogl(v)Tdvdsdtl,
g1

and

[ = ;PJ(Ov T)kr(T) — goka(T)

Lgo | [T . o [[7
- o [t ar] + % | [T o

2P0 [ a7 | [ oS0

- PO [ o)

T rt s
+ 90 [/ / 0;1 (8)800<3,T)T/ Ug(U,T)o'; (U)Td’udsdt]
Zgl 0 0 0

PJ(07T) T rt * s .
Ty, [/0 /0 UQl(S)O-gs,tA UAS(U)Ugl(v)Tdvdsdt] .

g1

(Clearly, by using the martingale technique, the initial value of the average call option

is expressed as

V(0) = E* [e Jo @ Z() — K)*} .

By using the the density funcion of X7 and applying Theorem 1.2 where y is
replaced by

1
Yy = =9
g
1 [S(0) /T Py(0,1)
= - dt — K| Py(0,T
5[ T Jo Ps0,1) 50, T),

we can evaluate the expectation on the right hand side and obtain the pricing

formula.
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5 Numerical Examples

In this section, we will present several numerical results by applying our method
introduced in the previous sections. In the simple Black-Scholes’ economy, first we
will show the numerical examples of plain vanilla call options for the square-root
process of the underlying asset. Next, we will give numerical values of average call
options for the square-root process of the underlying asset as well as for the log-
normal process of the underlying asset which is commonly used in practice. That
is, under the equivalent martingale measure, the processes of the underlying asset
are given by

dS° = (r — ¢)S°dt + 6(S°) 2 dw,

or

dS® = (r — q)S°dt + 6.S° diiy,

where r and ¢ denote the risk-free interest rate and a dividend yield respectively,
both of which are assumed to be positive constants in the simple Black-Scholes’
economy ,and w; denotes the one dimensional Brownian motion.

In the term structure model, we show the numerical results of call options on
average interest rates under the constant volatility assumption for the instantaneous
forward rates, which is examined in Chapter 2 of this dissertation by the PDE
appoach. That is, the process of instantaneous forward rates under the equivalent

martingale measure is given by
df<(t; T) = *(T — t)dt + edi;.

We easily see that the process of zero coupon bond follows a log-normal process in
this case.

Table 1.1-1.3 show the numerical values of plain vanilla call options for square-
root processes of the underlying asset which represents an equity index with no
dividend. The values obtained by the stochastic expansions upto the first and
second order are given respectively. For comparative purpose, the values by the
Monte Carlo simulations are also given, where 500,000 trials are implemented in
each case. We note that all the ”difference” or ”difference rate” appearing in Tables

1.1-1.17 are those from, or those relative to, the corresponding values by the Monte
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Carlo simulations. The spot prices and the risk-free interest rate are assumed to be
40.00 and 5 % respectively, and the term to expiry is assumed to be one year. The
volatilities(d ) are set so that the instantaneous variances at time 0 are equivalent
to those of the log-normal process whose volatilities are 10 % in Table 1.1, 20 % in
Table 1.2, and 30 % in Table 1.3. The values of out-of-the money (strike price K=
45), at-the-money (K=40), and in-the-money(K=35) are given. We observe that the
values obtained by the stochastic expansions upto the higher order are improved.

Tables 4-10 show the numerical values of average call options when the underlying
assets follow square-root processes, where the underlying asset is an equity index
with no dividend (that is, ¢ = 0 ) in Tables 1.4-1.6 and in Table 1.7-1.10, that
is the foreign exchange rate of Japanese yen and US dollar (that is, ¢ is a US
Interest rate). The results given by the stochastic expansion are those from the
computation upto the second order. For comparative purpose, the values by the
Monte Carlo simulations are also shown, where 500,000 trials are implemented in
each case.

In Tables 1.4-1.6, the spot prices and the risk-free interest rate are assumed to be
40.00 and 5 % respectively, and the volatilities(d ) are set so that the instantaneous
variances at time 0 are equivalent to those of log-normal process where the volatilities
are 30 %. The vales of out-of-the money (strike price K= 45), at-the-money (K=40),
and in-the-money(K=35) are shown for each of the time to maturities, three months,
six months and one year.

In Tables 1.7-1.10, the spot prices, the risk-free Japanese interest rate and the US
interest rate are assumed to be 100.00, 3 %, and 5 % respectively. The volatilities(d )
are set so that the instantaneous variances at time 0 are equivalent to those of the
log-normal process where the volatilities are 10 % in Tables 1.7-1.9, and 30 % in
Table 1.10. The values of out-of-the money (K= 105 for Tables 1.7-1.9 and K=110
for Table 1.10), at-the-money (K=100 for Tables 1.7-1.10), and in-the-money(K=95
for Tables 1.7-1.9 and K=90 for Table 1.10) are shown for each of the time to
maturities, three months, six months and one year.

Tables 1.11-1.14 show the numerical values of average call options when the
underlying assets follow log-normal processes, where the underlying asset is the

foreign exchange rate of Japanese yen and US dollar. The assumptions for the
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spot prices, the risk-free Japanese and US interest rates are same as in Tables
1.7-1.10. The volatilities are assumed to be 10 % in Tables 1.11-1.13, and 30 %
in Table 1.14. The vales of out-of-the money (K= 105 for Tables 1.11-1.13 and
K=110 for Table 1.14), at-the-money (K=100 for Tables 1.11-1.14), and in-the-
money(K=95 for Tables 1.11-1.13 and K=90 for Table 1.14) are shown for each of
the time to maturities, three months, six months and one year. The results given
by the asymptotic expansion are those from the computation upto the second order
as well as from computation upto the first order. The results from the asymptotic
log-normal expansion upto the first order and the second orderare also shown. We
observe that the values from the asymptotic expansion upto the second order are
much more improved than those upto the first order for both our original method
and asymptotic log-normal expansion. Figure 1.1 and Figure 1.2 show the difference

é
of the distributions of the %
91

and % respectively, obtained by the asymptotic
expansions from those obtained by the Monte Carlo simulations. The asymptotic
expansion in Figure 1.1 is given by our original method and that in Figure 1.2 is
given by the asymptotic log-normal expansion. We can observe that the difference
is significantly smaller in the asymptotic expansions upto the second order than
those upto the first order, which leads to the much improved values of the option
prices. We also note that, in the first order expansion, the log-normal expansion
gives the closer distribution (and hence gives better values of the options prices) than
the original method does while the second order expansion in our original method
adjusts most of the difference.

For comparative purpose, the values by the Monte Carlo simulations are shown,
where 500,000 trials are implemented in each case, and moreover, the values obtained
by the PDE method developed in Chapter 2 are given.

Finally, Tables 1.15-1.17 show the numerical values of call options on average
interest rates in the constant volatility model of the instantaneous forward rates
where the time to maturity of the underlying interest rates is one year. That is, the
average is taken over interest rates whose maturities are one year. For simplicity,
the term structure is assumed to be flat of 5 % per year. Moreover, the volatilities
of instantaneous forward rates are assumed to be 150 basis point per year (that is,

e = 0.015 ) which is a reasonable level in practice. The vales of out-of-the money
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(K= 5.5 % for Table 1.15 and K=6 % for Tables 1.16-1.17), at-the-money (K=5
% for Tables 1.15-1.17), and in-the-money(K=4.5 % for Table 1.15 and K=4 %
for Tables 1.16-1.17) are given for each of the time to expiries, three months, six
months and one year. Again, for comparative purpose, the values by the Monte
Carlo simulations are shown, where 500,000 trials are implemented in each case,

and the values from the PDE method in Chapter 2 are also shown.
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6 The Validity of the Asymptotic Expansion Ap-
proach

The validity of the asymptotic expansion approach in this paper could be obtained
along the line based on the remarkable work by Watanabe(1987) on the Malliavin
calculus in stochastic analysis. Yoshida(1992) has also shown some useful results on
the validity of the asymptotic expansions of some functionals on continuous time
homogenous diffusion processes. In this section, We shall rigorously prove the va-
lidity of the asymptotic expansions both in the Black-Scholes’ economy and in the
term structure model and show that our simple inversion technique for the charac-
teristic functions of random variables is justified. The validity of our method will be
given by applying the results and method originally developed by Watanabe(1987)
and Yoshida(1992) to the some stochastic differential equations. In fact, it is ob-
tained by the similar arguments used by Chapter V of Tkeda and Watanabe(1989)
and Yoshida(1992). However, we should mention that those existing asymptotic
expansion methods in stochastic analysis and statistics have been developed for the
case of continuous time homogenous diffusion processes. Hence, we need to substan-
tially modify and extend their results mainly because the processes we encounter
in the Black-Scholes’ economy include the continuous diffusion processes which are
not necessarily time homogenous, and in the term structure model, the continuous
stochastic processes for spot interest rates and instantaneous forward rates are not
necessarily Markovian in the usual sense.

In the first subsection, we shall prepare the fundamental results and notations in
the Malliavin calculus and the definitions of the asymtotic expansions of the Wiener
functionals. Based on the results and the theorems, we shall give in the subsequent
subsections the proofs of the vailidty of the asymptotic expansions both in the Black-
Scholes” economy and in the term structure model. We shall only discuss the validity
of the asymptotic expansion approach based on the one-dimensional Wiener space
without loss of generality. We only need more complicated notations in the general

case.
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6.1 Preliminary

We shall first prepare the fundamental results including Theorem 2.2 of Yoshida(1992),
the truncated version of Theorem 2.3 of Watanabe(1987) which is the key result to
show the vailidity of the asymptotic expansions in this paper. For this purpose, we
shall freely use the notations by Ikeda and Watanabe (1989) as a standard text-
book. The results in this subsection are given without any proofs. The interested
readers may see Watanabe(1984), Watanabe(1987), Ikeda and Watanabe(1989) and
Yoshida(1992) for details.

The Fundamental Results of Malliavin Calculus

e First, we formally define Wiener space (W, H, p).

— Let W a Banach space be the totality of continuous function
w: [0, 7] = R;w(0) =0
with the topology induced by countable system of norms
| w [ln=mazo<i<alw(®)[;n=1,2,---

— Let  Wiener measure.

— H denotes the Cameron-Martin subspace of W, a Hilbert space.
That is, h(t) € H is in W and is absolutely continuous on [0,7] with
square integrable derivative h(t) endowed with an inner product defined
by
T . .
< hl, hg >g= / hl(S)hQ(S)dS.
0

e A function f : W — R is called a polynomial functional if there exist an
n € N, hy,hy,---,h, € H and a real polynomial p(zy,xs,---,x,) of n-

variables such that

f(w) = p([m](w), [ho](w), - -+, [hn](w))
where h; € H and .
[ (w) = /0 hodi,.
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P denotes the totality of all polynomial functions.
— We note P is dense in L.

Wiener-Chaos decomposition of Ly is defined by
Lo=CopCipCqy---.

— Note that P, is dense in C),, where n denotes the order of polynomial

functions.
Let ' Wiener functional W — R.

We define J,(F) as a projection of F' to C,,, then
F=YJ.(F).
n=0

The Ornstein-Uhlenbeck semigroup {7;}; is defined by

[e.e]

T(F) = Y e " Ju(F).

n=0

The Ornstein-Uhlenbeck operator L is defined by

and we can show

d
L(F) = %|t:0Tt(L)'
The norm || - |[,5,5 € R,p € (1,00) 1is defined by

I E llps=I (I = L)2F |, .

H derivative of F' in the direction of h € H is denoted by

0
DiF(w) = —|eoF(w + h)

Then, H derivative of F' is defined by
DyF(w) =< DF,h >p .
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e Hence we can show

L(F(w)) = D*F(W) — [DF)(w).

o Meyer(1983) shows the equivalence between the norm || - ||, s and L, norm
of H derivative. That is, for p € (1,00) and s € {1,2,---}, there exists

constants ¢, , and C,, such that

S
Cps | D°F [p<I| F llps< Cps DIl D'F -
1=0
Due to this result, we can identify the || - ||, s finiteness of a Wiener functional.

e The Sobolev space of Wiener functionals is defined by making use of the norm

| - |lps as follows.

Dy, : the completion of P with respect to || - ||, which is a Banach space
D_* : the dual of D; where s € R, p>1and | + =1

D~ = Ms>0 m1<p<<>o D;

(the set of Wiener test functionals)

oo _
D = Us>o0 ﬁ1<p<c>o Dps

(the set of generalized Wiener functionals)

e The relation among those spaces are given. For 1 < p <pl and 0 < s < s1,
sl s 0o _ —S —sl
D)'cD;,cD) = L,cD,*cCD,
DiicD; CcD) = L,CD,’ CD,"
e The Malliavin-covariance of is defined by F' ¢(F) =< DF,DF >pg.

The Asymptotic Expansion
Next, we rigorously define the asymptotic expansion of Wiener functional
XO(w),d € (0,1).
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e For k>0, X°(w) =0(6") in D} as d | 0 means that

X6
limsups,o H(Ska’S < 0

o If forallp>1,s >0 andevery k=1,2,---,
X°(w) = (g1 +0g2 + -~ + 3" g) = O(6")

in D, asd |0,

then we can say that X°(w) has the asymptotic expansion :
X (w) ~ g1+ 0gy + - -
in D% as ¢ | 0 with g1, 92, € D*.

o If for every k =1,2,---, there exists s > 0
such that, for all p > 1, X°(w), g1, go," -+ € 15;8 and

X (w) = (g1 + gz + -+ + 0" gp) = O(6")
in D,* asd |0,
then we can say that X°(w) € D has the asymptotic expansion :
XO(w) ~ g1+ 8ga + -
in D™ as 6 | 0 with g1,90,--- € D™,
Finally, we state a simple version of Theorem 2.2 of Yoshida(1992) which is a
truncated version of Theorem 2.3 of Watanabe(1987). The validity of the asymptotic

expansion in this paper is obtained by showing that the conditions of this theorem

are met.

Theorem 1.4 Yoshida(1992)

Let ¢(xz) be a smooth function such that 0 < ¥(z) < 1 for x € Rap(x) =1
for |z| < 1/2 and ¢y =0 for|z| > 1. Suppose a set of conditions given below is
satisfied.

Conditions
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1. X°(w) € D%

2. X°(w) has the asymptotic expansion:
X‘S(w) Ng1_|-5g2_|_

in D> asd ] 0 with g1, gs,--- € D™
3. A (w);e € (0,1]} is O(1) in D*® asd L0 where ¢ > 0.

4. There exists cg > 0 such that for ¢ > cy and any p > 1,
-p
supse(o,) B[ <1y (det U(X6)> ] < 0.

That is, the Malliavin covariance of X°(w) is uniformly non-degenerate.

5. Foranyn > 1,
1
. -n 0 -
lim 6™ P{fc| > 5} =0.

6. ¢°(x) is a smooth function in (z,5) on R x [0,1] with all derivatives of poly-

nomial growth order in x uniformly in 9.

Then, ¥(n2)¢° (X°)I5(X?) has the asymptotic expansion:
D(02) " (XO)I5(X°) ~ o+ 6@y + -+

in D " as 1 0 where B is a Borel set and ®q, Py, --- are determined by the

formal Taylor expansion.

6.2 The Validity in the Black-Scholes’ Economy

Now we give the proof of validity of our method. For ease of exposition, we consider
a one dimensional stochastic differentail equation. The validity of the multidimen-

tional case could be obtained by almost the same argument although it is more
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tedious. We begin with the definition of a stochastic differential equation. That is,

for the fixed ' < 0 and ¢ € (0, 1),
T

5§:&+//L %+/<%S5cms (1.101)
0

where 1(S%,s) and o(S%,s) are R x [0,T] — R and Borel measurable in (S, s).
Moreover, they are C*(R — R) for s € [0,7] with bounded derivatives of any

orders in the first arguments. That is, for the first arguments there exists M > 0

such that i
9" p(Ss, s)
s<T| 2| <M 1.102
SUPo<s<T| 95k | ( )
and i
0% (Ss, s)
s<T| =2 | <M
suposs<r|—— o |
for any £ = 1,2,3,---. These conditions imply that there exists some positve K

such that for all s € [0, 77,

(s, s)| < K(1+1S%) (1.103)
(8%, 8)| < K(1+]83)

or

11(S1°,8) — u(S2°,8)| < K|S1° — S2°| (1.104)
0(51°,5) — 0(52°,8)] < K|S1° —S29).
Hence the standard argument(e.g. Tkeda and Watanabe(1989)) shows the existence

of the unique strong solution which has continuous sample paths and is in L, for

any 1 < p < co. In the remaining of the section, we will discuss the validity of the

asymptotic expansion of ¢(X$)I5(X9) where X9 is defined by X9 = S%gsg and

B is a Borel set. We will also discuss the validity of the asymptotic expansion of
&(Z2°)15(Z%). Z° is defined by

A (15/: £(5%)ds (1.105)

where f(z) isa C*°(R — R) function. First, we show the S9 is a smooth Wiener

functional in the sense of Malliavin.
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Lemma 1.3 S9 is in D> and has the asymptotic expansion

S9 ~ St + 0gir + 62 gar + -+ (1.106)
isin D> as 6 | 0 with gi1, gor, -+ € D™
PROOF. First, we prove S in D*. We define Y?° by

dY? = 0u(S°, )Y °dt 4 600 (S°, )Y dw,, Y = 1

% and % respectively. We easily see Y° has

the unique strong solution and Y° € L,. Let W) = Y;(&)*l. Then, W) satisfies the

where Op and do  denotes the

stochastic differential equation
dW?° = —{0u(S°,t) — 6200 (S°,t)*}W0dt — 600 (S°, YW dw,, W = 1.

W? has also the unique strong solution and Y (®~1 ¢ L,.
In the first step, we calculate the first order H-derivative of SJ. For any h € H,

we note that DS satisfies
T T T .
D,,S? — / 590(S%, 5) DpSduw(s) + / Ou(S°, 5)DySods + / 50(S%, 8)hyds.
0 0 0
Thus for h € H,
T .
DyS8 = / YIYO150(S°, 5)hyds.
0

We note

1
2

1
T 2 T .
Dust < vl [ o pae sz | [l

Then,
T
B (1051 < 0% |IVAPC [ O e 1)) |
0

where

=

2
< Q.

T .
M, = V Iy |2ds
0

Likewise for any 2 < p < 0o, we can show

p—2 T
B (1D581] < PR IV IV s ras) |
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By using Holder inequality for expectations:
El|z.s]) < Ells[]7Ellys] s
where p > 1,9 > 1, 117 + % = 1, the inequality,
(| + [y < 207V (|2 f” + |y [?)

for p > 1 and Fubini’s theorem, we can evaluate the right hand side of the last

equation as

B P (| I+ sty

1

B[V E [ (v sty

IN

1 1 T 2
E [|Y2[7|* T°E l/ﬁ YO 21 + ]Sg\)%ds]

IN

1 1
< B i [ B [vOw) B [0+ 1s)7] dsy
< B[P ri( [ B[(yOw) B0 s

Hence, by S2, Y3 YOt ¢ [, for s € [0,7] and any 1 < p < oo, we have

ER S 7
E []DhS%]p} < oo for any p > 1. Therefore, we conclude S € ﬂ1<p<ooDzl).
As for the second order H-derivative, D,thhQS% satisfies a stochastic integral

equation.

T
D2 Ss = [ 600(S%,5)D2, ,,Shdw, + / Ou(S°, 5)D3, 5,50 ds

0
T
- [ 60%0(S°, 8) Dy, S° Dy, S0 dw
0
T T
v+ [ 82u(S’, 5)Dp, S° Dy, S0ds + / 590(S%, ) D, SOhosds | .
0 0

Then, we can obtain the second order H-derivative by

T
D} St = [ VEYIOP(S", 5) D Si Dy, Sl
’ 0
+ 60%0(S°, 5) Dy, S Dy, S%dw, + 600 (S°, 5) Dy, SChyds].
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To show the L,-boundedness of the second order H-derivative, we first note for any

p>1,
T
D} Sel <377 /0 YRV 0% u(S?, ) Dy S2 D, S2ds|?

T

+ / Y2V 56%0(S°, 5) Dy, S° D, SO, |?
0
T .

+ / YEY31800(S5%, 8) Dny S hiasds]|?.
0

By the boundedness of 9?u(S°% s) and Ly,-boundedness of Y2 Y71 D;;S% and
Dy, S?, the similar argument as before shows the L,-boundedness of the first term

in the last equation. It is also easily seen

S

T . T 2
| /0 YIY31600(S°%, 5) Di, S hosds]|P < /0 VEY21600(S°, s) Dy, S |2ds| M,

where

T 2
th = l/ ‘h23‘2d81 .
0

Then, again we can show L,-boundedness of the last term in the last equation by
the boundedness of 9o(S?,s) and L,-boundedness of Y2, Y.©)~! and Dy, S°.

As for the second term, we first note

T
E [| / Y;fyj15820(55,s)DhlsgDhQSgdws\P]
0

2

1 T
< B[] B | [ v t60ra(s" ) Dy LD

Clearly, the first part is bounded for any p > 1. As for the second part, we first
state the following well-known (local) martingale inequality(e.g. Theorem I1I-3.1 of
Ikeda and Watanabe (1989)). There exists a positive constant ¢,,0 < p < oo such

that for every square integrable continuous local martingale M,
E[(mazo<s<| My|)*] < ¢, E[< M, M >}].
Then, by using this inequality, we evaluate the second part as

1
2

T
E l| / Y.O-16820(S%, 5) Dy, S Dp, SC |7
0
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=

2

N =

T 2
< (¢p) E[{/O {3/8(5)_15820(5’5,S)DhlsgDh2S§] ds}p]

1
p—2 2

) T
< (¢)?T 2 E Vo [Ys@1(5820(557S)DhlsgDhQSg]deS]

Hence, we can see this part is also bounded for any p > 1 by the boundedness of
d0(S°% s) and L,-boundedness of Y9~1 D, S% and D,S%. Therefore, we have
53 € Mcpes D2
Repeating this argument, we can show the boundedness of higher order H-derivatives
with L, estimates of S. Finally, we conclude S° € D>,

Next, we prove the second part of this lemma. The coefficients of the asymptotic

expansion of SJ. is given by the Taylor formula. For instance,

T
gir = /YTYS_IU(SO,s)ds
0

T1
g = [ VYT HOH(S, 9)ghds + (S, 9)giudu)
and

T 1
gsr = / VoY HO? (S, 5)g1sg2sds + 68%(50, 8)gidws + 0o (S°, 8)gasdws }
0
where ¥; = Y? is the solution of the differential equation
dY = ou(S°,t)Ydt, Yy = 1.

That is, Y; = exp(Jy u(S°, s)ds). By the boundedness of Y7, Y1, 0(S° s) on [0,T],
it is easily seen E[|g15|?] < oco,s € [0,T] for any 1 < p < co. Given g15 € L,, we
can easily see by the (local) martingale inequality E[|ges|P] < oo for any 1 < p < occ.

Likewise, gis € L, is obtained recursively given g;s € L,,7 = 1,2,---k — 1. Hence

S

Q1T Gor, -+ € ﬁ1<p<ong. Next, we note Dyg1r = Yr fOT Yﬁla(SO,s)hsds and
Dﬁl’,,,’hkgl =0 for k =2,3,---. Thus, clearly, g1 € D*>. We also have

T T T .
Dygor = YT/ Yo7 u(S°, 3)915Dh915d8+/ do(Sy, S)Dhglsdws+/ 9o (S°, s)hsds,
0 0 0

T T .
D2, gor = /0 VoY 02 u(S°, 8) Dpy g1s Dy grods + /O 80 (S°, ) D, grshasds.

and Df ., gor = 0fork = 3,4,---. Then, given g;, € D* for any s € [0,7], we

can easily conclude gop € D™
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Recursively we can show the L,-boundedness of any order H-derivatives of gy, k =
3,4, . Therefore, we have proven the second part. |

Sp—S%
3

Next, we define X2 by X2 = . By the above lemma, we easily see X9 is

in D> and has the asymptotic expansion
X%N91T+592T+"'

isin D> as § | 0 with g1, ¢o,--- € D*. We also have the first order H-derivative

as
DpXr = /OT YY1 (S°, 8)hyds.
Then, the Malliavin covariance o(X$) =< DX2 DX2 >p is given by
/0 L VEYIa (s s)Yads. (1.107)
Note
o(X9) = %, = /OT{YTYSO'(SO, s)}2ds (1.108)

as 0 J 0 where X, denotes the variance of g;. Next, we consider the uniform
non-degeneracy of Malliavin covarince, which is the important step of the applica-
tion of Theorem 2.2 of Yoshida(1992). First, we make the following assumption.

Assumption 1

3, = /OT{YTYSU(SO,S)}QdS >0 (1.109)
Next, we define n? by for any ¢ > 0,
ih=c [ VROP) o (8D) ViYoo) s,
Hence, we have the following lemma.

Lemma 1.4 Under Assumption 1, Malliavin covariance o(X$) is uniformly non-

degenerate. That is, there exists co > 0 such that for ¢ > ¢y and any p > 1,

supse(,1)E [1{ng§1}{det O'(X%)}_p} < 00. (1.110)
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PROOF. Let &0, = Y2(Y?) 10(S?) and &, = V,¥, o (SY).
Then, |n%| <1 implies f§ |€, — & r|?ds < 2.
Note

o) ~Zol = | [ (€2 Er)ds
T
< /0 \fs,T - fs,T’QdS + 2/0 ’fs,THfg,T — &rlds

2 L2
< -+ 2251(7) .
C C

N

Hence we can take ¢y > 0 such that for ¢ > ¢,
0< Z91 - ’0<X§“) - Egl‘ < U(X%)

holds uniformly for ¢ € (0, 1]. Thus, (1.110) is concluded. §

@ Next, we present two inequalities which are useful to show the truncation by

¥(n®) is negligible in the asymptotic expansion.

Lemma 1.5 o (A)There exist positive constants a;;i = 1,2 independent of &
such that
P( 15% = 8% > ag) < D(ap + C)exp( 424 52 (1.111)
SUPo<s 0 =5 >ay) < —(a exp(———— :
Po<s<T 0 o 0 14 (ao + C)2

for all ag > 0.

e (B)There exist positive constants a;;i = 1,2 independent of § such that

a2a§

P wer[YO— Y, <X . B 1.112
(supo<s<r|Y; | > ag) < o (a0 + C)exp( (a0 + )2 ) ( )
for all ag > 0.
PROOF.
o (A)
T
Si=So+ [ s ds+/ s)duw,
0

S0 = 5, +/0 1(S°, 5)ds

Using the Lipschitz continuity of ;(S°,t) in the first argument,

t s
150 — 8P| < K/ 150 — S%ds + Supogsgt‘/ 60 (S, u)dw,|.
0 0
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Let us recall the useful Gronwall’s inequality(e.g. Elliott(1982) pp.192): Sup-
pose a(t) is a Lebesgue integrable function on [a, ], and that B and H are

constants such that
t
a(t) < B+ H/ a(s)ds

for all ¢ € [a,b]. Then, a(t) < Befl(t-a).
Then, by the Gronwall’s inequality,

S
supogsgﬂSf — Sg| < Sup0§s§T|/0 50(55,u)dwu|eKT.

Note that by the method of time change(e.g. Ikeda and Watanabe(1989)
pp.197) there exists a Brownian motion B(t) such that B(A;) = [¢ 60(S?, s)dw,
where A; = [i 6%0(S°, 5)?ds. Then,

KT

supo<s<r|S2 — S| < supo<s<r|B(As)|e

Let 7 = inf{s;|S° — S% > ag}.

Then, noting 7 < T implies {supo<s<r<7|B(As)|eET > ag}, we have
P({supo<s<r|S — 89| > ao}) = P({T < T, supp<s<r| B(A,)[e"T > ao}).
We also note for s < 7,
S5 = 1551 < 158 = SJ1 < ao.

Then, we have

19| < ag + |S?] < ag + supo<s<r|SY|.

Hence,
|0(5%,5)| < (1+]S7]) < (a0 +C)

where C' = 1 + supo<s<7|S?|. Thus, A, for s € [0,7] is evaulated as
A, = /0 " 5205, u)du < 6°T(ag + C)?.
Therefore,
P({T < T, supo<s<-| B(AJ)[e"T > ao})
< P({Supogu§62K2T(ao+C)2|B(U)’€KT > ao}).
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Using the reflection principle and the inequality

22 1 1 —a(2]
> dr < —=a, e 7,

1 [e’s)
o e
V2T /ao V2T

we obtain

P({supo<s<r|S? — S| > ap}) < 2P({MaxB(*K*T(ap + C)?) > age *"})

— 4P({B(8*K’T(ag + C)?) > age ¥"})
4e*TS KT (ag + C)
V2 ag

—2KT 2
exp(—

IN

X

€ Qg 572)
2K2T(a0 + C)2 .

Finally, defining appropriately a; and as, we conclude the result. That is,

4eKTSKA/T
= —F
! \ 21

€—2KT

a2 = ——5—

2K2T"

and

dY?® = ou(S°, )Y°dt + 0o (S°, )Y dw,
dY = ou(S°,t)Ydt

By the smoothness and the boundedness of the derivatives of (S?,s) in the
first argument and the boundedness of Y; on [0, 7], there exist positive M

and M; such that

[Ou(S°,5)Y) = ou(S°,8)Y| < [|0u(S°, 9)|[YY — Vil +
Yil|0n(S®, 5) = 0u(S°,s)] < MY = Y| + My|S] - 5.
Thus, we have

Y -v| < {MlTSUp0<s<T|S§ — S|+ Supogsgﬂ/o 530(56,U)Y3dwu@

+ M/ Y7 — Y, |du.
0

Then, by the Gronwall’s inequality, there exists a positive My such that

SupOSSSTI}g&_KS| S M2 |:SUpO§S§T|S;S — Sg| + Sup0§5§T|/0 580’(567U)Y3dwu|] .
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Let € = 53¢ and 7 = inf{s; 5% — 89 > ¢ or |Y? — Y| > ap}. Then, we have

P({supo<s<r|Y? — Yi| > ao})

(

= P({supo<s<r|Y? = Ya| > a0, supocs<r|S? — S| < e})
+  P({supo<s<r|Y? — Yal > a0, supocs<r|S? — 59| > €})
< P({supocs<r|Ys = Ys| > ao, supo<s<r|Sy — 57| < €})
+ P({supocs<r|S? — SI| > €})

< P({7 <T, supp<scr|S] — 7| < e,

(a0 — Mae) < Mysupocses] /0 T 00(S%, u)Y o duw,|})

+  P({supp<s<r|S° — SY| > €})

= P{r<T, supogng]Sf - Sg] <e,
% < Mgsup0§8§T|B(52/ 3J(Sa,u)2Y52du)|})
0
+ P({supocs<r|S? — S| > €})

The second term in the last equation is equivalent to (A). Hence, what we
have to do is to evaluate the first term. We first note 0 < s < 7 and
supo<s<r|SS — S| implies |Y? — Y| < ay for s € [0,7]. Then, for s € [0, 7],
we have

Y] <ag+C
where C' = supo<,<rYs. Together with |00 (S°,u)| < M, we can show
52 /0 T 00(8%,u)2Y2du < 8°TM?(ag + C)2.
Thus,
P({r < T, supo<s<r|S® — S| <&,
% < Mysupo<s<-|B(6 /08 90 (S°, u)*Y%du)|})

P( < SUP[0<u<2TM2(ap+C)?] |B(U) | })

ag
- 2M,
Therefore, repeating the same argument as in (A), we can conclude there exists

positive constants a;1,7 = 1,2 independent of 4 such that
P({r < T, supy<s<r|S°® — S| < ¢,
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5 < Masupoc.or| BG? [ 00(°,w)Ydu)])

2
aii 210

ag + Cex —_—
ao ( 0 ) p( (CL[) + 0)2

IN

572).

We now can show the truncation is negligible by utilizing the above large devi-

ation inequalities.

Lemma 1.6 Forc > 0,1’ is O(1) in D™ and for co > 0, there exist some constants

¢, 1=1,2,3, such that
P({|nl] > co}) < crexp(—c6™) (1.113)

PROOF. the result follows from the inequalities (A) and (B) in the previous lemma.

First, we note

T
el = e[ DAY lo(sh) — Yoy, o (SD) s
< Tsupocaer [YRYO'0(S2) — YrY, 'o(S0)].

S

Then, %] > ¢ implies

{In}] > co} C {supo<s<r [Y Y “lo(S9) - s_la(sg)} > (—

[N

Let ¢y = 252,

c
{2l > co} € {supocscr|VrY M o(S°,5) — 0(S°,5)] > 54}
c
U {supocacr| Yl (S3, )| 1Y7 - Yal > 2}
U {suposeerlYello(S2 )1V = Y7 > 5
By the boundedness of |Y7Y,7!|, the Lipschitz continuity of ¢(S°,s) in the first

argument and Lemma 1.5, the first term of the right hand side implies that there

exist 11, co1, and ¢3; such that

P({supoccr|VrY, lo(S%, s) = o(5°, )] > )

P({supo<s<r|Se = S| > ¢5}) < enexp(—cod—*)
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where ¢ = 3Ksup0§s?T|YTY;1I' We note that for any cg3 > 0, [Y. O~ — Y71 > co3
is implied by [Y =Y > max(|coz + Y74, |cos — Y1), Then, by Y1 > 0 for
0<s<T,

{27! > ma} c{IY =Y > cos)
where m; = co3 + supo<s<7Y; L. We also note that for any co; > 0, |S? — S| > co
is implied by |S°| > max(|co1 + S, |cor — S?|), which is also implied by |S°| >
Co1 + SUPOSSST’SS" Hence> by ’O'<S§7S)’ S M(l + ’Sg‘)a

{lo(S°, )| > ma} C {9 = SY| > con}-

where my = K (1 + co1 + supo<s<7|S°|). Therefore, as for the second term,

C
{supo<s<r|Y? |0 (SS, 8)|[VE — Y| > 34}

c
3m4m };SUP0§3§T|Y(5)_1| < ml,SUp0§s§T|0(55,S)| <my}
1M2

_ c _
U {supocser| Y oS5, 9)I[Y7 — Yol > §73Upogs§T|Y(6) > ma}

c Y -Yl>

_ C
U {supocs<r|Yy o (S5, 9)|[Ye — Yr| > fﬁupogsgﬂ“(sf,sﬂ > ma}

Cy

c {IVp-Yr|> FU {supo<s<r|YS ™ = Y| > cos}

3m1m2
U {supggnglsg — Sg| > 001}.

Then, by Lemma 1.5 , there exist cjo, 92,32 > 0 such that
51 ) 5 Ca —c32
P({supo<s<t Yy llo (S5, s)I[Ye = Vil > }) < crzeap(—c220 ™).

The similar argemnt holds for the third term. Thus, the result is concluded. 1

Therefore, the conditions of Theorem 2.2 of Yoshida(1992) are satisfied, which

leads to the desired result.

Proposition 1.4 For a smooth function ¢°(x) with all derivatives of polynomial
growth orders,
»(n2)d° (X3 Ip(X2) has the asymptotic expansion:

V()¢ (X9 Is(Xp) ~ o + 6@y + - -- (1.114)

in D as & | 0 where B is a Borel set, (z) is a smooth function such that
0 <) <1 forxe Ry(x) =1 for|z| <1/2 andp =0 for|z| > 1, and

Dy, Py, -+ are determined by the formal Taylor expansion.
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Finally, we obtain the asymptotic expansion of the expectation of ¢°(X3)I5(X2).

Theorem 1.5 The asymptotic expansion of E[¢°(X?)I5(X?)] is given by

E[¢°(X°)I5(X°)] ~ E[(n)¢’ (X°)I5(X°)] (1.115)
~ E[®y] + E[®q] +

as 0 4 0.

PROOF. The first assertion follows from uniform integrability of {|¢#°(z)P;d €
(0,1]},p > 1 and the Lemma 1.6, and the second assertion is obtained by Proposi-
tion 1.4. |

We next consider the validity of the asymptotic expansion of
z8 1T
70 =21 _ f/ F(X%)ds
) 0 Jo

where f(z) is a smooth function that is, C*°(R — R). Then, the expansion of Z

is formally given by
T T
~ [ RSDds 5 [ 0r(S)giuds
0 0
T
+ 0 [ {50 H(Sgh, + OF(S)gus}ds

T 1
+ 8 [ GO F(SDg + O F(S)grsgas + OF (S0 guchds + -
= Zp+0gir + 895 + g5 +

By the smoothness of f(z), X3 € D™ and gi,¢2,63,--- € D>, we can easily
see Zr € D™ and Z$ has the asymptotic expansion is in D™ as § | 0 with
g2k =1,2,---. & Next, the Malliavin covariance of Z%,0(Z?) is given by

o(2%) = / [{/ DF(SHYIdsyY Lo ( g,u)rdu.

We note o(Z%) — Ygz as 0] 0 where

91T

S = [ ' [{ / T@f(Sg)Y;ds}Yu_lo(SS,u)rdu.

If we define 1% as before by
T T T 2
i = [ 1 onsimtasviatsion - ([ onsivastolst|
0 u u
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then we can have Lemma 1.4 and Lemma 1.6 for n’? instead of n° in a similar
way by making use of Lemma 1.5 and smoothness of f(x). Consequently, we can
apply Theorem 2.2 of Yoshida(1992) to ¢(n2?)¢(Z°)Ip, and the same results as in
Proposition 1.4 and Theorem 1.5 hold for Z° as follows.

e Proposition 1.4’
For a smooth function ¢ (x) with all derivatives of polynomial growth orders,

»(n°?)¢°(Z°)15(Z°) has the asymptotic expansion:
Y(02?) 9 (Z2°)15(2°) ~ ®o + 6@y + -+ (1.116)

in D> as § | 0 where B is a Borel set, Y(x) is a smooth function such
that 0 < ¢(z) <1 forz € Rap(x) =1 for |[z| <1/2 and ¢ =0 for |z] > 1,

and @y, Py, --- are determined by the formal Taylor expansion.

o Theorem 1.5
The asymptotic expansion of E[¢?(Z°)I5(Z°%)] is given by

E[o’(2°)1s(2°)] ~ E[(n)e"(2°)1s(2°)] (1.117)
~ E[®] + E[®)] +---

as 6 J 0.

Our next objective is to show that the resulting formulae is equivalent to those
from our method which is based on the simple inversion technique for the character-
istic function. To do so, we only discuss the case of X9 because the same argument
holds for the asymptotic expansion of Z°. In particular, we explicitly derive the
formula of asymptotic distribution function or density function and that of the ex-
pectation of X in a certain range and show they are equivalent to those by our
simple method. We start with the explicit evaluation of the expectation in Theorem

1.5 . We first observe that in Proposition 1.4 , ®y, ®; and ®5 are given by

o = ¢°(91)Is(9n)
065

o, = 876|5:o(91)+3¢(91)92 Is(g1) + ¢°(91)015(g1) 92
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20’ ;
0 = |Slioon) + 06 a1)on| Olan)

10%¢° 9249 .
o 3 oo + g omvemnon + 0600+ 500 et 1)

1
+ ¢0(91){552]B(91)9§ + 01pgs}.

Hence we have the follwing proposition.
Proposition 1.5 E[®;],i =0,1,2 are given respectively by
E[®,] = / & (z)nfz,0,%,,]dx (1.118)

E[(I)l] = /{ ‘5 0 ‘73 : 07291]

+ qu(x) [ aE[92|gl :8i]n[x : 07291] }da:
and
8 J 0
B2y = [ ~SClmo(e) s Elaslg = alnle 0,%,])
162 &
b o ool 0,5,

50 (Bl = alnfe:0,5,,])

+ ¢ (m)a*x{—E[gﬂgl = z|nfr : 0,3, ]}.

PROOF. It is easily seen the formula for E [®).

The expectation of the first term of ®; is given by
99
E {%L;:o(gl) + 06(91)92}5(91)

= [0 mo(a) + 900 Blgnlgr = lynle, 0., )i

As for the expectation of ¢°(g;)015(g1)g2, by noting ¢°(g;)g. € D> and using the
integration by parts formula for Wiener functional(see Tkeda and Watanabe(1989)

for the detail.), we have

E [¢°(91)0Is(91)92] = E[0"(91)92015(1))]
= E[G(w)ls(g1)]
E[E[G(w)lg1 = z]15(g1)]
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= / E[G(w)|g1 = x|n[z : 0,%,,|dx

/plx
B

for some smooth Wiener functional G(w). To obtain p,(z), taking B, = (—o0, z],

we caln see

E [6°(91)015,(91)92] = /_Oo ¢"(y) Elgalgr = y)01s, (y)nly : 0,5, ]dy

- _/ ¢ (y) Elgzlg1 = y)o=(y)nly : 0, S, ]dy
= —¢*(2)Elgalon = z]nlw : 0, %]

where 0,(y) denotes the delta function of y at z. Then,

pi(e) = o [~6"(00)Bloalor = alne : 0,5,,]]

Hence, we have the explicit formula for E [®;] as

/{ so(@)nlz : 0,5,] + ¢°(x )[_aE[”’m :8i]”[x:0’2g1]]}dx.

Similarly, we can write E [®5] as
B2, = [ pale)da

= /62921($)d95+/61722(33)dx+/6p23(x)dx

Then, po;(z) is given in the similar way as in E [®;] by

1
pue) = g |~ owaa el =21+ 000 )Blgbln = ol)ale 0.5,

paa(x) is also easily obtained by

[1 0%¢° 0% (x)

2 952 ls=0(z) +{ 9295 =0} E[galg1 = 2] + 8¢0(37)E[93|91 = 7]

P22(x)

1
+ PP @G = ]| nle 10,5,

To obtain po3(z), as for the term E [%gbo(gl)aQIB(gl)gg}, taking B = B, = (—o0, 7],
we have

1

B [56°(0)0°Is, (01)63]
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/OO &I, (y) 1 ?°(y)E[g3]g1 = ylnly : 0,5, ]}y
8 / i L O W)l = ylnly - 0.5,.]}dy
%{ﬁqﬁo(x)E[gﬂgl = zn[z : 0, X4, ]}

x 9% 1 0 9
{TyQ{gb (¥)E[g2191 = yInly : 0,5, ]}dy.

For the second term, we obtain as before

B (600001 = [ -{-0 W Elaslos = ulnly 0.5, ]}

Hence, po3(x) is given by

pale) = {5 @ElRln = alnfe :0,%,.)

(9895{—450(96)]3[93’91 = x]nfz : 0,%,,]}.

Finally collecting and rearranging each term of po; (z), p22(x) and po3(x), we conclude

0 d 0
P = = o(a) 2 {Bloslgr = alnfe : 0,5, ]}
82 1
v ;af o)z : 0, 5,

+ 5¢°($>@{E[g§!91 = zjnfz : 0, %]}

4 6(w) o {~Blgslgr = alnlr :0,%,,])

In particular, if we take ¢°(z) = 1 and B = (—o0, 2], then

P({X9 < a})

: v —JE o 10,2
- / n[y : 07291]dy+5/ [92|91 y]n[y J gl]dy

dy

# | [ 3 s Bl = sy 0.5,
aay{_E[gS|91 = ylnly : 0, Egl]}] dy +---

N

+ 6{—Elg|g1 = z]n[r : 0,%,,]}

Sg
10

> [28E[92|91 = an[z : 0,%,,] — Elgs|gr = an[z : 0, %]} +
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Moreover, if we take ¢°(z) = z + y for a constant y and B = [~y, 00), then

E[(x—l—y)ﬂ ~ /OO:U nlz: 0,3, ]dx

—0E[gs|91 = xz|nfz : 0,%,,]
+ 5/ % dx

N y/%xliﬁ—Ewmhzxmu:azmn

20z Q{E[92|91 zlnfz : 0,%,]}| dx + - --

These are exactly equivalent to the formulae by our simple inversion technique
for the characteristic function. Hence we have confirmed the assertion. &

x

6.3 The Validity in the Term Structure Model

Next, we shall show the validity of our method in an arbitrage-free pricing model
based on a family of the instantaneous forward rates processes whch obeys the
stochastic integral equation.

n

P =100 + @ [T a (.00 [ o) o]
+ 5/0 Zai(f(s)(v,t),v,t)dwi(v), (1.119)

where 0 < e < 1 and 0 < s <t < T < T. The volatility function o;(f©(s,t),s,t)
depends not only on s and t, but also on f (5)(3, t) in the general case.

First, we make the follwing two assumptions.

Assumption I : The volatility functions {o;(f®)(s,t),s,t)} are non-negative,
bounded, Lipschitz continuous, and smooth in its first argument, and all derivatives
are bounded uniformly in ¢, where f)(s,t) are properly defined in (g, s, t, (s, t))
€ (0,1] x {0 < s <t <T} x R'. The initial forward rates f(0,¢) are also Lipschitz

continuous with respect to ¢.

Assumption IT : For any 0 <t < T,
'S 00 2
o= [ 30w, t7dv >0, (1.120)
0 i=1
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where

ol (v.) = 0i(fO (0, ), v, )| =o-

The conditions we have made in Assumption I can exclude the possiblity of ex-
plosions for the solution of (1.119) ' . They are quite strong and could be relaxed
considerably, which may be interesting from the view of stochastic analysis. For
practical purposes, however, we can often use the truncation arguments as an ex-
ample given by Heath, Jarrow, and Morton (1992). Assumption II ensures the key
condition of non-degeneracy of the Malliavin-covariance in our problem, which is
essential for the validity of the asymptotic expansion approach as we shall see in the
following derivations. Under these assumptions we can get the stochastic expansions
of the forward rates and spot interest rates processes. We show this in the follwing

two steps.

[Step 1] : Weset n =1 and ¢ = 1 in (1.119) in Step 1. The starting point
of our discussion is the result by Morton (1989) on the existence and uniqueness of

the solution of the stochastic integral equation (1.119) for forward rate processes.

Theorem 1.6 : Under Assumption I, there exists a jointly continuous process
{f9(s,1),0 < s <t < T} satisfying (1.119) with € = 1. There is at most one
solution of (1.119) with € = 1.

We shall consider the H—derivatives of the forward rate processes {f1)(s,t)}.
For any h € H, we successively define a sequence of random variables {£( (s, 1)} by

the integral equation:

€y = [ ’ [aa( FO(0,0),0,1) / ta(f“)(v ), v,y)dyé(w(v,t)} dv

+/0 o(fD (v, 1) vt/aa v, )& y)dy]d
+ /Osaa(ﬂ)(v £), 0, )™ (v, £)dib(v)
+ /Osa(f(l)(v,t),v,t)hvdv (1.121)

! For example, Morton (1989) has shown that there does not exist any meaningful solution when
the volatility function is proportional to the forward rate process.
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where the initial condition is given by £(®(s,¢) = 0. Then we have the next result

by using the standard method in stochastic analysis.
Lemma 1.7 : Foranyp>1and 0<s<t<T,
E[|¢™ (s, 1)"] < o0, (1.122)

and as n — o0

E[ sup |6 (s,t) — M (s,1)]?] = 0. (1.123)

0<s<t<T
PrOOF. [i] We use the induction argument for n. We have (1.122) when n =1
because o(-) is bounded and h, is a square-integrable function in (1.121). Suppose
(1.122) hold for n = m. Then there exist positive constants M;(i = 1,---,4) such
that

|£(m+1)(8,t>’p < M /08 ’f(m)(vvt)’pdv + My[ sup | “g(m)(v,t)du?(v)up

0<u<s /0
s t s
+M3/0 / |€‘m)(v,y)lpdydv+M4[/O | |2dulP/? . (1.124)

By a (local) martingale inequality (e.g. Theorem III-3.1 of Tkeda and Watanabe
(1989)), the expectation of the second term on the right hand side of (1.124) is less
than

ME[ [ 16w, 0o < 0 [ Bl .t do

where Mé and Mé’ are positive constants. Because h, is square-integrable, we
have (1.122) when n = m + 1.

[ii] From (1.121), there exist positive constants M;(i = 5,6,7) such that for
0<s<t,

€0 (s, 1) = (s, ) < Ms[ [ 160 w0,6) = €D (0,8 do? (1.125)
+ MG[/OS /t 1€ (v, 1) — €0V (v, ) |dydv)?
£ Ml [ 00(fD (0,8),0,)[€" (v,0) — € (v, ) di (o)

Z[Z(" (s,t)

=1
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where we have defined [i(n)(s,t) by the last equality. By using the Cauchy-

Schwartz inequality,

Bl sup 1" (u,)] < Mys [ B (0,) =0 o, 1)

0<u<s

By repeating the above argument to the second term of (1.125), we have

IQ(H)(% t) < Msu /Ou[/vt 1€ (v, ) — €D (v, y)|dy)*dv (1.126)
< Myt [* [ 16w, y) €000, )Py

Then

B[ sup I (u,t)] < Mgst /0 S / "B (0, ) — €0V (0,y)Pldydv . (1.127)

0<u<s

For the third therm of (1.125), we have

Bl sup 17w, 0)] < M; [ B{E7(0,1) - €D v, 1) dv (1.128)

0<u<s

because of the boundedness of do(-), where M, is a positive constant. By using

(1.126), (1.127), and (1.128), we have

B[ sup €7 (u,t) - €, O < My ( [ ELsup [€7(0,0) = €D (o, ) du

0<u<s 0<v<u

b B €90 - €0 Playea)

0<v<u

where Mg is a positive constant. By defining a sequence of {u(™(s,t)} by

u(n+l)(s,t) = E[ sup ’5 (n+1) (u,t) — g(n)(u,t)‘z] ;

0<u<s

we have the relation

s t
u (s, 1) < My [ u® (u,y)dy + u (u,0)du
0 Ju

where My is a positive constant. If we have an inequality

u™ (s, 1) < [My(t +1)s]™ ™, (1.129)

(n+1)!
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we can show (1.123) as n — +o0o0. We use the induction argument for n > 1.

When n = 1, there exists a positive constant My such that

u(l)(s,t) = E[sup |§(1)(u,t) —5(0)(u,t)|2]

0<u<s
= E[sup | [ o(fV(u,t),u,t)h,dul?]
0<u<s J0

< My(1+1)s

because o(-) is bounded and h, is square- integrable. Suppose (1.129) hold for

n = m. Then

s t
u™ (s, 1) < Mg/ [/ u™ (u, y)dy +u'™ (u, t)]du
0 Ju

< Mg/ /Mmt+1) —dy+Mm(t+1) *Jdu
m!
L . m+1
< MPF(E S
s My T

Because of (1.123), we have

ZP{ sup €D (u,1) — €0 1)| > )

n—1  0<s<t<T

4M9 (T +1)s]" < +o0 .

HM8

Then by the Borel-Cantelli lemma, the sequence of random variables {£™ (s, 1)}
converges uniformly on 0 < s <t < T. Hence we can establish the existence of the
H—derivative of f(!)(s,¢), which is given by the solution of the stochastic integral

equation:

th(l)(s,t) = /OS {80(f(1)(v,t),v,t) /Uta(f(l)(v,y),v,y)dthf(l)(v,t)} dv
+ /DS {J(f(l)(v,t),v,t) /vt 60(f(1)(v,y),v,y)th(l)(v,y)dy} dv
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[ 00w, 0,00 DO (o, ) diw)
+ /Osa(f(l)(v,t),v,t)hvdv . (1.130)

Next, we examine the existence of higer order moments of Dy, f()(s, t) satisfying

(1.130). To do this, we prepare the following inequality.

Lemma 1.8 : Suppose for kg > 0,k; > 0, Ay >0 and 0 < s <t < T, a function
un(s,t) satisfies (1) 0 < un(s,t) < Ax and (i)

un(s,t) < ko + ky {/OS un (v, t)dv + /OS /Ut uN(U,y)dydv} . (1.131)

Then,
un(s,t) < koeMHos (1.132)

PROOF. By substituting (i) into the right hand side of (1.131), we have

s s rt

un(s,t) < ko+ Ank; {/ ds—l—/ / dydv} (1.133)
0 0 Jou

< ko—i-ANkl(l—Ft)S

By repeating the substitution of (1.133) into the right hand side of (1.131), we
have

"1
un(s,t) < ko il

k=0

[k (1 +6)]F + 'AN[kl(l +t)s]" .

1
(n+1)!

Then we have (1.132) by taking n — +oo. |

In order to use Lemma 1.8, we consider the truncated random variable
Cn(s,) = [Duf (s, )] In(s,1) (1.134)
where Iy(s,t) =1 if

SV VY >

and In(s,t) = 0 otherwise. By using the boundedness conditions in Assumption
[ and A, being square-integrable, we can show that there exist positive constants

M;(i = 10,---,13) such that
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Cnls,OF < Mo [ [Gn(o.)Pdo+ Mu [ Gyl Oda@lP  (1.135)

s ot s .
+ Mo [ [ 1on(0y)Pydv + Mig| [ (o, 0hudop
4

S IN(s,t)

=1

where we have defined JN(s,t)(i = 1,---,4) by the last equality. By using a
(local) martingale inequality (e.g. Theorem III-3.1 of Tkeda and Watanabe (1989)),

we have
BN (s.0] < ME[[ [Cu(o, ) du]” (1.136)
< MUE[[ [Gv(o, 0]

where M;, and M;, are positive constants. Also by the Cauchy-Schwartz in-

equality, we have
TV (5,1) < Mlg[/sa(f(l)(v,t),v,t)de / iy |2d0]P/? (1.137)
0 0

which is bounded because o(-) is bounded and h, is square-integrable. If we set
un(s,t) = E[|(n(s,t)[P], then we can directly apply Lemmal.8. By taking the limit

of the expectation function uy(s,t) as N — oo, we have the following result.

Lemma 1.9 : For any p > 1,
E[|DnfY (s, )] < 400 , (1.138)

By this lemma and the equivalence of two norms stated in Step 1, we can establish

that
f(l)(sa t) < m1<p<+oo-D11) .
Then by repeating the above procedure, we can derive the higher order H —derivatives

of fM(s,t). Hence we can obtain the following result.

Theorem 1.7 : Suppose Assumption I hold for the forward rate processes. Then
for0<s<t<T
fY(s,t) € D> . (1.139)

5



[Step 2] : Let a stochastic process {Y©)(s,¢),0 < s <t < T} be the solution

of the stochastic integral equation:

YO =1 + & [ {8a(f(€)(v,t),v,t) /vta(f(s)(v W), v, y)dy| YO (v, t)d

v /0 T 00(fO (0, 1), 0, )Y O (0, )dd(v) . (1.140)

Since the coefficients of Y©)(s,¢) on the right hand side of (1.140) are bounded

by Assumption I, we can obtain the next result.
Lemma 1.10 : Foranyl <p<400,0<e<1,and0<s<t<T,

E[|Y© (s, 1)) + B[|[Y© (s, 1)|P] < +o0 . (1.141)
PROOF. : We define a sequence of random variables {Y,*)(s,#)} by

YO (s,) =1 + 52/8 [aa(f<€>(u,t),v,t) /ta(f(s)(v,y),v,y)dy YO (0, £)du

+ 5/ B (F© (v, 1), v, )Y (v, )di(v) |

where the initial condition is given by YO(E)(S, t) = 1. Then by the same argument as

in the proof of Lemma 1.7, we have
E[Y,(s,1)["] < o0,
and as n — oo
() v (e) 2
E[ sup [|Y,/i(s,t) =Y, (s,t)]"] = 0.
0<s<t<T

Hence we can establish the existence of the random variables {Y ) (s,#)} satis-

fying (1.140). Then by the same argument as (1.134)-(1.137), we have
E[|Y ) (s,1)”] < o0
for any p > 1. Let Z©)(s,t) = Y®~1(s,¢). Then we can show that

d[Z© (s,8)Y ) (s,8)] =0
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and

ZO(s,t)=1 — 62/ [80(]‘ (v,t),v,1) /Uta(f(e)(v,y),v,y)dy 7 (v, t)dv

0

e /0 T 00O (0, ), 0,8) 2 (v, t)dis(v)

by using Ité’s formula and Z©)(0,¢) = 1. Hence by the similar argument as on
Y ©)(s,t), we can establish
E[|Z)(s,1)|"] < o0

forany p > 1. 1

Now we consider the asymptotic behavior of a functional

FO(s,1) = [£(5,0) ~ 7O(0,1) (1.142)

as ¢ — 0. By using the stochastic process {Y(®)(s, )}, the H—derivative of F()(s,t)

can be represented as

DpF©) (s,1) = / YO (s,0)Y O~ (0, )OO (v, t)dv
0

where
COv,t) = o(fO,t),v,)h, +eo(fO(v,1),0,1)
< [ 90(19w,0),0.9)Duf O (0, 5)dy
Let
a'®(s,t) =Y (s5,6) YO0, 1)C® (v,1)
and
N (s,1) = C/S YO (5, )Y O (0, o (£ (0, ), v, ) (1.143)

/ 90 (19 (v,y),v,4) Duf© (v, y)dy[*dv

e [ VO YO 0.0 (1O (0.8),0.8) = o0 (0,8),v.1) v

Then the condition in Assumption II is equivalent to the non-degeneracy condi-
tion:

o) :/ a9 (v,1)>dv > 0
0
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because Y () (v,t) =1 for 0 < v < s <t. The next lemma shows that the truncation

by 1) (s,t) is negligible.

Lemma 1.11 : For0<s <t <T and anyn > 1,

1
lim e " P{|n{F(s,t)| > 5} =0. (1.144)

e—0

PROOF. : We re-write (1.143) as (s, t) = n\® + n{¥. By using Assumption I,

c

Lemmal.9, and the Markov inequality, it is straightforward to show that for any

p > 1 and ¢; > 0 there exists a positive constant cy such that
(¢) 2p
P{lm”| > c1} < o™ . (1.145)

By the Lipschitz continuity of the volatility function o(-), there exist positive
constants M4 and M5 such that

0 < Mual fO(s,0) = FOO,0)] + Mis [y O (s, )Y O (0,0) = 1] . (1.146)
Then by Lemma 10.5 of Ikeda and Watanabe (1989), for a positive ¢ and suffi-

ciently small € > 0, there exist positive constants ¢, and c5 such that

P{ sup |f9(s,t) = fO0,8)] > s} < cyexp(—cse7?) . (1.147)

0<s<t<T

For the second term of the right hand side of (1.146) for 75, we re-write
ey = MisY O 0, ) YO (s,1) = YO (0,1
where

s t
YO(s,6) = YO(0,t) = & [ |oo(fOu,t),0.t) [ o(FO(u,9), u,9)dy] x
YO (u, t)du + & / 00 (£ (u, 1), u, )Y © (u, t)div (u) .
Then by Lemmal.10, for any p > 1 and ¢g > 0 there exists a positive constant c;
such that
P{n$3| > e} < ere®.. (1.148)
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By using (1.145), (1.147), and (1.148), we have (1.144).
i

Finally, by the similar argument as in the Black-Sholes’” economy, we shall obtain
a truncated version of the non-degeneracy condition of the Malliavin-covariance for
the spot interest rates and forward rates processes, which is the key step to show

the validity.

Lemma 1.12 : Under Assumptions I and II, the Malliavin-covariance O(F(E)) of
F©) s uniformly non-degenerate in the sense that there exists co > 0 such that for

any ¢ > cy and any p > 1
sup B (7] < Do(FO) 7] < +o0 (1.149)
where I(+) is the indicator function.

Hence the validity of the asymptotic expansions of the distribution function or
the density function of a spot rate and an instantaneous forward rate is obtained
under the assumptions I and IT because we have proved that a set of conditions
in Theorem 2.2 of Yoshida(1992) is satisfied. That is, let ¢ : R — R be a smooth
function such that 0 < ¢(z) < 1,9(x) =1 for [z| < 1, and ¥(z) = 0 for |z] > 1
as before. Then the composite functional 1 (n®)I4(F) is well-defined for any
A € B in the sense that it is in 13700, where B is the Borel o—field in R and
I4(+) is the indicator function. Hence by using Theorem 2.2 of Yoshida(1992), it
has a proper asymptotic expansion as ¢ — 0 uniformly in D™~ . Then we have a
proper asymptotic expansion for the density function of our interest by taking the
expectation operations.

Also it is straightforward to obtain the similar non-degeneracy conditions as
¥4, > 0 for the discounted coupon bond price process and the average interest rate
process given before.

Finally, we mention that the same argument as in the Black-Sholes economy
holds to show the equivalence between the formulae by the Schwartz’s type dis-
tributiion theory for the generalized Wiener functionals and the formulae by the

simple inversion technique for the characteristic functions of random variables.
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7 Appendix

7.1 The Proof of Lemma 1.1

In this subsection, we present the proof of the formulae appearing in Lemma 1.1.

We use the following notation in the proof.

5(u, s) = {

1 fu=s
0 otherwise

E l /0 t [ /0 ’ q2(u)dw(u)] gs(s)di (s)| /0 " ()i () = x]

B| [ [ etota] aease) [ ot -2
_//QQ u)qs(s [dw )di(s |/Q1 Jdw(u) = x]

[ mwdas(o) [0, 90 — dsas ()5 ey (o))
+ (s )dsE 1x22 Ch( )du]

= _Zlgl/ot q3(s)q1(s) /Os ¢2(uw)qy (u)duds
+ g;?;;/ot g5(s)qn (s) /0 g (1) qu () duds
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—

" wtwaot)] [ [ wase)] | [ atidot -«
(e |daai)] [ atdot -2

(u)gs(s)E
g2 (u)qs(s) {5(u, s)du 4 qu(u)dus, ' (2 — Zgl)zg_llql(s)ds}

|

E

— S—

[
[

0

= 5 [ wma] [ swawa] + [ awn
+ xZZlg [/Ot q2(u)qr (u)du /Ot q3(u)q1(u)du}

1

Note: We use the following relation in (1) and (2).

E ldu?(u)dw(s)\ | " 1 ()i (u) = m]
= Cov.[dw(u),dw(s)|z] + E [dw(u)|z] E [dd(s)|z]
= {5(u, s)du — %(u)duE;llql(s)ds} + {Z;qu(u)du} {E;llqu(s)ds}

(3)

E [/Ot [/ ¢o(u )dw(u)} [/O q;;(u)du?(u)} q4(s)dw(s)|/qu1(u>dw(u) :x]

We first note that, for s > u and s > v,

EPM)mmdw I [ st = 4

Cov. [dib(u), dib(v)|2] B [di(s)|z] + Cov. [dib(w), dib(s)|) B [dib(v)|2]
Cov. [dib(v), dib(s)|] E [<mm+Eww>m [dio(v) 2] E [di(s) 2]
[6(u, v)du — g (u)duS, g (v)dv| |5, wqr (s)ds]

3w, 5)ds — g1 (u)duZ, i (s)ds] [, oy (v)do]

+ 0+
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+ [0(v, 5)ds — qu(v)dv3y s (s)ds] [ S, wqn (u)du]
+ [S wa(u)du] [S, wq (v)dv] |3 wqi(s)ds]

= 2 [920 () (v)qi (s)dudvds| + 2 [8(u, v)S,, q1 (s)duds]
— 322,01 (w)q (v)qu (s)dududs|

Hence, we can conclude

EV [ w(wditu )] [ astwin)] asts)aats) /OTq1<u>dw<u>=x]
— ///Ch u)q3(v)qa(s) [ (u)dw(v)dw(sﬂ/Oqu(u)du?(u):w]

= z lzm/o U q2(u)gs(u )du} qa(s)q1(s)ds

_321gl /Ot [/Os qz(u)ql(u)du} [/0 q3(u)q1(u)du] q4(s)q1(s)d5’1
+ 28 [2131 /ot [/OS QQ(u)ql(U)du] {/08 qg(u)ql(u)du} q4(s)q1(s)d31 .

(4)

l// [/ }‘13 (0)dids(v)qa(s)dib(s I/ 1 (w)dib(u) = x}

By using the formula of E [dw(u)d@(v)dw(sﬂ i qu(u)dib(u) = x} derived in (3),

we obtain

[// [/ } (v)d(v)qa(s)du(s |/ ¢ (w)dib(u) = x}
= /O/O/OQQUQ:H)CMS [dw(u)dw(vdws|/0 qludw(u):xl
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+ o+ o+ + o+ o+ o+ 4

///Q2 u)q3(v)qa(s 32’3q1(u)q1(v)ql(s)dudvds—3x2;12q1(u)q1(v)q1(s)dudvds}

—3z [22 /t qa(s)qu (s )/ q3(v)q (v) /OU Q2(U)(J1(U)dUdUd81

z° l2131 /Ot q4(s)q1(3)/0 g3(u)qr(u) /OU qg(u)ql(u)dudvdsl .

J1
(5060 - 16 >dz‘z:;fq1<j>dy] (S5 e (k)dk] [Sgtway (1]

{Eg_l a:ql(s)ds} {E;llqu(s/)ds/} [Zg_llqu(v)dv} {Eg_llqu(u)du}
@1 ()1 (v)q1 (s ) (s)dudvds ds [29_14x4 — 6%, 2" + 32;12]
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+ (v, 8)q(w)q(s)duds {Z;fﬁ — Eg’ll} + (v, u)qi(s g (s)ds ds [2;12:172 — E;ﬂ
+ 8(u, 8)q (v)qu (s )dvds' {29_12372 - Zg_ll} +6(s, 5 )q1(w) g1 (v)dudv [Z;%Q - E;ﬂ
+ (v, s )dvé(u, s)du
+ O(u,v)dud(s,s )ds
where
i,7, k1€ {S,s/,v,u}
and

it Ak AL

Here, we use 6(v,s) = 0 and 6(u,s) = 0 under our assumption, s > v and
s > u . We also note that &(v,s )é(u,s) = 0 under our assumption, s > v and

’
S >U.

Hence,

o[ [ mwsazta] atsiaoo] [ awaaz =]
Z////Q3 $)02(0)gs(5 ) ga(u) x

ldw(s)dw(s Ydw(v)dw(u \/0 ¢ (u)dw(u) = x]
- /ot /ot /OS /OS [a1(s)as(s)] [Q1(S/)Q3(5l)] [q1(v) g2 (V)] [q1 () g2 ()] dudvds' ds

(352t — 63,222 + 32;12]
+ / t / s / [01(9)as(5)] [22(0)a5 (0)] [ () o ()] dududs (2,222 - ;1]
+ / / q1(s)gs(s Vduds [S,2% = 5]
+'///ql )as(5)) 02 0) e 0] o a0 s [, — 53,
+ AA‘A<hS%S %U%Wmm@@@mmwgpﬁﬁ_z;]
+tK[;M@%xmmmm

= [[eut) [[@utmtas] | ot - rate o]
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N /Ot Oun(o) /0 Q) /0 ’ Qzl(u)dudvds} l;zx? - 2291]

- ) X X
+ _/0 Q31(5)2/0 sz(u)duds} [2313;2 — 2911

- ool o]l

+ /Ot Q33(9) /08 Qoo (u)duds

where

Qij(8) = 4i(5)q;(5)-

7.2 Lemma 1.1°

In this subsection, we show the multi-dimensional version of the formulae appearing

in Lemma 1.1.

Lemma 1.1’ (1) Let w; be N dimensional Brownian motion. Let Z be

k dimensional vector. Suppose ¢i(t) be R' — RFN non-stochastic function.

Suppose also ¢o(t) and g3(t) R' — R™ non-stochastic functions.

Then,
E l/ot {/OSQQ(u)du?u

t s
— tmce/o /0 2;112(8)$(8>T

T

- (T .
g3(s)dws] /0 q1 (u)dw, = j’]

@) S, 77 - 3, | duds.

(2) Let w; be N dimensional Brownian motion. Let # be k dimensional
vector. Suppose ¢1(t) be R' — R*¥ non-stochastic function. Suppose also ¢3(t)
and ¢3(t) R'— RY non-stochastic functions.

Then,




(3) Let w; be N dimensional Brownian motion. Let # be k dimensional
vector. Suppose ¢i(t) be R' = R™¥ non-stochastic function. Suppose also ¢(t) ,
¢3(t) and gi(t) be R' — RN non-stochastic functions.

Then,

o [ ] [ oy { -3

= [ [ a0 s 157 - 2] 5 i d@ne) 5,
= GEals) 2 ) [E0) B) + E0) G )] o) 2,7 dudeds
(

+ //Q4 s)q1(s) " g (u) g ()TE ‘Tduds

(4) Let w, be N dimensional Brownian motion. Let # be k dimensional
vector. Suppose ¢i(t) be R' — R™¥ non-stochastic function. Suppose also ¢3(t) ,
¢(t) and gi(t) be R' — RN non-stochastic functions.

Then,

(5) Let w, be N dimensional Brownian motion. Let # be k dimensional
vector. Suppose ¢i1(t) be R' — R* non-stochastic function. Suppose also ¢3(t)

and ¢3(t) be R' — RN non-stochastic functions.
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////qz*

G (u)q(u) 'S [*ﬂ—zgl}zfm(mqa
G () S, [a@)aE0) G0)aw) + a@)de) dGo)a )] x
5,0 3T = 5] 55 au(s)d(s)T
G(s >q1< ) Z;f Llw)qa ) @ u)a () + g ()@ ) G )a )]

w) }du dudvds
2 / / / B()a(s) 25t (7 = 2] S5l () @) () du duds
/ o (77T =20, Bl a(s)di(s)

/ q2(uU
t
") Tdu| 2t [ET -2, 50| [ a(w)@) du| G s)ds) T ds
0 0 0

¢
//q B (u) " duds
0 Jo

B(u)@(w) T du duds
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Figure 1.1: Errors in the Expansion around the Normal distribution
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Table 1.1: Plain Vanilla Call Options-Square root process -(vol. = 10% )

Strike price 45 40 35

(1)Monte Carlo 0.5771 | 2.7226 | 6.7676
(2)Stochastic Expansion(second) | 0.5763 | 2.7228 | 6.7640
Diff. Rate% -0.144 | 0.007 | -0.053
(3)Stochastic Expansion(first) 0.5548 | 2.7398 | 6.7796
Diff. Rate% -3.865 | 0.632 | 0.178

Table 1.2: Plain Vanilla Call Options-Square root process -(vol. = 20% )

Strike price 45 40 35

(1)Monte Carlo 2.0005 | 4.1841 | 7.4802
(2)Stochastic Expansion(second) | 1.9979 | 4.1858 | 7.4855
Diff. Rate% -0.130 | 0.041 | 0.071
(3)Stochastic Expansion(first) 1.9460 | 4.2231 | 7.5776
Diff. Rate% -2.724 1 0.932 | 1.303

Table 1.3: Plain Vanilla Call Options-Square root process -(vol. = 30% )

Strike price 45 40 35

(1)Monte Carlo 3.5347 | 5.7069 | 8.6453
(2)Stochastic Expansion(second) | 3.5379 | 5.7105 | 8.6502
Diff. Rate% 0.091 | 0.064 | 0.057
(3)Stochastic Expansion(first) 3.4573 | 5.7674 | 8.8191
Diff. Rate% -2.189 | 1.067 | 2.010
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Table 1.4:

Table 1.5: Average Call Options on Equity-Square root process-(T=0.50y)

Table 1.6: Average Call Options on Equity-Square root process-(T=1.0y)

Average Call Options on Equity -Square root process -(T=0.25y)
Strike price 45 40 35

(1)Monte Carlo 0.1559 | 1.4985 | 5.2659
(2)Stochastic Expansion | 0.1562 | 1.4983 | 5.2679

Difference 0.00029 | -0.00020 | 0.00210

Diff. Rate% 0.18 -0.01 0.04

Strike price 45 40 35
(1)Monte Carlo 0.5221 | 2.1758 | 5.6468
(2)Stochastic Expansion | 0.5228 | 2.1788 | 5.6516
Difference 0.00078 | 0.00301 | 0.00482
Diff. Rate % 0.15 0.14 0.09

Strike price 45 40 35
(1)Monte Carlo 1.2802 | 3.1848 | 6.3845
(2)Stochastic Expansion | 1.2813 | 3.1873 | 6.3881
Difference 0.00112 | 0.00255 | 0.00362
Diff. Rate % 0.09 0.08 0.06
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Figure 1.2: Errors in the Expansion around the Log-normal distribution
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Table 1.7: Average Call Options on FX-Square root process- (T=0.25y)

Strike price 105 100 95
(I)Monte Carlo 0.0416 | 1.0217 | 4.7672
(2)Stochastic Expansion | 0.0419 | 1.0215 | 4.7698
Difference 0.00031 | -0.00025 | 0.00254
Diff. Rate % 0.75 -0.02 0.05

Table 1.8: Average Call Options on FX-Square root process-(T=0.50y)

Strike price 105 100 95
(1)Monte Carlo 0.1721 | 1.3625 | 4.6858
(2)Stochastic Expansion | 0.1730 | 1.3654 | 4.6931
Difference 0.00090 | 0.00286 | 0.00730
Diff. Rate % 0.52 0.21 0.16

Table 1.9: Average Call Options on FX-Square root process-(T=1.0y,Vol.=10%)

Strike price 105 100 95
(I)Monte Carlo 0.4443 | 1.7700 | 4.6525
(2)Stochastic Expansion | 0.4426 | 1.7709 | 4.6585
Difference -0.00166 | 0.00090 | 0.00600
Diff. Rate % -0.37 0.05 0.13

Table 1.10: Average Call Options on FX-Square root process(T=1.0y,Vol.=30%)

Strike price 110 100 90
(1)Monte Carlo 2.7995 | 6.18088 | 11.7334
(2)Stochastic Expansion | 2.8045 | 6.1881 | 11.7464
Difference 0.00502 | 0.007221 | 0.00130
Diff. Rate % 0.18 0.12 0.11
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Table 1.11: Average Options on FX -Log-normal process- (T=0.25y)

Strike price 105 100 95
(1)Stochastic Expansion(normal)(1st) 0.0384 | 1.0199 | 4.7738
Diff. Rate % -15.97 | -0.19 0.16
(2)Stochastic Expansion(normal)(2nd) 0.0452 | 1.0220 | 4.7650
Diff. Rate % -1.09 | -0.02 | -0.02
(3)Stochastic Expansion(log-normal)(1st) 0.0434 | 1.0114 | 4.7472
Diff. Rate % -5.29 | -1.03 | -0.40
(4)Stochastic Expansion(log-normal)(2nd) | 0.0454 | 1.0215 | 4.7657
Diff. Rate % -0.65 | -0.03 | -0.01
(5)Finite difference(Crank-Nicholson method) | 0.0457 | 1.0216 | 4.7659
Diff. Rate % 0.01 -0.02 | -0.00
(6)Monte Carlo simulation method 0.0457 | 1.0218 | 4.7660

Table 1.12: Average Options on FX -Log-normal process- (T=0.50y)

Strike price 105 100 95

(1)Stochastic Expansion(normal)(1st) 0.1620 | 1.3610 | 4.7040
Diff. Rate % -11.96 | -0.53 | 0.53

(2)Stochastic Expansion(normal)(2nd) 0.1830 | 1.3660 | 4.6800
Diff. Rate % -0.54 | -0.16 0.01

(3)Stochastic Expansion(log-normal)(1st) 0.1753 | 1.3457 | 4.6483
Diff. Rate % -4.96 | -1.67 | -0.67

(4)Stochastic Expansion(log-normal)(2nd) | 0.1830 | 1.3655 | 4.6804
Diff. Rate % -0.54 | -0.20 | -0.02

(5)Finite difference(Crank-Nicholson method) | 0.1831 | 1.3656 | 4.6788
Diff. Rate % -0.49 | -0.19 | -0.01

(6)Monte Carlo simulation method 0.1840 | 1.3682 | 4.6793

94




Table 1.13: Average Options on FX -Log-normal process- (T=1.00y,Vol.=10%)

Strike price 105 100 95

(1)Stochastic Expansion(normal)(1st) 0.4180 | 1.7590 | 4.6750
Diff. Rate % -10.30 | -0.61 0.81

(2)Stochastic Expansion(normal)(2nd) 0.4640 | 1.7720 | 4.6410
Diff. Rate % -0.43 | -0.12 0.08

(3)Stochastic Expansion(log-normal)(1st) 0.4428 | 1.7329 | 4.5773
Diff. Rate % -4.98 | -2.13 | -1.31

(4)Stochastic Expansion(log-normal)(2nd) | 0.4640 | 1.7713 | 4.6328
Diff. Rate % -0.43 | -0.08 | -0.10

(5)Finite difference(Crank-Nicholson method) | 0.4640 | 1.7715 | 4.6315
Diff. Rate % -0.43 | -0.09 | -0.13

(6)Monte Carlo simulation method 0.4660 | 1.7699 | 4.6375

Table 1.14: Average Options on FX -Log-normal process- (T=1.00y,Vol.30%)

Strike price 110 100 90

(1)Stochastic Expansion(normal)(1st) 2.6107 | 6.1516 | 11.8900
Diff. Rate % -12.22 | -0.76 2.61

(2)Stochastic Expansion(normal)(2nd) | 2.9699 | 6.1910 | 11.5751
Diff. Rate % -0.14 | -0.12 -0.11

(3)Stochastic Expansion(log-normal)(1st) | 2.6563 | 5.7746 | 11.0569
Diff. Rate % -10.68 | -6.84 -4.58

(4)Stochastic Expansion(log-normal)(2nd) | 2.9505 | 6.1727 | 11.5571
Diff. Rate % -0.79 | -0.42 -0.26

(6)Monte Carlo simulation method 2.9740 | 6.1985 | 11.5874
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Table 1.15: Average Options on 1-Year Interest Rate(T=0.25y)

Strike rate % 5.50 | 5.00 | 4.50
(1)Stochastic Expansion | 5.36 | 25.12 | 63.98
Difference (bp) -0.034 | 0.002 | 0.080
Diff. rate % -0.56 | 0.01 | 0.13
(2)Finite difference 5.36 | 24.99 | 63.81
Difference (bp) 0.026 | -0.13 | -0.09
Diff. rate % -0.48 | -0.52 | -0.14
(3)Monte Carlo 5.39 | 25.12 | 63.90
(4)European call 16.30 | 38.05 | 71.76
3)/(4) % 33 | 66 | 89

Table 1.16: Average Options on 1-Year Interest Rate(T=0.50y)

Strike rate % 6.00 | 5.00 | 4.00

(1)Stochastic expansion | 2.69 | 32.10 | 111.54
Difference (bp) 0.005 | 0.121 | -0.010
Diff. rate % 0.20 | 0.38 | -0.09
(2)Finite difference 2.68 |31.98 | 111.34
Difference (bp) -0.0066 | 0.002 | -0.21

Diff. rate % -0.25 | -0.16 | 0.23

(3)Monte Carlo 2.69 | 31.98 | 111.55
(4)European call 13.86 | 50.47 | 119.64
B/ % 19 63 | 93

Table 1.17: Average Options on 1-Year Interest Rate(T=1.00y)

Strike rate % 6.00 | 5.00 | 4.00

(1)Stochastic expansion | 8.13 | 41.37 | 112.30
Difference (bp) 0.040 | -0.030 | -0.010
Diff. rate % 0.49 | 0.07 | -0.01
(2)Finite difference 8.06 | 41.32 | 112.25
Difference (bp) -0.03 | -0.017 | -0.060
Diff. rate % -0.37 | -0.04 | -0.05
(3)Monte Carlo 8.00 | 41.34 | 112.31
(4)European call 28.14 | 67.26 | 129.60
3)/4) % 20 | 62 | 87
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Chapter 2

A Variable Reduction Technique
for Pricing Average-Rate Options

1 Introduction

“Average-rate options”, commonly known as Asian options, are contingent claims
whose payoffs depend on the arithmetic average of some underlying index (e.g., stock
prices, exchange rates or interest rates) over a fixed time horizon. While no average-
rate options are traded as standardized option contracts in any organized options or
futures exchange in the world, these options, especially those with the underlying
being exchange rates or interest rates, are extremely popular in the over-the-counter
market among institutional investors.

There are many economic reasons why average-rate options are so popular. For
example, if a corporation expects to receive or pay foreign currency claims on a
regular basis, then a foreign currency option based on an average of exchange rates
represents one way to reduce its average foreign currency exposure. Similar argu-
ment can be made for an interest rate option based on an average of short term
LIBOR rates or an average of constant maturity yields (CMS). Since the average
of the underlying tends to be much less volatile than the underlying itself, average-
rate options are priced more cheaply than the standard (plain vanilla) options. This
reduces significantly the hedging costs for corporations in need of average-rate op-
tions. In addition, by its very design, the payoff of the average-rate options is less
dependent on the closing price of the underlying near the expiration date. Thus, it

reduces the significance of market impact or price manipulation at the maturity of
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the option.

The pricing and hedging of average-rate options raise some interesting issues.
First, these options are path-dependent, i.e., the value of an average-rate option at
any point in time depends upon the value of the underlying at that time as well as
the history of the underlying up to that time. More specifically, if the underlying
follows a Markov-diffusion process, then the value of an average-rate option depends
on the current underlying as well as the average of the underlying at that time. Thus,
when applying standard option pricing techniques (such as the binomial method or
the partial differential equation method), a second state variable (in addition to the
underlying itself) is often necessary. This makes the pricing problem much more
complicated. Second, the arithmetic average is not lognormally distributed when
the underlying follows a standard lognormal process. In fact, it is impossible to
find analytically the probability distribution of the arithmetic average when the
underlying is lognormally distributed. Due to the above reasons, it is well known
that no analytical solution exists for the price of European calls or puts written
on the arithmetic average when the underlying index follows a lognormal process.!
Consequently, numerical techniques must be relied upon in order to determine the
value of average-rate options.

There are several types of numerical techniques that have become popular for
valuing average-rate options. The first one, which perhaps is also the most simple
and commonly used one, is the Monte Carlo simulations method as discussed in
Kemma and Vorst (1990) for the case when the underlying is a lognormal process.
The Monte Carlo simulations method is convenient and flexible. In particular, it is
applicable as long as the underlying follows a Markov-diffusion process. For example,
it can be applied to a square root process for interest rates as well. However, in
terms of the computing time required, this method is not very efficient.

The second type of numerical techniques for average-rate options explores the
idea that an arithmetic average can be reasonably approximated by a geometric av-
erage with an appropriately adjusted mean and variance. This technique includes i)

the modified-strike method (Vorst, 1990), which replaces the arithmetic average by

1 Geman and Yor (1993) have developed a semi-analytical valuation method using the Laplace
transformation technique.
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a geometric average with an adjustment in the strike price to correct the mean bias;
ii) the modified-geometric method (Kunitomo and Takahashi, 1992), which replaces
the arithmetic average by a geometric average with its mean and variance adjusted
to match the mean and variance of the arithmetic average; iii) the geometric condi-
tioning method, which replaces the arithmetic average by its conditional expectation
conditioning on the geometric average (Curran, 1992); and iv) the Edgeworth series
expansion method (Turnbull and Wakeman, 1991), which applies an expansion of
the distribution of the arithmetic average around the distribution of the geometric
average (which is lognormal). The above mentioned methods have been shown to
be reliable whenever the volatility of the underlying is not too large (e.g., less than
30%). However, numerical errors can become significant when the volatility is high.

The third type of numerical techniques for average-rate options addresses the
arithmetic average in a more direct way. Specifically, these techniques put forward
various discrete time models (e.g., binomial trees or grids) to approximate the contin-
uous time value of the average-rate options. Hull and White (1993) have developed
an extended Binomial method in which they construct a binomial tree with a vector
of average rates stacking at each node. Conditioning on the current value of the
average rate, they apply the standard recursive valuation method for each level of
average rates chosen in the vector of average rates. A similar idea has been carried
out by Dewynne and Wilmott (1993) in solving numerically the partial differential
equation for average-rate options. Carverhill and Clewlon (1990) have developed
another approach using the Fourier transformation technique. Their approach in-
volves calculating the distribution function of the arithmetic average through the
Fast Fourier Transform technique. All of the three methods mentioned above require
intensive computing time, as they have to handle more or less a two-dimensional
valuation problem.

In this paper we propose a new valuation technique, called the variable reduc-
tion technique, for average-rate options. This method has many advantages over
the various techniques described above. The main idea of our method is quite
simple. Basically, this method transforms the valuation problem of an average-
rate option into an evaluation of a conditional expectation that is determined by a

one-dimensional Markov process (as suppose to a two-dimensional Markov process
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2 This transformation is extremely useful since numerically it is

commonly known).
much easier to handle a one-dimensional valuation problem than a two-dimensional
problem. Alternatively, we can also derive a partial differential equation that the
value function of an average-rate option must satisfy. In this case, the PDE is a
second order parabolic one with one state variable and one time variable. Standard
numerical techniques can be applied to evaluate the conditional expectation or to
solve numerically the partial differential equation that determines the value of an
average-rate option.

Compared to the geometric approximation technique, our variable reduction
technique works directly with the arithmetic average, and therefore will not en-
counter the cited approximation errors when the volatility of the underlying is rel-
atively large. Furthermore, compared to the methods proposed by Hull and White
(1993) and Dewynne and Wilmott (1993), our technique has reduced the dimen-
sionality by one, which certainly will make our pricing more efficient in terms of
computing time. Finally, there is no doubt that this technique is more favorable
than the Monte Carlo method when the underlying is a lognormal process. Unfor-
tunately, when the underlying is not lognormal, the variable reduction technique is
no longer applicable for average-rate options.

The rest of the paper is organized as follows. In the next section, we illustrate
the variable reduction technique in the simple Black-Scholes’ economy in which
there is one risky asset and one riskless bond. While much of the analysis in the
paper assumes continuous averaging or continuous fixing, we will briefly discuss in
this section the implementation of discrete averaging. In Section 3, we apply the
variable reduction technique to average-rate options where the underlying index is
an interest rate (for example, LIBOR rates with a constant maturity). Numerical
comparisons of different methods are presented in Section 4. We conclude the paper

in Section 5.

2 Ingersoll (1987) has shown that an average-strike option, i.e., an option whose strike price is the
average of the underlying over a fixed horizon, can be handled by factoring out the average-strike
and thereby reducing the two-state variables problem into a one-state variable problem. Wilmott,
Dewynne and Howison (1993) have provided a similar variable reduction technique to the partial
differential equation that the value of an average-strike option must be satisfied. However, Wilmott,
Dewynne and Howison (1993) claim that the same technique doesn’t work for average-rate options.
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2 Average-Rate Options in the Black and Scholes’
Economy

To illustrate the idea of the variable reduction technique, we first consider the Black
and Scholes’ economy (Black and Scholes, 1973) in which there is one riskless bond
and one risky asset, and the prices of the riskless bond and risky asset are determined

as follows,

Bt — 67”t

S, = SOQ(H*Q*%UQ)HUU&, t>0

and w is a standard Brownian motion defined on a probability space, coefficients 7,
i, ¢ and o are constants, and ¢ is the implicit payout rate. The risky asset here could
be a stock, foreign currency or commodity. The payout rate therefore would be the
dividend yield, the foreign riskless rate, and the convenience yield, respectively. We
assume that there exists a risk neutral probability or equivalent martingale measure

) under which the price of the risky asset is determined by

—g—L152 1
St — Soe(r q—50°)t+ow

where @ is a standard Brownian motion under Q).

An average-rate European call option is defined to be an option that gives the
holder the right (but not the obligation) to receive at the expiration date the arith-
metic average of the price of the underlying asset over a finite time horizon for a
fixed strike price. A similar definition can be made for an average-rate European
put option. In this paper we will not consider average-strike options whose strike
price is a fixed percentage of the average of the price of the risky asset over a fixed
time horizon. However, the variable reduction technique works for average-strike
options as well as shown in Ingersoll (1987) and Wilmott, Dewynne and Howison
(1993). However, none of these two works were able to extend their approaches to
average-rate options. In fact, Wilmott, Dewynne and Howison claimed that their
variable reduction technique doesn’t work for average-rate options.

Following Cox and Ross (1975) and Harrison and Kreps (1979), the price at time

t of an average-rate call option, C'(t), with a maturity date 7" and a strike price K
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can be evaluated by
1
Ct) =e " TVE! [(TAT - K)*| (2.1)

where E; denotes the conditional expectation under the risk neutral probability
distribution, or equivalently, the equivalent martingale measure (), conditional on

the information set at time ¢, and
t
Ay = / Sudu
0

A similar definition can be made for an average-rate put option.

We note that

dSt = Tstdt+USthI)t
dAt = Stdt

under the risk neutral probability distribution @), and therefore S and A together
form a two dimensional Markov process under (). Thus, the value of an average-
rate call option at ¢ (< T') must be a function of Sy, A; and t, i.e., C' = C(S, A,1).
Moreover, since e~ C' must be a martingale under @, the drift of e~ C' under Q

must be zero. This leads to the partial differential equation for C,
2
%52055 +(r—q)SCs+ SCs+Cy, —rC =0 (2.2)

This is a second-order partial differential equation (PDE) with two space variables
and one time variable. Moveover, the second order partial derivative with respect to
A is degenerate. Numerical solutions of this partial differential equation is possible
but cumbersome as well as time-consuming.

We now introduce the variable reduction method which transforms (2.2) into a
PDE with only one state variable and one time variable. To motivate our transfor-

mation, let us re-write the valuation equation (2.1) as follows,
1 1 /T +
_ —r(T—t)p=*| = . -
Clt) = " TIE;[ZA - K + T/t S
St TS +

_ Mt —r(T—t) u

— T e Et |:l't + /t 7St du:|
where we have introduced a new state variable z determined by

1
Ty = E(At — TK)
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Since S,/S; (u > t) is independent of the history of S up to ¢, the conditional
expectation in the above equation must be a function of z;. Thus, C' can be written

as a function of x; and ¢t multiplied by S, i.e.,
C(Si, Ay t) = Sif (24,)

for some function f of x and ¢ only:

T‘(T t)

flz,t) = E* x—l—/ —du
A simple calculation shows
CS = f - xfx
1
Css = §I2fm
C’A = fx
Cy = Sh

Substituting these relations into the above PDE for C, we get

0_2

where o = r — ¢. Since S; > 0 for all t, we obtain the partial differential equation
for f,

fcr 222 e+ (1 —x)fo+ fi—qf =0 (2.3)

The boundary condition is given by

flz,T) = ;max[z, 0] (2.4)

The value of the call option at time ¢ is then given by S;f(z,t). In other words,
the variable reduction technique has helped us to factor out S from the call price.

We summarize our results in the following proposition.

Proposition 2.1 The value of an average-rate call option is determined by Sy f (x4, 1),
where f satisfies the PDE (2.3) and the boundary condition (2.4), and where x; =
(A, —TK)/S,.
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It is useful to note that the stochastic process x is a diffusion process by itself,
ie.,

dr, = (1 — ax, + o’x,)dt — ox,di,

This explains why we are able to factor out S from the PDE (2.2) to get the PDE

(2.3). Moreover, if we introduce a pseudo probability measure ()" in such a way that
dr, = (1 — azy)dt — oxydw,

where w’ is a standard Brownian motion under @', then (2.3) is equivalent to the
statement that under ', the discounted value (f) is a martingale, while the discount
rate is the implicit payout rate ¢, i.e.,

e—a(T—t)

T

/

flzy,t) = E, max|zr, 0]] (2.5)

where the expectation is taken under ()’. The above formula is also called the
Feynman-Kac representation of the partial differential equation (2.3), see Karatzas
and Shreve (1988).

For readers who are familiar with the Harrison and Kreps’ argument, it can be
shown that €™ /S;e? is a martingale under @', i.e., the riskless asset price discounted
by the risky asset price (after adjusted by the payout rate) is a martingale under
@'. Thus, ' is the equivalent martingale measure when the risky asset is chosen as
a numeraire. Moreover, the martingale argument allow us to claim that
G _g lATT - Kr

Steqt ¢ STGqT

Introducing z; as we did above and realizing that = is a Markov process by itself
under ', we can immediately conclude that the right-hand side of the above equa-
tion must be a function of x; and ¢. In other words, S can be factored out using the
martingale argument as well.

We also note that when z; > 0 (¢ < T'), one can easily obtain an explicit formula
for f,

T T(r—q)

However, for x; < 0, we must utilize standard numerical techniques such as the

(2.6)

finite difference method or the Monte carlo simulations method to evaluate f from
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the PDE (2.3) or from the conditional expectation that defines f in (2.5). Note that
if we are to apply the finite difference method, then we need to use the boundary
conditions (2.6), lim, , o f(z,t) = 0 for small values of x and (2.4) for large value
of x.

Our variable reduction technique can also be applied to average-rate options
where the averaging is taken at a discrete set of time points, i.e., discrete averaging
or discrete fixing. For illustrations, we assume that averaging takes place at points
0=t <ty <t---<t,="T. For simplicity, let us consider evaluating the option

exactly on the points where averaging takes place.® Define

k
Atk = Zstiv
i=1
Ay, —nK
Ty, = tkStn’ k=1,2,---,n
k

Applying the same variable reduction technique, we can show that

t;
Ly, + Z Sf
173

1=k+1

S,
—r(tn—t t *
Otk = € ( k)ﬁEtk

Stkf(a:tk ) tk)

where
_l’_
7T(tn*tk) n S
e .
flry,tr) = ——E; |7, + > S—t’ , k=1,2,---,n—1
n i=k+1 Ptk
oot = ~af
T t,) = —x
tno n tn
It then follows that
et e |
f(xt,wtk) = e (k1 tk)Etk [ ,;j:H f(xtk+l,tk+1)‘| (27)
k
ty
Ty = Tt +1
k41 Stk+1 k
We note that
Stk+1 _ 6(r—q—‘72—2)Atk+U\/Z€
St
Stk _ 6—(r—q—§)Atk—U\/Ze
Stk+1

3 A similar approach can be used to value the option at times other than those averaging points.
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where € is a random variable distributed as N(0,1), and Aty = tgy1 — tx. Thus,
(2.7) can be solved recursively by numerical integrations.*

Alternatively, we can also determine f by
e~ d(tn—tr) |
flxe,, te) = TEt {max[mtn, OH
This formula is useful if we would like to value f by Monte-Carlo simulation. Note
that in this case we will be simulating the process x under the probability measure
Q.

It is important to note that as in the case of continuous averaging, the valuation
problem here is also a one-dimensional problem. We have avoided the complexity of
the two dimensional problem encountered by Hull and White (1993) and Dewynne
and Wilmott (1993).

Before leaving this section, we point out that all of our analyses so far are equally
applicable when o and r are functions of ¢. This suggests that we can value average-
rate options when we have a deterministic term structure of volatilities and interest

rates.

3 Average-Rate Options on Interest Rates

We now apply the variable reduction technique to value average-rate options on in-
terest rates related derivative instruments. Such instruments are commonly traded
in the over-the-counter (OTC) markets, and have played an important role in sat-
isfying various needs of institutional investors or borrowers. Among those interest
rates related derivative instruments, options on the average of CMT or CMS rates
(constant maturity treasury yields or constant maturity swap rates) have been some-
what popular. Those option contracts can also be imbedded in a swap transaction
to serve as speculative or hedging purposes for the investors or the issuers.

In this section we present the variable reduction technique for pricing the average-
rate options on CMS rates. First, let us define an option on the average of CMS

rates (with a fixed time to maturity). Let L7(¢) denote the yield at time ¢ for a zero

4 Specifically, we can fix a set of grid points for x, and evaluate f over these points recursively.
For those points that are not on the grids, a second order interpolation can be used to find the
value of f on these points.
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coupon bond with a time to maturity of 7 years.> Then, the average of L7(t) in a

prespecified time period [0, 7] is given by

2(T) = ;/OT L7 (t)dt

where 7 is a fixed real number, e.g., 0.25, 0.5, or 1. Let P(¢,T) denote the price at

time ¢ of a zero coupon bond maturing at time 7. Then, we can re-express L7 (t) as

w0 (i )

The payoff of a European call option on the average rates at the expiration date T’

with a strike price K is given by
C(T) =max[Z(T) — K, 0]
while the payoff for a European put option is given by
C(T) = max[K — Z(T),0]

In the rest of this section, we determine the arbitrage-free value of such European
call or put options by using the similar technique introduced in the previous section.
Note that once the call price is obtained, the value of a put option can be easily

derived through the “put-call parity”, which will be shown later in this section.

3.1 Arbitrage-Free Forward Rate Processes

To evaluate an average-rate option on interest rates with a constant maturity, we
employ the Heath-Jarrow-Morton’s model as our basic model for term structure of
interest rates. This model is based on an explicit specification of the instantaneous
forward rates and a restriction of no arbitrage, see Heath, Jarrow, and Morton
(1992) for details. In this setting, the instantaneous forward rate process under the

equivalent martingale measure is described as

FLT) = £(0,T) +g/0t <ai(s,T) /ST ai(s,u)du> ds + é/ot os(s, T)dis(s)

5 For simplicity, we will not consider pricing average rate options based on par yields.
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where w is an N-dimensional standard Brownian motions. In the above specification,
the diffusion term or the volatility process o can be chosen by the user (subject to
a regularity condition) while the drift is completely determined by the choice of o,
due to the no arbitrage condition. In particular, the spot rate process, r(t) = f(t,t),

is given by

r(t) = f(0,t) + ZV; /Ot (ai(s,t) /: oi(s, u)du) ds + g;/ot oi(s,t)dw;(s)

Given the spot rate, any interest rate contingent claim can be priced through the
well-known property that the value process relative to the money market account is a
martingale under the equivalent martingale measure or the risk neutral probability:

-l

where B(t) = exp|/i r(s)ds], and B(t) denotes the value process of the money market

account.

3.2 A Constant Volatility Model

For simplicity, we shall specify a one-factor model of forward rates (with a constant
volatility) in order to evaluate the average-rate options under consideration. That
is, we set N = 1 in the forward rate process described above. The volatility function
in the forward rate process is given by oy(s,t) = o, where ¢ is a positive constant.
This model is known to be a continuous time version of the Ho and Lee (1986)’s
model. Specifically, the forward rate process can be described as
t2
F(t.T) = f(0,T) + 0*(Tt = 3) + oi(t)
and the spot rate process is given by
o*t? .
r(t) = f(0,t) + 5 + ow(t)
A straightforward calculation shows that the price at time ¢ of a zero coupon bond

maturing at time 7 is given by

@
»
S
|
‘Q
~
=~
~
|
=
|
2
~
|
=
£

P(LT) = (t) (2.8)



3.3 Pricing Average-Rate Options on Interest Rates

We will evaluate the average-rate options on interest rates under a term structure
model with a constant volatility. As in the average rate options under the Black-
Scholes’ economy, we will show that the valuation problem can be simplified to a
partial differential equation with a single state variable and a time variable, after a
simple transformation of variables. It is much easier to solve this equation numer-
ically, for example, by the finite difference method. Moreover, in the spacial case
where the option is deep-in-the money, an explicit valuation formula is obtained.
As mentioned before, we will consider only the call option case, as the put option
can be priced through a “put-call parity”.

First, we will rewrite our valuation problem in terms of zero coupon bonds.

Then, the final payoff of the call option is re-expressed as

O(T) = max[Z(T) - K, 0]

[1/T{ ! lat— k0]
= max|— — — 1}—dt —
T ko P(t,t+7) T ’

1
= — max]

—dt — k
TT /0 P(t,t+71) /0]

where 7 is a positive constant and k = (1 + K7)T.
By using the expression (2.8) the reciprocal of the price of a zero coupon bond

with 7 years to maturity, Y is described as

tt+ )’
1 P(0,t) o2 N
_ T+t t
Plt.t+7)  PO,t+7) explz( i+ ori )1

Hence, the price of the average-rate call option at time ¢ (before the maturity date

T) is given by

cl) = :[exp( )cm]
Tr P(OT) R ekt o) (29)

where we use the relation, exp(— ftT f(0,u)du) = P(0,T7)/P(0,t), and where

2

g
exp[*

i (u+ T)ur + oTw(u)|du — k, 0]

et 710
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Our main objective is to evaluate the conditional expectation in (2.9). Although
it is a fairly tough task to evaluate this expectation directly, if the new variable
defined below is introduced, the problem becomes much easier to handle. We will

give this transformation in the next lemma.

Lemma 2.1 Define a stochastic process X as

t P(0,u) (u+T)uT+UTw u .
I Foat € T Ddu — k

X(t) =

eoTW(t)

Then, X satisfies the following stochastic differential equation,

P0,t) 2 (07)? N
dX; = (metﬁﬂe 7 (i (2)Xt> dt — o1 X,di(t) (2.10)
where X (0) = —k, and the value at time t of the average-rate call can be expressed
as
cl) = ie— I f(O,u)due—wea(t—T—H')ﬁ;(t) o

ks
Er [6—0 S G —a@)du

(0 o2 o
ax Xt+/ F)OUJ:L_)T)eQ(u+T)uT+0'T[w(u)w(t)]du, 0] (2.11)

The expectation on the right-hand side is a function of X;.

PRrROOF. Equation (2.10) can be shown by Ito’s lemma while (2.11) can be verified
easily. The last statement follows from the fact that @w(u) — w(t) is independent of
w(t). 1

Here, we note that w(t) can be expressed in terms of r,. Therefore, C(t) can be

separated into the product of a function of (r,t) and a function of (X,1).
C(r,X,t) =g(r,t)h(X, 1) (2.12)

where

1 P(0,T) _o2a3-+* ()2
t — ) - 6 X (th‘i’T)[Tt*f(O’t)* 2 ]
9(r,1) Tr P(0,1) © ¢

T
h(X, t) _ >|< —O’f w(u)—w(t))du % maX[Xt + P11;+T/ e & (u+7')u‘r+a7'[w(u —w( du 0]

t
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where Pt = Pl(z(%il). Clearly, g(r,t) is calculated using the information available
at time t while h(X,t) turns out to satisfy a partial differential equation as shown

in the following proposition.

Proposition 2.2 h satisfies the partial differential equation

(U;)QX%XX + P(];f(t)’?ﬂe‘f“”)” + {1 (T —t) — <U;)2}Xt hyx +
he + 02(t+;_T)2h:0 (2.13)
with the boundary condition
h(X,T) = max[Xr,0]. (2.14)

PROOF. Since C(t) exp(— [5 r(s)ds) is a martingale under the equivalent martingale
measure, the drift of C(t) exp(— [y 7(s)ds) must be 0. Recall that

dr = {f,(0,t) + o*t}dt + odw(t)

P(0,t) o2 (o7)? ~
X - ) (t+7)tr X - X )
d (P(O, o 7_>e 2 + — )dt o1 Xduw(t)
It is easily seen by the Ito’s lemma that

2 X 2

%Crr + (‘”2 S Cx — 0% X Cox + 1£,(0,) + 02]C,
P(0,1) 22 (t4r)t (o7)?
_ T ——X — = 2.1
+[P(O,t+T)62 + 9 t Cx+Ct rC 0 ( 5)

Since C'(r, X, t) = g(r,t)h(X, t), simple calculations show
Cr = gh=@t+717-T)gh
Cor = grh=(t+71—T)gh
Crx = grhx =@ +7—-T)ghx
Cx = ghx
Cxx = ghxx
Cy = gih+ghi=r gh—({t+7—=T)[f(0,t) + °t] gh+ ghs.

Substituting the above relations into (2.15), we obtain

(07 X)? PO1)  o2ryr g 2 (07)?
g x [ 5 hxx (P(O’HT)W (T — ) = }X ) hix
2 2
th+ 2 (H; ) h] ~0. (2.16)
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Next, noting that g(r,t) > 0 for all £ and r, we obtain the desired partial differential
equation for h. Finally, it is easily seen that the terminal boundary condition is
given by

h(X,T) = max[Xr, 0]

When X; > 0, i.e., when the option is very deep-in-the money, we can show that

h can be calculated explicitly. We present this result in the following proposition.

Proposition 2.3 When X; > 0, the price of an average-rate call option on interest

rates is given by
C(r,x,t) = g(r,t)h(X, 1)
where g(r,t) is defined as above and h(X,t) is given by

S2(T)3 2 27 _ )3
MXt) = XieT T texp <Z(t+7)t7+0(6)>

/T—t P(0,s+1t)
o PO,s+t+T

ProOF. Note that when X; > 0,

] exp {02782 + o?(7? + 2t1 — TT)S] ds(2.17)

P(0,u) o2 o
X / W e (winur + orla(w—a®] g, ()
max|[X; + PO,ut 7_>e u, 0]
PO,u) o2 o
X / _ PO S wrryur + orliw)—a()] g,
et P0,u+T) ‘ "

Hence
h(X, t) — Xth |:€_Uft [w(u)_ﬂ}(t)]du}

—|—E* [ —0’ (t)]du " 5 (utT)ur+oT [0 (u) —d( du] .

/ P O U + T)
By the strong Markov property of the Brownian motion,
h(X, t) _ XtE* [ crfO w s)ds} +

E* e ° fOTitﬂ)(s)ds /T_t P(Ov 5+ t) 6"—22(5+t+7')(s+t)7'+a7'11](s)d5 )
o PO,s+t+7)

The first term can be calculated using the fact that
T—t T—t
a/ @(s)ds = a/ (T — t — u)dib(w)
0 0

112



is normally distributed with

hfene
Var*[a/OTt B(s d] (T3 )

o2 (T—1)3

XtE* [ fo'f w(s s] _ Xte 5

We obtain

For the second term, we apply the Fubini’s theorem to claim that
E*le @ fOTit w(s)ds /T_t P(Ov 5+ t) 6‘7—22(5+t+r)(s+t)7'+a7'711(s)d8
o PO,s+t+7)

T—t
/ P(0,s+1) ef’ (s+t+7) (s +) TR * [ —crfo D s)d8+07w(8)} ds.
o PO,s+t+7)

Note that
—0 /OT_t w(s)ds + oTw(s) = —o /OT_t(T —t —u)dw(u) + ot /OS dw(u). (2.18)

is normally distributed with

E' l—a /OTtw(s)ds + arw(s)] —0

(T - t)?’]

Var* [—o— /OT_t w(s)ds + m’u?(s)] = o2 [752 {2 (T = )} +

Therefore, the second term is

o? o?(T — t)?’]

exp | —(t+ 7)tT + X
p[2( )

-t P(0,s+1t)
o PO,s+t+7)

exp [02752 + o?(7% + 2T — TT)S} ds
This leads to the desired expression for h. 1

When X (t) < 0, the price of the average rate call must be solved numerically, e.g.,
applying the finite difference method to find h at time . The boundary condition
at time T for h is

h(X,T) = max[X, 0]

When X is large, the formula in the above proposition can be used as a boundary

condition. And, when X is small, we note that
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Numerical examples using the finite difference method are shown in the next section.
As mentioned before, once the prices of European call options are obtained, the
prices of European put options are easily derived through the put-call parity shown

in the following proposition.

Proposition 2.4 The put-call parity for the average rate options is given by

T
r

P(t) = C(t) + P(t, T)K — E: [e—ft (“)d“ZT} (2.19)

Proor. The above relation is clearly true at the expiration date 7. Discounting
both sides by the money market rates and taking the conditional expectation, we

can easily derive the above relation. |

Note that

T
E: |:eft r(u)duZT

1 T T 1
= B e b [Ty
Tr [6 o P(t,t+7)
1 * — TT u)au
— B [l
1
= g(r,t)h(X,t) — =P(t,T)
T
where ¢ is defined by (2.12) and h is given by the explicit formula for X; > 0 in
proposition 2 with k£ = 0.

4 Numerical Examples

We now present two numerical examples which illustrate how our variable reduction
technique can be efficiently used to value average-rate options. Our first example
involves average-rate options written on foreign exchange rates, while our second
example focuses on average-rate options on one-year CMS rates.

Tables 2.1-2.3 show the prices of average-rate options on dollar-yen exchange
rates with three different expiration dates (i.e., three months, six months and one
year). For each expiration date, the prices of out-of-the money, at-the money, and
in-the-the money options are shown separately. The spot price and the volatility
are assumed to be 100 yen and 10 percent per year, respectively, while the risk-

free interest rates for yen and dollar are assumed to be 3 percent and 5 percent,
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respectively. Option prices are quoted in terms of yen. In the first row of each table,
we obtain the option prices by solving the PDE (2.3) using a Crank-Nicholson finite
difference scheme, while in the second row of each table, we calculate the option
prices by evaluating the expectation of (2.5), i.e., the Feynman-Kac representation
of the solution of the PDE (2.3), using the standard Monte Carlo simulation applying
to a discretized counterpart for X. Specifically, we discretize X using a standard

first order finite difference scheme:
Tpt1 = Tp + (1 — azy) A — or,VAE,

A total of 100,000 trials are implemented in each simulation. For purposes of com-
parisons, we report in the last row of the table the option prices calculated using
the more conventional Monte Carlo simulation method, i.e., simulate a sample path
of the exchange rate process (i.e., S) and compute the average exchange rates (i.e.,
A) along each of the sample paths generated. A total of 500,000 paths have been
sampled to arrive at the numbers reported. It is clear from these tables that in terms
of accuracy, our variable reduction method fares well with Monte-Carlo simulations
methods. Moreover, we note that among the three methods, the computational
time involved in simulations is much longer than that of the finite difference method
which generates the numbers in the first row (in order to achieve the same level of
accuracy).’

Tables 2.4-2.6 show similar results for average-rate options written on 1-year
constant maturity yields (CMS) with three different times to maturity, 3 months,
6 months and 1 year. For each maturity, the prices of three different strikes are
shown as in the case for the foreign exchange rate options. For simplicity, the term
structure of interest rates is assumed to be flat at 5 percent in all cases, and the
volatility of instantaneous forward rates is assumed to be 150 basis point per year.
The option prices are expressed in terms of basis point per year. As in the case
for foreign exchange rate options, the PDE for h(X,t) is solved numerically by the
Crank-Nicholson finite difference scheme. Option prices are also evaluated through

Monte-Carlo simulations based on Feynman-Kac representation for A, where 100,000

6 The computing time required for implementing the finite difference scheme is well under one
minute on a SunSparc 20 machine.

115



trials are implemented for each case, and the more conventional simulations method,

where 500,000 trials are implemented for each case.

5 Concluding Remarks

We have presented in this paper a variable reduction technique which values average-
rate options by reducing the two-dimensional valuation problem to a one-dimensional
problem. In doing so, it reduces significantly the computing time required for
average-rate options. While we have shown that this technique is useful when the
underlying state variable is lognormally distributed, this technique is potentially
applicable for a larger class of asset price dynamics as long as the returns of the
underlying are independent of their past histories. An example of such case is the 2-
factor stochastic volatility model in which the volatility of the underlying is governed

by another one dimensional Markov process, e.g., Hull and White (1987).
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Table 2.1: Average-Rate Options on FX (T=0.25y)

Strike price 105 100 95

Finite Difference | 0.046 | 1.022 | 4.766
Monte Carlo (I) | 0.046 | 1.023 | 4.765
Monte Carlo (II) | 0.046 | 1.022 | 4.766

Table 2.2: Average-Rate Options on FX (T=0.50y)

Strike price 105 100 95

Finite Difference | 0.183 | 1.366 | 4.679
Monte Carlo (I) | 0.183 | 1.364 | 4.680
Monte Carlo (II) | 0.184 | 1.368 | 4.679

Table 2.3: Average-Rate Options on FX(T=1.00y)

Strike price 105 100 95

Finite Difference | 0.464 | 1.772 | 4.632
Monte Carlo (I) | 0.465 | 1.765 | 4.616
Monte Carlo (IT) | 0.466 | 1.770 | 4.638
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Table 2.4: Average-Rate Options on 1-Year CMS(T=0.25y)

Strike rate % 5.50 | 5.00 | 4.50
Finite Difference | 5.36 | 24.99 | 63.81
Monte Carlo (I) | 5.34 | 25.11 | 63.59
Monte Carlo (IT) | 5.39 | 25.12 | 63.90

Table 2.5: Average-Rate Options on 1-Year CMS(T=0.50y)

Strike rate % 6.00 | 5.00 | 4.00

Finite Difference | 2.68 | 31.98 | 111.34
Monte Carlo (I) | 2.67 | 32.05 | 111.38
Monte Carlo (IT) | 2.69 | 31.98 | 111.55

Table 2.6: Average-Rate Options on 1-Year CMS(T=1.00y)

Strike rate % 6.00 | 5.00 | 4.00

Finite Difference | 8.06 | 41.32 | 112.25
Monte Carlo (I) | 8.08 | 41.36 | 112.42
Monte Carlo (IT) | 8.09 | 41.34 | 112.31
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Chapter 3

Pricing of Securities with Default
Risks

1 Introduction

We present a new model for pricing the securities with default risks in a general
equilibrium framework. Our model is general enough in a sense that the state of
the default can be related to any other economic variables such as macro economic
indicators which are determined in equilibrium in the model as well as to the firm’s
specific factor such as its asset value. In other words, the state of default can be
determined endogenously in the model or at least, the determinants of the spreads
between the corporate yields and the treasury yields which are the important factor
in pricing the securities may be consistently related to the main economic variables.
Moreover, any types of the securities with default risks such as defaultable bonds,
swaps, caps, options on bonds may be evaluated in a unified framework of the model.

Our starting point is the general equilibrium model of asset prices in Cox, In-
gersoll, and Ross(1985a) where they derive the fundamental pricing equation, the
partial differential equation for any contingent claims. In this paper, we apply and
extend the framework to evaluate contingent claims with default risks.

We characterize the state of default by a set of stopping times. We propose
two types of the models, one of which utilizes a predictable stopping time, and the
other of which makes use of a totally inaccessible stopping time represented by a
jump process to characterize the state of default. For each model, we explicitly

derive a partial differential equation with a set of boundary conditions to price any
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securities subject to default risks. The reason we present two mutually exclusive
stopping times to describe the state of the default is that the argument on this
matter seems to be unsettled empirically. That is, one of the consequences from
the assumption of modelling a default time as a predictable stopping time is that
the spreads between the treasury yields and the corporate yields should be close to
zero near the maturities while they must be substantially large whenever the related
variables approach the default boundaries, which does not seem to be valid.

As for the first model, the state of default is determined by the stopping time
when some functions of the wealth and the factors which govern the economy in
the model hit the prespecified boundaries. We note the functions may denote some
macro economic variables such as the spot interest rate since in equilibrium, those
variables can be expressed by the functions of the wealth and the factors. The
prespecified boundaries as well as those functions may vary among the firms, which
represents the variations of the default states for each company. In this way, it is
possible to handle various types of the specific pricing model of the securities subject
to default risks in our general framework.

As for the second model, we explicitly introduce a default indicator function for
each company following a jump process in the general equilibrium framework. The
intensity, that is the possibility of the default in the next instant may depend on
the other economic variables such as a set of macro economic indicators determined
inside the model while the default itself occurs suddenly due to the jump martingale
part of the process. The intuition behind this modelling is that while we can infer
the possibility of the default by the other observable indicators, we can not predict
the occurence of the default itself since the information and the indicators inside
the company which drive the default directly are usually unobservable.

There are mainly three approaches so far taken to model the default risks. The
first approach is initiated by Merton(1974) where he applies the contingent claim
analysis to pricing a firm’s debts. He takes a firm’s asset value as a state variable and
the default occurs whenever the firm’s asset value is less than the firm’s liabilities at
the coupon payment dates or the maturities. Many researches along this approach
has been followed. Recently, Cooper and Mello(1991) apply this technique to the

interest rate and currency swap valuations. Although this is a remarkable approach
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in a sense that the state of the default is endogenously determined in the model,
and is closely related to the decision of a firm on its capital structure, it has not
become popular in practice. The reason for this is that first of all, the firm’s asset
is unlikely to be observable or tradable, and moreover, it is extremely complicated
to determine the seniority of the firm’s liabilities which is the key element to pricing
of the corporte debts.

The second approach is taken by Longstaff and Schwartz(1995) where they over-
come the problem of the ”seniority” in pricing by introducing a predictable stopping
time. That is, the default occurs whenever the firm’s asset value hits the prespecified
boundary and the payment in case of default for each security is made according to
its seniority determined by the contract and the related laws. In addition, they take
the spot interest rate as the second state variable and emphasize the correlation
between the firm’s asset and the spot interest rate in determination of the spreads
of defaultable bonds. On the other hand, they assume the firm’s asset is observable
and tradable as the first approach does and the process of the spot interest rate is
exogenously given under the equivalent martingale measure.

The third approach is recently initiated by Jarrow and Turnbull (1995), Duffie
and Huang(1994), Madan and Unal(1994) and others where they model the time of
default as a pure jump process, and evaluate directly the tradable and observable
securities with default risks under the arbitrage-free condition. In other words, they
start with the securities with default risks traded in a financial market and construct
an equivalent martingale measure based on the securities or just assume the existence
of an equivalent martingale measure based on the general theory. Hence they assume
explicitly or implicitly the liquidity of the securities in the market. For instance,
Jarrow and Turnbull(1995) is based on the existence of corporate bonds for each
credit class enough to construct their term structures. This assumption, however,
is questionable in practice and the level of those corporate bonds itself should be
determined by some economic reasoning. In fact, one of the main feature in this
approach is that the state of the default is exogenously given, which is contrast to
the previous approaches while the model basically depends only on the observable
factors given the liquidity of the corporate bonds and hence it may be appropriate

for pricing the derivatives of the corporate bonds and the vulnerable options. We
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should note, however, that the numerical computation is tough task without so
called the independent assumption which is usually violated in the practical world.

There are several advantages of our models. In the predictable stopping time
model, we take the observable economic variables such as the spot interest rate to
endogenize the state of the default and they are internally consistent in the sense
that those economic variables themselves are determined in equilibrium inside the
model. Clearly, by construction, we can relate the spreads of the corporate bonds
to those variables. Moreover, we can diviate from the assumptions that the firm’s
asset is tradable and that the process of the spot interest rate under an equivalent
martingale measure is exogenously given since the risk premium of the firm’s asset
as well as that of the spot interest rate can be explicitly obtained. In the model
where we utilize the jump process to express the time of default, we can freely relate
the economic indicators determined in equilibrium to the possibility of the default
and the risk premium of the default of a company can be explicitly and consistently
obtained inside the model. Finally, the resulting PDE for the pre-default value of
the securities does not include any jump part, which reduces the computational
burden required in the models including the jump components.

The remainder in the paper is organized as follows. The next section presents
the first model where we model the default risks by a predictable stopping time,
and also show one-factor and two-factor models as simple examples. The section 3
proposes the second model where we utilize a jump process to model the state of the

default and show a numerical example. The section 4 makes concluding remarks.

2 Model I: The Securities with the default risks
in the CIR Economy

In this section, we present a framework and simple examples of how to evaluate the
securities subject to the default risks. Our model is based on the general equilibrium
asset pricing model presented in the Cox, Ingersoll, and Ross(1985a). We forcus on
how to characterize the event of default in the model by utilizing a predictable stop-
ping time. In fact, we shall derive the PDE with appropriate boundary conditions

at the stopping time which the prices of the securities with default risks must satisfy
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by making use of the fundamental pricing equation of CIR(1985a) .

2.1 A General Model

We start with the fundamental pricing equation for contingent claims which is a
partial differential equation of parabolic type. The fundamental partial differential

equation(PDE) is given by Theorem 3 in CIR(1985a) as

1 . 1
5Var(dW)Fyw + Couv.(dW, dY) Fy, ¢ + 5w(FﬁﬁT) +
(rW — &) Fy + F (i — dg) + F, —rF +6 =0

with F(W,Y,T) = W(W,Y,T) where ¢ = ¢«(W,Y,t) and r = r(W,Y,t) are the
consumption process and the riskless interest rate process in equilibrium. (W, }7, t)
and (W, 17, T) are specified by payoffs of a contract without default. The default
of a company is characterized by a stopping time and the price of a security ass-
coiated with the defaultable company is given by the fundamental PDE with a set
of boundary conditions at the stopping time as well as the boundary information
obtained from the payoffs without default. We formally state this below. Suppose
the security with the maturity 7' is to be evaulated. Let f;-(t, W, }7) be a vector of
smooth functions such that [0, 7] x (0,00) x R¥ — R™ Then, the default stopping

time for company j is defined by

7 = inf{t; (¢ (6, W (1), Y (1)) & O}

where €; is an open set on (0,7) x R™, 0f); 1is its boundary, and 39]- is the
closed subset such that (Tj, ﬁ(Tj, W, 17)) € 3(2]- for every choice of an initial point
(t, f;(t, VV,?)) € ;. That is, a default time for j is defined as the exit time for
f;(t, W, 17) from ;. Then, the fundamental PDE holds on

{6 W, Y); (¢ 6 W,Y)) € 0y},
and the boundary conditions are given by

F(W (1), Y (13),75) = ©;(W(7),Y (1), 7).

and F(W, Y, T) =Y (W, Y, T'). We note that the functon ©; depends on j since the
payment in case of default may vary among firms. Hence we obtain the following

theorem.
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Theorem 3.1 The fundamental pricing equation for any securities subject to the

default risk of the company j is given by the PDE with a set of boundary conditions.

1 - 1
§varuw0ﬂmy+6bumwcquﬂM?+im(ﬂwgﬁTy+

(rW — &) Fw + F (i — dg) + F, —rF +6=0 (3.1)
with
F(W(r),Y (7)) = 6;(W(5),Y(r),7) (3.2)
and
FW,Y,T) = U(W,Y,T) (3.3)
where
7 = inf{t; (£, (£, W, Y)) & Q;}. (3.4)

Note ﬁ(t, W, 17') be a vector of smooth functions such that [0, T]x (0, 00)x R* s R"
and €2 is an open set on (0,T) x R™.

There exist defaultable securities such as swaps which are subjected to two or
more companies’ default risks. This approach is still vaild to price those securities
if we define properly the default stopping times. That is, if the security is subjected
to the default risks of the companies 1,---,n, the default stopping time is defined
by

T =T1 N\ ATy
Then, the fundamental PDE holds on
{(E W)} = A (WY (1 f(80,Y)) € ).
The boundary conditions are given by
FW(r"), Y ("), 7") = (W (r"), Y ("), 77),
and F(W,Y,T) = U(W,Y,T).

Corollary 3.1 The fundamental pricing equation for any securities subject to the
default risk of the companies 1,---,n is given by the PDE with a set of boundary
conditions stated in the Theorem 3.1 except that the default stopping time is redefined
by

=TI A ATy (3.5)
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We shall present two specifications in the model.

o [i] jZ(W,Y,t) is taken to be a vector of macro economic variables, which
implies f;(VV, ?,t) are common among j, that is, f(VV, ?,t) while ; is
the region of the macro economic variables specific to each company j. In
other words, the default occurs if a set of macro economic indicators hit some
levels specific to the company. For instance, let fi(W,?,t),i = 1,2 be some
macro economic indicators defined on [0, 00) and let f;L and f; y denote the
level of the lower boundary and that of the higher boundary respectively of
fyw, ?,t),z’ = 1,2 for the company j. Then, we may define €2, by

Q= (0,T) x I {fi, < f{(W,Y,t) < fin} (3.6)
or

Q= (0,7) x ({f, < F{W,Y,1) < flu} x [0,0) (3.7)
U[0,00) x {f2, < AW, Y 1) < f2})

To define the default stopping time, we first introduce the a set of stopping

times.

T, = inf{t; (W, Y1) < fi,} i=1,2 (3.8)
Ty = inf{t; f{(W, )>f’ }i=1,2 (3.9)

Then, the default stopping time may be defined by
T =T ATy AT AN Ty (3.10)

or

=inf{r; : 7] =77} (3.11)
WhereT —T]L/\TH andT —T]L/\T

More specifically, f*(WV, Y, t),i = 1,2 can be taken to be the aggregate wealth
W and the spot interest rate r(W, Y, t). That is, the PDE holds on

{(t,W,Y): W, < Wand r, < r(W,Y,t) <rg},
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or

{(t,W,Y); W, < Wor r, <r(W,Y,t) <ry},

and the boundary conditions are given by F(WV, )7(7']'), ;) = ©,;(W, ?(Tj), ;)
and F(W,Y,T) = U(W,Y,T).

[ii] Another way to capture default is to introduce a state variable Y; specific
to the company j. That is, some components of Y represent the firm j’s specific
state variables Y;,,Y},,---Yj,. Y}, for some s € {1,2,---,k} may be taken as
the firm’s asset value V. Then, the default of the company j is characterized
by the stopping time when Yj,, s € {1,2,---,k} hit some boundaries. Hence
the PDE still holds with the appropriate boundaries conditions. For example,
the default for the company j occurs whenever Y; hits the lower boundary

Y;.(t). That is, the PDE holds on
{8, W(0),Y(1)); Yir(t) < Yi(1)}, (3.12)
and the boundary conditions are given by
FW, Y1, Y0, Y, ;) = ©;(W, Y, --- Y1, -, Vi, 7)),

and F(W,Y ,T) = U(W,Y,T).

More specifically, suppose a defaultable security is considered as a function of
r(W, Y, t) and V, that is F'(r(W, Y*, t),V,t) where the last(k th) component
of Y is V', the firm’s asset value and Y* consists of the other factors. Then,

if the default boundary is taken as V7, the PDE may be expressed as

1 1
55;5,.}7}7« + 55;5VFVV + 5jngrv + (313)

pEy + (o — ¢v)Fy + F, —rF =0

where
e = (FW = )rw + (ig. — bg.) o (3.14)
1 S
+ Var(dW)ryw + Cov.(dW, dY*)TFW?* + ftr.(g?*?*ﬁ*ﬁﬁ) (377;
and
& =rwd G+ 7.8 (3.15)



for {(W, Y*,V, t);t < T,V <V} ¢y and ggy* denote the risk premia of V' and
Y+ respectively, and rw, rg., rww, 7y and .. denote the partial deriva-
tives of 7 with respect to W or/and Y*. Var.(dW) and Cov.(dW,dY*)T are
determined by Var(dW) = @' GG'a@ and Cov.(dw,dY*)T = @' GS*" where
a denotes the vector of the propotion of wealth invested in real assets with
a'l=1

The boundary condition may be given by F(T) = X (r(W,Y,T),V,T) where
X denotes a terminal payoff of a contract and F(r) = O(r(W,Y,7),V,7)
where 7 = inf.{t; V; < V. }.

We next show that the model of Longstaff and Schwartz(1995) can be consid-
ered an example in this case. In fact, we first assume the utility function of
the representative agent to be a logarithmic one, u(c;,t) = e % logec;, § > 0.
Next, we suppose that there is only one real asset,  and that there exist two
factors, Y;, « = 1,2. The stochastic processes of n and Y;, i = 1,2 are assumed

to be

dn = (o + aY1)ndt + oyn(pydwy, + /1 — P%dwm&)
dYi = (1 — pa2Yr)dt + ordwyy

dYs = ppYadt + 0oYs(pdwyy + /1 — p2dws,)

where o;,1 = 1,2, 0y, p13,0 = 1,2, pp and 03,7 = 1,2 are some constants, p,
and p are constants with |p,| <1 and |p| <1, and w;,i = 1,2, 3 are mutually
independent Brownian motions. That is, we assume that the two factors follow
an Ornstein-Uhlenbeck process and a lognormal process respectively, and that
the process of the return of the real asset depends only on the first factor.
Then, we can easily obtain the process of r and the risk premia of Y, i = 1,2
since as in CIR(1985b), the indirect utility function is given by J(W,Y1,t) =
f(t)logW + g(Y1,t), where f(t) = M. That is, the equilibrium spot

interest rate is obtained by
r=ao —02%—042}/1,

and the factor risk premia are obtained by ¢y, = p,0,01 and ¢y, = p,po,02Y>

respectively. Consequently, if we interpret the factor Y5 as the firm’s asset V'
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and further assume that V' is tradable, which implies (uy — ¢y) is replaced

by 7V, then the PDE (3.13) becomes the exactly same one as they derive.

Next we briefly examine the boundary conditions for several defaultable securi-
ties. We suppose the price of a default-free security such as a zero coupon bond,
an optioin or a swap is obtained by the fundamental PDE with the appropriate
boundary conditions specified by the contract’s payoff.

e Zero coupon bonds
w(W,?,T) =1 and @j(W,?,Tj) = ¢;P(1;,T) where P(1;,T) denotes the
price of the default-free zero coupon bond at the time 7; with the maturity

T, and ¢; denotes the recovery rate for the company j which may be a well-
behaved function of (W, Y, t).

e Vulnerable call options on a zero coupon bond
YWY, T) = (P(T,T*) = K)* and 6;(W,Y,7;) = ¢;C(P(7;,T"), K, 7;)
where P(T,T*) denotes the price of the default-free zero coupon bond at the
time T with the maturity 7%, and C(P(7;,T*), K, 7;) is the price of default-
free call option at 7;. ¢; denotes also the recovery rate of the company j

which sells the option.

e Call options on a defaultable zero coupon bond
YWY, T) = (P(T,T*) = K)* and ©,(W,Y,7;) = P(r;,T)(¢; P, T*) —
K)* where P;(T,T*) is the price of the defaultable zero coupon bond of the
company j at T with the maturity 7.

e (One Period) Swaps
(W, 17, T)=F — L where F' denotes a fixed rate which is received by the
company 1 and L denotes the LIBOR which is received by the company 2.

OW, Y, 77) = Ly, (2)>0y Vi (10) + Ly, (r2y<oy 01 Vi (77)
if 77 =7 and
OW, Y, 77) = Ly, (2)»0y02Vr () + Lpv, (r2) <0y Vi (77)

if 77 = 7o where V;(7#) denotes the price of the default-free swap at the time

72 with the same terminal payoff.
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2.2 An Example: A One Factor Model

We present the model with one factor of the square-root process as an example of
the specification [i] in the previous subsection. The state of the default is described
by the stopping time when the spot interest rate or/and the level of the wealth which
is equivalent to the price of the market portfolio in this model hit some prespecified
boundaries. Those levels may be specific to each company. We start with the set of
assumptions in the model.

First, we fix the period of the economy in this model as [0, T*], where T* is a
positive finite number. Then, the representative agent is described by a logarithmic

utility function which is explicitly given by

T*
E [/ e " log ¢ dt] .
0

where p € (0,00) denotes the time preference of the agent.
The State variable Y which governs the economy follows a square-root process
as in CIR(1985b).
dY = (&Y + &)dt + oVY dw,

where & and & are some constants with & > 0 and w,; is a one-dimensional
Brownian motion. There is a single capital stock or real asset denoted by n in the
economy. The process of the logarithm of 1 is completely determined by the state

variable Y and also follows a square-root process.
dn = aYndt + GVY ndw,

where a and G are some constants with @ — G? > 0.

Finally, there are four financial assets in the economy as follows.
e The riskless money market account B; with riskless rate r

e The equity (market portfolio) S; which claim the capital stock at 7%, that is
/’7T* .

e The default-free zero-coupon bond with the maturity T'(< T%), P(¢,T) with
the payoftf P(T,T) = 1.
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e The defaultable zero-coupon bond for the company j with the maturity 7,
P;(t,T) with the payoff P;(T,T) =1 without default. The payoffs in case of

the default are discussed later.

Next, we characterize the states of the default. In particular, we consider the

two cases for the states which drive the j’s default.

(i)The default of j occurs if the price of the market portfolio hits the lower
boundary Sj;, for the company j, or the spot interest rate hits the lower boundary
rjr, or the higher boundary 7,z for the company j. That is, the default occurs
whenever the market portfolio or the spot interest rate hits its boundary.

(ii) The default of j occurs if the price of the market portfolio hits the lower
boundary S;;, and the short term interest rate hits the lower boundary r;;, or
the higher boundary r;m. That is, the default occurs whenever both the market

portfolio and the spot interest rate hit their boundaries.

We next define three stopping times associated with the default of the company

1 = inf{t;r, <7}
T2 = inf{t;ry > rig}
7 = inf{t; S < S}
In equilibrium, simple calculation shows as in CIR(1985b) that the stochastic

processes of the consumption, the spot interest rate, the stock price, and the price

of the default-free zero coupon bond are given respectively by

I s L
r = (a—GHY,
S, = W
and
P(t,T) = A(T —t)ePT=tr,

Now we turn to our main objective, pricing the defaultable bond. In order

to evaluate the price of the defaultable zero coupon bond, we first note that the
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fundamental PDE may be rewritten in terms of S and r. First, we note that the

1

process of the wealth is expressed by using ¢, = —L=—+W and Y = e

1T o p(T™—1)

T as

AW = (aYW —¢)dt + GVY Wduw,
= [aY - (p)} W+ GVY Wduw,

1 — e p(T*-1)

o 0 -
= @) (=) | w oy (g ) wam

Next, we note

Py = Ppla—G?
PjYY = ‘Pjrr(a - G2)2
PjWY = Per(Oé - GQ)-

_1
a—G?

Finally, replacing W and Y by S and r respectively, we can re-express the

fundamental PDE in terms of W and r.

1 G? 1
5 (Oé — G2) TS2‘PjSS + 50-2(0[ - G2)r-Pjrr + GO—TS-F)jS'I‘ —+

(7“— [1_6_pp(T*_t)]> SPjs + [(51 — Go)r + (Oz—G2)§2} Pjr + Pjy —7P; = 0

for the case (i) S, < S and r, < r < ryg and for the case (ii) S, < S or
r, <r<rg.

The boundary conditions are given by
P; (T’ T) =1
and for t < T,

(1) Pj(SLvra 7-27T) = SOJP(TQJT>
Pj(S7TL77—117T) = SOJ'P(TllvT)
P]<Sa 7,1-177—12777) = SOjP(Tl%T)

in the case (i), and

(11) Pj(SL,’I”L,T,T) = ngP(T,T) ile:Tll
‘Pj(SLeruTaT) = ()OjP(T>T) if7-1:7—12
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in the case (ii) where 71 = 711 A 712 and 7 = inf{m; 5 = 71}, and ¢; € [0,1) is the
recovery rate.
Finally, we note that the solution of the PDE with a set of the boundary condi-

tions may be represented by the conditional expectation. That is,

Pi(t,T) = Efle ) T“dul{tg-r<T}§0ij(7-aT)}

T
T

+ E [6_ft udul{TZT}]

where 7 = 71 ATia ATy in (i) and 7 = inf{m; = 7} in (ii). The conditional

expectation is taken under, for t € [0,7)

P

G ;

dr = [(fl —Go)r + (a — Gz)fz] dt + ova — G2\/rdw;.

A Numerical Example

We compute a defaultable zero coupon bond as a numerical example. We suppose
that the default occurs if both the spot rate » and the market portfolio S hit their
lower boundaries for the company j, r;;, and Sj; respectively. We next define a set

of the stopping times.

= inf{t;r, <rp}
T, = inf{t; S, < Sp}

7 = inf{m;7 =}
Then, the payoffs of the defaultable zero coupon bond is given by

P(I,T) = 1ifr>T
Pi(r,T) = @;P(r,T) ifr<T

where ¢; is a constant € [0, 1).

Finally the parameters are specified numerically as follows.
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The maturity of the bond(7) = b5year
The correlation(p) = 0.07
The recovery rate(y) = 0.7
The current spot rate(rg) = 7%
The expectation of rin 5y = 7.0%
The standard deviation of r in 5y = 5.38%
The current market portfolio(Sy) = 100.00
The expectation of Sin 5y = 103.31
The standard deviation of S in 5y = 36.13

We compute P;(t,7) by the Monte Carlo simulation and the result is given in
Table 3.1. We list the spot yields of the five-year zero coupon bonds for different
default boundaries of the spot rate and the market portfolio. We also show the
spread between the yield of each defaultable bond and that of the default-free bond
with the same maturity. We note that the yield of the default-free bond is 6.73 %
for all the cases. In the first three rows, we fix the default boundary of the spot
rate as 0.5 % and compute the spot yileds for three different default boundaries of
the market portfolio,60, 50 and 40. As we expect, the lower is the boudary of the
market portfolio, the larger is the spread. In fact, the spread for the boundary of
60 is 114 basis point where the spread for the boundary of 40 is 27 basis point. In
the last three rows, we compute the spot yields for two different default boundaries
of the spot rate, 0.25 % and 1.00 % while we fix the default boundary of the market
portfolio as 50. Again, the spread is larger when the boundary is higher; the spread
for the boundary of 1.00 % is 111 basis point and that for the boundary of 0.25 % is
63 basis point. All in all, the spread is largest when the boundary of the spot rate
is 0.5 % and that of the market portfolio is 60 and is smallest when the boundary
of the spot rate is 0.5 % and that of the market portfolio is 40.
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2.3 An Example: A Two Factor Model

We introduce another state variable Y; which is specific to the company j in the
previous one-factor model. Y; may be regarded as the asset value of the company
Jj while Y represent the factor dominating macro economy. Y; also follows square-
root process where the Brownian motion may be correlated with the one in the first
factor. The correlation is denoted by p; € [0,1]. Then, the state variables in the

model are given by

dY; = (&Y + &y)dt + Uj\/?j(dewt + mdwjt)
dY = (§Y +&)dt + oVY dw,.

The other specification is same as in the previous example. That is, the representa-
tive agent’s preference is a logarithmic utility function and the real asset process is
given by

dn = aYndt + GVY nduw,.
Note that the capital stock’s movement is dominated by the factor Y only. Hence

as in the previous one-factor model, the interest rate r is given by r = (o — G?)Y

in equilibrium and the factor premiums are obtained by a simple calculation.

¢y = oGY
v, = pioiGVY Y.

Hence the fundamental PDE for any defaultable securities of the company j

becomes

1 1 S
50T Py + S0Py, + piooa = GV Y, Py,

2 27

(6 = oG + (0= GI&] Py + (€47 + &) — oG VY ) P
J ity J I Ja— 2 J | <Y

+Pjt - ij = O

In particular, when the Y; itself is a traded asset, the coeficient of Py, is replaced

by rY;.
1
(&ij + &) = pj0iG——; mﬁv YJ’) =rYj.
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In this model, the default of the company j is characterized by the stopping time

Tj = mf{t, }/jt S Y;L}

Hence the default of the company j occurs whenever the factor Y; hits the lower
boundary Y. Consequently, the price of each defaultable security of the company
j is obtained by solving the PDE with a set of appropriate boundary conditions of
the payoffs at the maturity as well as at the default stopping time 7; . For instance,
the boundary conditions of the defaultable zero coupon bond with the maturity T

is given by

P(T,T) = 1ifr;>T
(1, T) = @iP(r,T) ifr; <T

where ¢; denotes the recovery rate and P(7;,T) denotes the price of the default-
free zero coupon bond with the maturity 7" at 7;. Although this example is obtained
in the framework of CIR equilibrium model, it is similar to the model of Longstaff
and schwartz(1995) except the assumption of the stochastic processes which Y and
Y; follow if the Y} is interpreted as the firm’s asset value and the asset is assumed

to be tradable.
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3 Model II: The Securities with the default risks
in the CIR Economy (II)

A default risk is modelled by utilizing a predictable stopping time in the previous
section since the time of a default is an exit time of some diffusion processes from a
certain region. One may argue that as the default occurs surprisingly, the stopping
time of the default is not predictable, but totally inaccessible. For instance, Unal
and Madan(1995) reports the some empirical evidence shows that the spreads of
corporate bonds may be substantially large even just prior to their maturities while
those are limited for the companies which operate for long periods in state of so called
technical default. If this is the case, a predictable stopping time is not suitable
for modelling the time of default. Rather, a totally inaccessible stopping time is
appropriate, which implies a jump process may represent the event of a default.
We in this section present a new model for the case by introducing a set of new
state variables which follows a certain jump process and extend the original CIR
general equilibrium model. By using the state variable, we model the empirical ob-
servation that the default itself is driven suddenly by the specific factors in the firm
which are usually unobservable or hidden just prior to the default while the possi-
bility of the default in the next instant given the company’s current solvency may
be infered by the other economic variables such as macro economic indicators. For
example, the observation is made by Longstaff and Schwatz(1995) and Duffee(1995)
where they report the change in the level of interest rate represented by the treasury
yields are very important to the variation in credit spreads of the corporate bonds

and they are negatively correlated.

3.1 A General Model

We start with the definition of the default indicator function. First, let 7; denote
the time of default of the company j which is a totally inaccessible stopping time

and

Hj(t) = lisry (3.16)
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is called the default indicator function. Next, a counting process is defined by
Ni(t) = D Loy
k=1

where 7; = ;1 < Tj2 < --- is an increasing sequence of stopping times. By using
Doob-Meyer decomposition, N;(t) is decomposed into the finite variation part and
the martingale part. We know that the finite variation part is continuous if 7; is a
totally inaccessible stopping time. Furthermore, we assume absolutely continuous.
Then,

Ny(t) = [ As(s)ds + M (1)

where \;(¢) is an intensity function which may be random that is, in general, \;(¢)
may depend on times and the realization of the other variables as well as on the
value of the contract itself, and M;(¢) ia a martingale. In particular, we will make
A;(t) related to the wealth W and the factors Y. Under this setting, H,(t) is
expressed by the stopped process of N;(t) at ¢t = 7;.

H;(t) = Nj(EAT5) = /Ot Aj (8)Lis<ryds +mj;(t) (3.17)

where m;(t) = M;(t A 7;) is a martingale and 1<,y = 1 — H;(t—). We will extend
the CIR(1985a) model by utilizing the new factors.

For ease of exposition, we introduce two types of the default indicator functions
in the model and assume that the simultaneous defaults do not occur. We first fix
the period of the economy as [0,7%],7* < co. We define the factors governing the

economy of the model.
dY = (Y, t)dt+ S(Y,t)dw, (3.18)
dH; = MN(Y,W,t)(1 — Hj_)dt +dm; j=1,2 (3.19)
where Y and S denote the k x 1 vector and k x (n + k) matrix respectively, and
wy is the (n + k) x 1 Brownian motion.
We assume that there exist n types of real assets or capital stocks following the
stochastic processes which are exogenously specified. The uncertainity of the real

assets in the next instant is generated by the Brownian motions while the coefficients

of the processes may depend on the factors H;,j = 1,2 as well as Y.
dif = 1,3(Y , Hy, Hy, t)dt + I,G(Y , Hy, Hy, t)did, (3.20)
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where 77 and G denotes the n x 1 vector and n x (n + k) respectively.

We also suppose that there exist the financial assets of the riskless bond and (k+
2) types of defaultable securities. We note that the processes of the securities with
default risks include not only the continuous components generated by Brownian

motions, but also the jump components due to their default risks.

dP;, = B;Pdt+ & Pdiw; (3.22)
+ (©aP, —puP)dHy + (©pP; — ¢inP)dHy; 1 =1,2,---,(k+2)

where ¢, k=1,2,---,(k+2) denote (n+k)x1 vectors. r, §;,1 =1,2,---, (k+2),
gi,i=1,2,---,(k+2),0;;,i =1,2,---,(k+2),j = 1,2 are endogenously determined
in equilibrium while @ and G are exogenously given.

We assume that the contracts of the defaultable securities are terminated once
a default occurs. The term —¢;;P,dHj,j = 1,2 for each i = 1,2,---,(k + 2)
means that once the default of the company j, j=1,2 occurs, the dividend ¢;; F;, j =
1,2 respectively is paid at that default time where ¢;;,7 = 1,2 for each ¢ =
1,2,---,(k + 2) are exogenously given recovery rates. In other words, we assume
that the contracts are terminated once a default occurs and the payoffs in case of
the default are paid.

Then, the wealth process for the representative agent is expressed as

(k+2)
AWy = (W —c)+a (@ —rD)W+ > bi(B; — r)W]dt (3.23)
i=1
(k+2) (k+2) 2
+ Wa' Gdiws, ++W Y bid[dd +W Y by OydHj,.
i=1 i=1 j=1

Hence the ”dynamic programming problem” in this economy for the representa-

tive agent is defined by
T* .
maﬁczoﬁz(),bl7b27,..7bk+2Eo [/0 U(C, Y, Hl, HQ, t)dt (324)

subject to the wealth process (3.23).
Then, an equilibrium in the economy is defined as in the original CIR(1985a).

That is, an equilibrium is defined by a set of the equilibrium stochastic processes
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(r,Py, Py, -+, Pyys) with@>0 and @'1 =1 so that given (r, P, Py, -+, Piya),
(¢, by, ba, -+ bpys) where ¢>0,a>0,a"1=1,and b, =0,i=1,2,---,(k+2)
solves the ”dynamic programming problem” for the representative agent. We solve
this problem in the following three steps, [A], [B] and [C]. We denote the indirect
utility function in equilibrium by J(W, Y, Hy, Ho, t).

[A] We first solve the optimization problem in the economy where there are only

real assets.

T .
MAT>0,3>0,a=1E0 [/ u(c,Y, Hy, Hy, t)dt
0

subject to

dW, = (@"aw — c¢)dt + Wa' Gdi,.
The Bellman equation is obtained by
0 = Ji+mazc>0a>0 [u(ct) +(@"aw — ¢)Jw
;*TGGTJVV?JWW + @ GSTWTo + 1Ty + ;tr(SSTJ}?)
ML= Hy ) {J(W.Y 1, Hy) = J(W,Y, Hy, Hy)}

Ao(1 = Hoe ){J(W, Y, Hy, 1) = J(W,Y, Hy, Hy)} + (1= @'T)|.

where v denotes the Lagrangian multiplier associated with @' 1 = 1. The first order

condition of the Bellman equation with respect to @ is given by
(WJw)d + GG aW? Jyw + GS W e —41 <0 (3.25)
where the equality holds for a > 0.

[B] Next, we consider the optimization problem in the economy where the riskless

asset exists in addition to real assets.
T* .
maz.>o.a>0Eo / u(c,Y, Hy, Hy, t)dt
== 0

subject to

AW, = [@" (& — r)W + (rW — ¢)|dt + Wa ' Gdib,.

The Bellman equation is obtained by
0 = Jt + max:>o,a>0 [U(Ct> + {(TW — C) + JT(& — TT)W}JW
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1 , L1 .
icTT@TJWUWW +d@ GSTW e+ i Ty + §tr($TJﬁ;)
ML= Hy ){J(W, Y, 1, Hy) — J(W,Y, Hi, Hy)}

No(1 = Hy )J{J(W,Y, Hy, 1) = J(W,Y, Hy, Hp)}] .

The first order condition with respect to @ in this Bellman equaition is given by
(WJw)(@ — 1) + GG aW Jyww + GS "W Jyp <0 (3.26)

where the equality holds for @ > 0. Comparing the first order condition (3.25) and

(3.26), we obtain
0
Wy

r

We also note that
@AWy +ad GG AW Jww + i GSTW Je = .

Hence we obtain

r=da+ @66 (T + (@ 6sT) (‘”VY) - (3.27)
JW JW

Note if we define the factor premium for the wealth W, ¢y by

—W2Jww

ow = (@' GG'a) < T

) + (@' GST) (-W‘fjﬁ) , (3.28)

the equilibrium r may be written by

1
_—»T—»_i
r=a « Ow .

[C] Finally, we turn to the main objective of deriving the pricing equation for the
pre-default values of the defaultable securities. First, we show the Bellman equation
for the dynamic programming problem where all the contingent claims are included

in addition to real assets and the riskless asset.

Lemma 3.1 The Bellman equation of the dynamic programming problem for the

representative agent is given by
0 = Jt + maxczo,az()’bl’bz,...’b,ﬁ% [U(Ct) + {(rw — C) + JT<& — TT)W (329)
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(k+2)
+ Z b g — T W}JW

1 - -
+ id’T@ aW2 Jww + 517 SN W2 Jw + @ G oW T

5 1 5 - S
+ Tyt tr(SST Jpp) +d GSTW iy + BTESTW yy

(k+2)
+ M= Hy ){JW[1+ Z b;O:], Y 1, Hy t) — JOW,Y, Hy, Hy, t)}
i=1
(k+2) . B
+ (1= Hy YW+ 3 00:), Y, Hy, 1,1) — J(W,Y,Hl,Hg,t)}]
i=1
where b = [by, by, -+, bpya] T and B = [61, 6%, -+, oxta) "

The first order conditions with respect to b; are given by

0 = (Bi—r)WJw+ |bid; 7+ > bud; o7+ d' G
/#1

W2 Ty

(k+2)
+ 7' STWpe + M1 — Hy)OuWayw (WL + > 6:04],Y, 1, Ha,t)
=1
(k+2) .
+ Aol = Hy )OpW Iy (Wl + 3 b,0,],Y, Hy, 1,1).

i=1
We set b; =0, i =1,2,--,(k + 2) in equilibrium and obtain the relation which
the drift term, the diffusion term and the coefficients of the jump terms must satisfy

in equilibrium.

—W.J T
e — Tz (T IWW =T oT WY
Bi—r aGm( 7. )+UZS ( T )

JI/V(W) }77 17 H27 t)

Jw(W, Y, Hy, Ha, t)
JW<W7}77 H17 17t)

JW(W7 }77 Hla H27 t)

- @Zl)q(l — Hl) (

- 612)\2<1 — Hg) (

We define 5\1 and 5\2 by

N Y. 1. H
M= N Sw (V.Y 1, Ho, 1) (3.30)
JW(W7Y7H17H27t)
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and

Y JW<W7}77H1717t)
A = A - )
JW(W7Y7H17H27t)

(3.31)

Note S\j > 0,7 =1,2 aslong as Jy > 0. Suppose P; = P;(W, Y, Hy, Hyt),i =
1,2,-+-,(k +2). Then, we first replace 7;,i = 1,2,---,(k + 2) by the coeffi-

cients of the diffusion terms which are obtained by applying Ito’s lemma to P, =

B(WV7H17H2J)7Z': 17277(k+2>

;P =GiWPw + S' Py

Thus th excess returns of P;,i =1,2,---,(k +2) are expressed as
— —WJ
(Bi—1)P = (@ GG aWPyw +d GSTP) (wa)
w

L+ (PwWa'GST + PLSST) (_‘J]VV;Y)

- 6115\1(1 - Hl)-Pz - 6125\2(1 - HQ)PZ

T2 —“W.T. .
— |a'GG"a M +a'Gs”T M P,
JW JW
_ ~WJ — T
B SG“(VVW) ssT | Zwy
+ iy oG a T + 00 T

— Oui(l — Hy)P, — Op)s(1 — Ha) P,
= ¢wPw + ¢LPy — Ou (1 — H) — Ops(1 — Hy),

where

T2 7.
ow = (Cﬂ@%) (WJV"W) 4 (gT@T) (_WJWY>
w w

5? — SGT@(_VVJWW>+SST —Jwy '
Jw Jw

Next, we substitute 5; P; by using Ito’s formula. Then,

1 1 .
BiPi = SVar(dW)Paww + §tr($TPﬂ7?) + Cov.(dW,dY ) Py
+ (@'aW —¢)Pyw + i’ Py + Py
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Next comparing the jump terms which are also obtained by applying Ito’s for-

mula to P; = Py(W, Y, Hi, Ho, t) with those of the original process of P;, we have

(©i1 — i) Py(t—)dHy— + (Os2 — piz) Pi(t—)dHoy—
= P(W,Y,Hy, Hy,t) — P(W,Y, Hy, Hy, t—).

Our objective is to derive the pricing equation of the pre-default value and hence

set Hi;_ = Hy;— = 0. Then,

(O — i) P(t—)Hyt + (Oi2 — @io) Pi(t—) Hoy
= R(Wv }7’ Hla H2a t) - PZ(VV; }77 07 Oa t_)

If H; = 0 and Hy = 0, then the above equation identically holds since W and
Y are continuous processes, and P;(W, 17, 0,0,t) is continuous in W, Y and t, that
is Pi(t) = Pi(t—). Moreover, we note that Hy; = 1 and Hy = 1 do not occur

simultaneously by assumption. Therefore, we have the relations.

(@il - SO’LI)PL(t_> - -P’L(W7§771707t> - R<W7}770707t_)
and

(O — ) Pi(t—) = P(W,Y,0,1,t) — B(W,Y,0,0,t—).

Then, we also set P;(W, Y, 1,0,t) = 0 and Pi(W,?,O, 1,t) = 0 as the boundary
conditions since the contracts are terminated once a default occurs. Hence, we

obtain

Ouli(t—) = —(1—9u)Pi(t-)
and
Onli(t—) = —(1—pi)P(t-).

Finally, using 7W = @' @W — ¢y, we have the PDE for pre-default values of the

defaultable securities.

Theorem 3.2 The pre-default value of the defaultable securitie, P; must satisfy the

partial differential equation.
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1 1 —~
5 Var- (W) Pww + itr(ﬁTPﬁ) + Cov.(dW,dY )" Py
+(r*W = )P + (i — ¢3) Py + Py
—{r+ (1= @n)h + (1 = ) A} P, = 0. (3.33)
Hence, once a terminal boundary condition is specified by the payoff of a contract
without default, we can evaluate the pre-default value of the defaultable financial

asset. In particular, given the terminal condition, the solution of these PDE is

represented by the conditional expectation under some probability measure.
Proposition 3.1 The pre-default value of P; at the time t is represented by
T
Pi(t) = Ef e~ Jo Bilwdux () (3.34)

where X;(T') is the terminal boundary condition determined by the payoff of the

security i without default and

Rit) = r(t) + {1 — oa (O (t) + {1 — pia(t) I ha(0). (3.35)

The conditional expectation is taken under the measure () where W,? and

Hj;,j=1,2 follow the stochastic processes

dW = (W —c)dt + Wa*T Gdwy
dY = (- ¢g)dt+ Sdi;
and
dH; = N(1—Hj)dt+dm}, j=1,2,

where @ and mj, j = 1,2 denote the (n+k) dimensional Brownian motion and the

Jump martingales under ) respectively.

Finally, we make a comment on the recovery rate ¢;;,7 = 1,2 of the security i
when the payoff to both the parties in the contract can be positive or negative such

as a swap. In this case, p;; and ;5 are given respectively by

e =  Yalypsoy +1lip<oy
and

Yo = ©alyp>oy + 1 1ip <0}
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As the full payment rule becomes common in practice, ¢ = @5 = 1. Then, R;(t)

in the case is given by

Ri(t) = r(t) + {1 — o1} M () Lgp<oy + {1 = 22(O)Pha(D)1pz0)-

3.2 An Example: A Two Factor Model

We next show a simple example which illustrates a two-factor model as a special case
of the general model presented in the previous subsection. First, we fix the period
of the economy as [0, 7] where T* is a prespecified constant. Next, we specify the
state variables, one of which governs the macro economy and the other of which is

the default indicator function specific to the company j.

dY = (§Y +&)dt + oVYdw,

where w; is a one-dimensional Brownian motion and m; is a jump martingale. Y'(¢)
follows the square-root process and H;(t) follws a jump process whose intensity
depends on the wealth and the interest rate in equilibrium.

There is a single agent in the economy where the representative agent’s utility

function is represented by a logarithmic utility.

T*
E [/ e " logc dt]
0

where p denotes the rate of the time preference which is a positive constant.

The capital stock process is completely determined by the factor Y.
dn = aYndt + G\/?ndwt

Finally, we suppose that four financial assets in the economy are traded in the

market as follows.

e The riskless money market account B; with the riskless rate r which is
endogenously determined.

dB = rBdt
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e The equity S; which may be interpreted as the market portfolio in and claims
nr« at T
dS = pgSdt + o5 Sdw,

e The default-free zero-coupon bond P(¢,T) whose payoff at T'(< T%) is P(T,T) =
1.
dP(t,T) = upP(t, T)dt + opP(t,T)dw;

e The defaultable zero-coupon bond P;(¢,7") which is characterized by the pay-
off that the dividends ¢;P; is paid once a default occurs where ¢; is an
exogenously given recovery rate, and P;(T,T) =1 at the maturity 7 without
default.

AP, = B, Pydt + 0 Pydw, + (8,P; — o, Py)dH,,

A simple calculation shows that in equilibrium, the spot rate r; is a linear
function of the factor Y; and the market portfolio S; is equivalent to the wealth

Wi

r = (a—GYY,
Si o= =W,

The zero coupon bond is easily given by an exponential function of r as in
CIR(1985b).
P(t,T) = A(T — t)eB@=0r

where A(T —t) and B(T —t) are the functions of (T —t).

Now we turn to the main objective of pricing the defaultable bond. First we
note that \;(W,Y,t) may be rewritten by a functin of S, and ¢ since S = W
and r corresponds to Y by one-to-one. That is, we make the intensity depend
on the market potfolio and the interest rate. The intuition behind this is that the
possibility of default is closely related to the macro economy whose indicators may
be the level of the market portfolio and that of the interest rate. For instance,
when the interest rate as well as the price of the market portfolio is very low, the

economy is usually in the recession and hence the possibility of default is relatively
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high. Alternatively, a company’s profit may be positively or negatively related to
the level of the interest rate or/and that of the market portfolio. For example, the
banking sector is usually profitable when the short term interest rate is low and the
yiled curve has a positive slope while the security company is profitable when the
level of the market portfolio represented by a stock index rather high. Hence let
N (WY, t) = Aj(S,r,t). Then, by using the fundamental pricing PDE in the general
model previously derived, we can easily show P;(t,T") satisfies the PDE

1 G? 1
2 (a — G2> rS*Piss + 502(0‘ — G*)rPj.. + GorSPjs, +

(7= =y 8P + (6 G (0 G Pt -

{r+ 1 —¢)A}P;=0.
The terminal boundary condition is obviously given by
P(T,T) =1.

Equivalently, the solution of the PDE with the termianl boundary condtion is

represented by a conditional expectation. That is,
P, T) = E; [e‘ LT{W+(1—%'>AJ'u}d“}
where the conditional expectation is taken under for ¢ € [0,7%),

p "
ds = (T— []__e—p(T*—t)]> Sdt‘i‘US\/Fdet

dr = k(0 —r)dt + o.\/rdw;

where
B G
Y e
K = —51 + Go
0 — (o — G2)52
(=& + Go)
and
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For example, A;(S,r,t) is specified by

1 1
M) = s Y )
or
1
)V(S, r, t) = m

where a,b,g and h are positive constants, which indicates that the default occurs
more likely when the level of the market portfolio and the interest rate are low and

vice versa.

A Numerical Example
We will give a numerical example of P;(¢,7) in the two-factor model. First,
A;(S,r,t) is specified by

1 1
@S+ T gr+h)

)‘j(Sa T’,t) =

where the parameters are given by a = 1381.0,b = 3.3 and g = 2.0,h =0.1.

The other parameters are specified as follows.

T = 30.00
T = 5.00
¢ = 0.50
Sp = 100.00
p = 0.07

os = 0.80
ro = 0.03
k = 0.25
0 = 0.07
o, = 0.15

We compute P;(t,T) by the Monte Carlo simulation and the results are shown
in Table 3.2. We list the spot yields of the five-year defaultable bonds, those of
the default-free bonds with the same maturity and the spreads between them for

different initial values of the spot rate and the market portfolio. In the first three
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rows, we fix the initial value of the market portfolio as 100 and compute the spreads
for three different initial values of the spot rate, 3.00 %, 7.00 % and 10.00 %. As we
expect, the lower is the initial value of the spot rate, the larger is the spread because
in general, the intensity is larger when the initial value is smaller by the functional
form of the intensity and consequently the default risk is higher. In fact, the spread
is 162 basis point for the inital value of 3.00 % while the spread is 100 basis point for
the inital value of 10.00 %. In the next two rows, we fix the initial value of the spot
rate as 7.00 % and compute the spreads for two different initial values, 50 and 150
of the market portfolio. Then, the similar observation holds. That is, the spread
for the inital value of 50 is 142 basis point and the spread for the inital value of
150 is 110 basis point. In the last two rows, we show the two extreme cases. In the
first case, both the inital values are rather low; the inital value of the spot rate is
3.00 % and that of the market portfolio is 50. In another case, both are very high;
the inital value of the spot rate is 10.00 % and that of the market portfolio is 150.
Then, the spread is 186 basis point for the first case, which is the largest among all
the spreads reported in this table, and the spread is 92 basis point for the second

case, which is the smallest among all the spreads in this table.

4 Concluding Remarks

We present new models for pricing of the securities subject to default risks in a
dynamic general equilibrium framework. We propose two types of the models, one
of which is to utilize a predictable stopping time to chracterize the state of default,
and the other of which is to introduce a totally inaccessible stopping time, a jump
process to model the event of the default for each company. Both models are general
enough to evaluate any defaultable securities. The state of default in the model
may be related to macro economic varialbles such as the spot interest rate and the
market portfolio which are determined in equilibrium inside the model as well as
to the factors specific to each company such as a firm’s asset. For instance, in
the predictable stopping time model, the default occurs when the spot interest rate
or/and the market stock index hit some low level which may vary among companies,

and in the jump process model, the possibility of the default in the next instant of
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a company depends on the level of the spot interest rate and that of the wealth in
the economy while the default itself occurs due to the firm’s own reasons which are
usually unobservable. To illustrate those features, we also present a set of simple
examples such as one-facor or two-factor models.

x
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Table 3.1: The default boundaries and spreads(default-free 5y rate 6.73%)

Sip | (%) | yield(%) | spread(bp)
60 0.5 7.87 114
50 0.5 7.57 85
40 0.5 7.00 27
50 0.25 7.36 63
50 0.75 7.76 102
50 1.00 7.85 111

Table 3.2: The defaultable spot yield(5Y)
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ro(%) | So | (1)defalutable yield(%) | (2)default-free yield(%) | (1)-(2)(bp)
3.00 | 100 6.18 4.56 162
7.00 | 100 7.91 6.73 118
10.00 | 100 9.36 8.36 100
7.00 | 50 8.15 6.73 142
7.00 | 150 8.83 6.73 110
3.00 | 50 6.42 4.56 186
10.00 | 150 9.28 8.36 92
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