On Robust Utility Indifference Valuation

Keita Owari

Hitotsubashi University
keita.owari@egmail.com

@ University of Tokyo
Feb. 10, 2011

Duality in Robust Utility Maximization Keita Owari 1/32



Introduction

Duality in Robust Utility Maximization Keita Owari 2/32



Preview
°

Basic Problem

Robust Utility Maximization with a Claim

@ Robust Utility Maximization
e S: semimartingale on (22, F,F,P) (cadlag, locally bounded).
e U: R — R, utility function: strictly concave & Inada condition.
e O: admissible strategies,
e.g., Opy :={0 € L(S,P): 6 =0, 6 - Sis bounded below}
e P:convexsetof P K P (= P c L'(P)): o(L', L®)-compact.
B e L% DO NOT assume B € L®°, but “reasonable integrability”.

maximize Pin}‘) Ep[U(8 - ST+ B)], among 6 € ©. J
=

@ Background:

o Model uncertainty;
o Robust utility indifference prices.

@ Aim: develop a general duality theory with

o general utility on R;
@ unbounded B.
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Convex Duality

Crush Course on Convex Duality (P = {PP})

@ Set V(y) := sup,(U(x) — xy) (= Ux) < V(y) + xy).
sup E[U(A- St + B)] < E[V(Y) + YB] + sup E[Y#-S7], VY > 0.

6€Opp 0€Opp
N— e’
=0or +oo
sup E[YO-S7]=0 & Y =1dQ/dP, 31 > 0, 3Q € Moo
0€Opp
dual problem

aQ aqQ
= sup E[UO-Sr+ B <|nf inf E{V|{A—)+A—B
v [U@-Sr+B)] = int it [ ( cﬂP) aP }

——

primal problem My={QeMpc:E[V(LdQ/dP)]<o0,IA>0}

@ “>"if Bis suitably integrable.

@ Dual optimizer (4, @) exists, Q ~ P, and 36: S-integrable:
e 0-Sis My-superMG and Q-MG, and V/(AdQ/dP) + B = —0Sr.
o E[U( - St + B)] = supgep,, EIU( - St + B)].
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Convex Duality

Duality for Utility Maximization

maximize inf Ep[U(® - St + B)l. among 6 € Opp. J
€

Can we get a nice “duality”? How??
@ A Common Strategy: Use minimax, then subjective duality:
supy infp Ep[U(8 - St + B)] = infpsupy Ep[U(6 - St + B)]
L infp inf, oEp [v (xg_g) + A%B]

o Refs: Quenez04, Schied/Wu05, Schied07, Hernandez2/Scheid06,07,
Gundel05, Follmer/Gundel06, Wittmiiss08, O.10a,b

@ Alternative view: Analysis of Robust Utility Functional:

us.p(X) = int Ep[UX + B)). X e L™,
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Our Idea

Abstract Duality: (Rockafellar’s ver)

@ f: E— RU{+o0}, convex, g: E — R U {—o0}, concave.

If either f or g is continuous at 3x € dom(f) N dom(g),
sup(g(x) — f(x)) = mln(f*(y) 9x(¥)).

XEE N —— —
f*,g«: convex & concave conjugates

@ C C E convex cone, f(x) = §c(x) = convex.
@ f*(¥) = sUpyec(X. y) = 8co(y)

={yeE":(x,y) <0,Vxe C} (polarcone).

@ If gis continuous at 3x € C,

sup g(x) = mln( 9« (y) +dce(y)) = mm —g«(y).

xeC
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Our Idea

@ Take E = L*® = E* = ba.
@ C:={XelL®:30 € Opy s.t. X <6-57}: convex cone, L>= C C,

c°nba’ ={AQ: 1>0, Qe My}

usp(X) = inf EplU(X + B)]

vep(v) i= XSLiEO(UB,P(X) —v(X)) = —(Ug,p)«(v).

ug,p is conti. = sup ugp(X) = m|n B p(v) = min Ve p (V).
XeC veC°ndom(vg,p)

@ Remaining: ug» continuous? vgp =77

@ Notations: oo it v&P

—_———
V|P) = in/f V(v|P) := inf Ep[V(dv/dP)]
My ={Q e My : V(/\QIP) < o0, 31 >0}
e Assume MY, # 0.
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Our Idea

of Robust Utility Functional

Under “suitable assumptions on B”,
@ us p is continuous on L,

Q vop(v) = V(v|P) + v(B)

if v o-additive, V(v|P) < oo
+00

otherwise.

@ Admitting the Key Lemma,

sup qu(X) = m|n VB, 7)(])) min  (V(AQ|P) + AEqg[B]).
XeC A>0,QeMy

o Easy to verify:

sup ugp(X) < sup ugp(f-Sr) < inf (V(AQ|P) + AEqQ[B)).
XeC 0eOpp A>0,Qe My

sup inf Ep[U(6-Sr+B)l = _min (V(1QIP) + AEalB)).
95®bb €P >0,Qe My
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Our Idea

How to obtain the “

@ QxR—->R
o F ® B(R)-measurable, x — f(w, X) is convex, proper, Isc,
@ Integral Functional

KX) == E[f(-, X)] = /Q f(0, X(0))P(dw), X e L™,

e This is obviously a convex functional (whenever well-defined),
e Regularity and the conjugate are obtained (Rockafellar’s th.).

@ Robust Version of Integral Functional

Ir,p(X) = sup Ep[f(-, X)]
pepP

o Still expected to be a nice convex function, but
e How about the conjugate?

@ Let f(w, x) := —U(—x + B(w)), then
ug,p(X) = =T p(=X) and vgp(v) = (Zr,p)*(v).
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Robust Rockafellar Theorem

Robust Version of Rockafellar Theorem
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Robust Rockafellar Theorem
°

Convex Integral Functionals

Integral Functionals and Rockafellar's Thm

0 f: QxR — R, F® BR)-mble, x — f(w, x) convex (Isc).
F(X) := E[f(-.X)]. X € L° (whenever make sense).

@ *(w,y) = sup,(xy — f(w, x)): w-wise conjugate of f.
e Automatically, f* € F ® B(R), Isc, proper, convex = k+ makes sense.
Rockafellar (1971, Pacific J. Math.)
(R1) 3X e L® st. f(-.X)T e LT,
(R2) 3Y e L' st. f*(-, V)t e L.
= k (resp. k+) well-defined, Isc, proper convex on L* (resp. L'),

(H*W) = k(dv,/dP) + sup vs(X), Vv = v, +vs € ba,
Xedom(k) S
regular & singular parts

@ f(wX)T e L', VX € L>® = 2nd term = 0 or oo & } is conti.
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Robust Rockafellar Theorem
.

Robustification of Integral Funcitonals

of Rockafellar's Theorem

@ P: set of prob’s « P: convex & weakly compact.

Robust Ver. of Integral Functionals

Tip(X) 1= SUp Eplf( X)), X €L = L(P),

@ Regular enough? Conjugate?

(Tp)*(v) £ “Tee p(dv/dP) +  sup  vs(X)
Xedom(Zs, p)

@ Another kind of conjugate integrand:
f(.y.2) == (2)*(.y) = sup(xy — 2f(-.y)). y € R, 2 > 0.
X
o Ty, 2) = 2f*(.y/2)if 2> 0,
Tpp(Y) = F!Q;D E[f(-,Y.dP/dP)|

o P ={P}= (. Y.dP/dP) = f(-, Y. 1) = f*(- Y), hence Tisy 7 = b
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Robust Rockafellar Theorem
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Main Theorem

Rockafellar-Type Theorem

D:={X e L®: {f(-,X)"dP/dP}pecp is Ul} C dom(Z ») and assume:
(1) D #9;

(I2) VP e P,AY e L' st. f(-, Y. dP/dP)t € L.

Then Z; p (resp. j;,P) proper, convex & Isc on L (resp. L"), and

T (dvy/dP) + sup vs(X)
XeD

< (&p)o) < Jip(dv/dP) +  sup  vs(X)

Xedom(Zs, p)

@ When P = {P}, D = dom(Z,p), hence equality.
@ In general, D C dom(Z;,p), but the inclusion can be strict.
@ But, this estimate is still useful.
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Main Theorem

Continued

5 p (dv/dP) + sup vs(X)
XeD

< @GP < Jip (dvr/dP) + sup  vs(X)

Xedom(Zs, p)

@ x — f(w, x) convex & finite on the whole R = continuous.
e fisnon-random = f(L*°) C L*® = D = L.
o Whenever D = dom(Zs p) = L*, I p is conti. on L*°, and

NF 73(dv/dIE‘)) if v is o-additive
otherwise.

(Zr,p)* (v) =

@ In general, the bound supy < x| |f(@, X)| depends on w.
@ A sufficient condition for D = L*°:

(11) 3g € C(R) & IW € L° s.t. {WdP/dP}pep is Ul &
flw,x) < 9g(x) + W(w)
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Robust Utility Functional

Analysis of Robust Utility Functional
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Robust Utility Functional

What are

@ Letf(-,x):=—-U(—x+B) = ugp(X) = It p(—X) & vgp = I;"P.

f(w, x) < U (X)) = U(=(1 + )B™ (0))

1+8 &

o (1) (= D= L®)if:

(B7) 3e > 0, {U(—(1 + &)B")dP/dP}pep is Ul. )

@ f(-.z,z) = zf*(.1) = z(V(1) + B), and
=V V) + U1 +e)B7)

, , (%)
< V() +yB=< V() - JU-¢BY)
Taking Yp = dP/dP, 7(~. Yp. Yp)* € L, VP € P (= (12)) if:
(B*) YP e P, 3e >0, U(—eB*) e L'(P). |
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Robust Utility Functional

@ ugp(X) = infeep Ep[U(X + B)]: continuous?
@ Vg,p(v) = SUpxe oo (U, (X) — V(X)) =77 ’

@ Under (B™) & (B7):
@ Rockafellar-Type Th. applies:
J; p(dv/dP) if v o-additive,

ug,p conti. & vgp(v) = )
+o0 otherwise.

Q 7(.dv/dP,dP/dP) € L' & V(v|P) < oo, hence Vv € ba?,

VOIP) +v(B) if VOIP) < oo
T p(dv/dP) = { e

otherwise.

(consequence of (B7), (BT)).

@ ug p is continuous on all of L*, & Vv > 0,

Vw|P) +v(B) ifvisc-add., V(v|P) < oo
+00 otherwise.

Q wr() =
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Robust Utility Functional

Duality in Robust Utility Maximization

via Analysis of Robust Utility Functional
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List of Assumptions & Admissible Classes

@ U e C'(R — R), strictly concave with
(Inada) lim U'(x) =400 & lim U'(x)=0
X—>—00 X—>+00

@ S: d-dim., cadlag P-locally bounded semimartingale.

@ P: convex & weakly compact set of prob’s P « P.

@ My #0. (My:={Qe€ Mpc: V(AQ|P) < 0o, 31 > 0})
(B7) 3¢ > 0s.t. {U(—(1 + &)B7)dP/dP}pep is Ul
(BY) VP e P,3e > 0s.t. U(—eBt) e L'(P).

@ Admissible Strategies

Opy =1{0 € L(S,P): 6p =0, 6 - S bounded below}

Oy :={0 LS, P): 6=0,0-Sisa Q-superMG, VQ € My}
@ Opp C Oy.
o We take any Opp C © C Oy.
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Duality in Robust Utility Maximization

Duality Theorem
Suppose O, C ® C Oy. Then

sup |nf Ep[U-ST+B)] = min (V(AQ|P) + AEg[B)).
gee P A>0,Qe My

A Couple of Variants:
(ELMM) “min genm,” = “inf geasg™ @P + (1 —a)P ~ P, Vo € [0, 1)

sup inf Ep[U(H- S+ B) = inf (V(AQ|P) + AEq[B)).
9e® PEP A>0,QeMy,

(Initial capital) B satisfies (B~) & (BT) = x + Btoo (x € R).

sup inf Ep[U(x +6-Sr+B)]= inf (V(AQ|P) + AEq[B] + Ax).
9e® PEP A>0,QeMy,
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Indifference Prices

Application: Robust Utility Indifference Prices

Comparing the maximal robust utility
@ SUPycp,, Us,p(—p + 6 - S7): buy the claim B at the price p.
@ SUPgep,, Uo,p(0 - St): not buy.
@ Indifference Price p(B): maximal acceptable price:

p(B) :=sup{p: sup ugp(—p+6-Sr) > sup uop(0-Sr)}

0€@pp 0€Bpp

p(B) = inf (EqolB]+y(Q)),
QeMy,

1 A / /
7(Q) = inf (V(AQ|7>) ~ onf  ve'Q |7>)) .

inf
A>0
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Exponential Utility

Example: exponential utility

o letU(x) =—e*= V(y) =ylogy —vy.
Ep[(dQ/dP)log(dQ/dP)] ifQ« P
+o0 ifQ& P
@ V(AQ|P) = AH(QI|P) + Alog A — A, hence

° H(Q|P) =

(V(AQ|P) + AEq[B]) = A(H(Q|P) + Eq[B]) + AlogA — A
minj>o

— —exp (—(H(Q|P) + Eq[B)])).

@ Duality gets a simple form:

inf Ep|—e @ST+B) | — _ — inf )+ Eq[B)) ).
eseLé)pbbPlQP p[ e ] exp Qér)\AV(H(QU’)-F alBD
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Exponential Utility

@ infi~0,germy, VAQ|P) = g~ nfaerm, H(QIP).

y(Q) = A'm:; (H(Q|7?) +logl—1+ %e—info/ ’H(Q’P))
= H(QIP) —inf H(Q|P).

@ Thus, the indifference price is:

p(B) = inf (Eg[B] +H(Q|P))— inf H(Q|P).
QeM§, QeMy

—’_/
dual with B dual with B=0
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Brownian Case

A 2-Brownian Setting

o W= (W, Wy): P-BM, F = FW, and

X! = byt + o1 AWy
X2 = bpdt + 02,4 (pdWs ¢ + pdWay)

@ by, b, 04,00 are bounded, 61,00 >3k >0, p = /1 —p2, |p| < 1.
o S=¢&X).
@ Uncertainty:
e (w,t) — Cw) C R2, compact-valued pred., C ac: compact, Vi, w.
P={Er(=p-W): p = (p1,p2),pred., pt(w) € Ct(w)}.

e Convex, weakly compact,
e This corresponds to the drift uncertainty:

asS; = S; ((b1,t + pi1,t01,1) 0t + 01,tdW1th) .
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Brownian Case

@ ELMM’s: At := b1i/01,t «— bounded
e Qis ELMM iff dQ = E7(—(X, q) - W)dP & E[E(—(), g) - W)] =

H(QIP) = }Eq [y lla— pl2d]
o H(Q|P) = infpep H(QIP) < 0o < H(QIP) < 0.
MG = {Er(=(2. @) - W); E[E7(—(L, ) W)] = 1, Eqly g?dl] < oo}

o e (1188 B ¢ | 1(P) 3¢ > 0 = all abstract results are OK.
@ Dual Problem:

1 T
minimize EQ[—/ | ()Lt,qt)’—pt||2dt+8}
2 0 ——

over | G Preds EIEr(=(.q)-W)] = 1. Eqlfy ¢a] < oo
p: pred, pi(») € Ci(w)
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Description by BSDE

Dynamic Version and BSDE

JPIP = Eq[} ] la* —pIPds + B | 7]
= Eo[4 7 la* —pIPds + B| 7] - § J§ Ia* - pl2ds
= Jo ZIE AW + o Z2dW — 3 g la* — pIPds
= fo Z1 AW s + Jo ZI2 WS — fo{3la* — pIP — 927 }ds
=:fs(Z;'F ,q.p) «driver

- 122« quadratic driver

Fiz) = i — inf 110, —p)2 —
)= it fz.q.p) = inf {J0i-p0?—pez
@ Comparison principle yields the BSDE for J? := essinf,p JF"”":

T T T
JP=B+ [ fs(Zo,5)ds — / Zy sdWP g — [ 2 sdW3.
t

t t

e existence of sol. (JB,Z): Briand/Hu (06, PTRF)
@ uniqueness: Briand/Hu (08, PTRF), Delbaen/Hu/Richou (09, arXiv).
Keita Owari 271732
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Description by BSDE
@ New BM: dW? := pdWO' + pdW?02, dWP+ = pdWO' — pdW02
o Ifb'. b2 o', 02 C: FW -pred., & B ¢ F¥", BSDE simplifies to:
T _ T _
JB = B+/ fs(ﬁZs)ds—/ ZsdW?
t t

@ Concrete example of C: C; = [oy — 81, o + 8¢] X [Bt — €1, Bt + €4].
o «.f.8, ¢ bdd FW’-pred, 8, > 0.
~ (A t—ael—81)2 2
fiz) = 53— — % —Brz—edlzl = § — } 22— Brz—edl2l.

o B:=B+} [ keds, JB:= JB + ] [T keds, Q° — QF,

= - T 1 T
JB = B+/ - { é;32252 + ,655\25\} (ds—/ ZsdWs
t t

L)
o Absolute value term is disturbing!!
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Description by BSDE

a priori estimates

@ Note: ——z — éﬁ <fiz) < — z2

@ comparison principle suggests: Y'°‘” < JB < Y'P, where

YU = B+ [ 522 — }£562ds— [ ZsdWs
5 — solvable!!
YP =B+ ] - z2ds— [T ZsdWs

—3logE [e_’_’(g_%%f’rsgds) | f,] =38 <-LiogE[e 7| 5

e Removing
= T 0
—1logE [e_p(3+%f’ ke~ 125¢306) | ]:t]

< JB < _7|ogE|: 2(B+%([xrksds) |ft]
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Description by BSDE

Markovian Case & Connection to

@ Suppose Xp =: Y is a diffusion with A; := gdy + 3292, i.e.,
aYyy = g(t, Yydt + y(t, Yy)dW;

Assume A, a, B, 8, ¢ all deterministic = K7 := fOT ksds is constant.
B = h(Yr) = B =h(Y), h(x) = h(x) + Kr
o “JB = v(t, Yy) satisfies (if smooth),

atv(t, Yy) = (0t + A)v(t, Yo)dt + y(Yrov(t, Yy)dWs.

o Quadratic Cauchy associated to BSDE:
1_ . _ . ~
O+ v — 55220y V) = peryldyv| = 0. W(T.y) = h(y).
@ dsmooth sol. = (jg, Z) = (v(,, Y),y(Y)dyv(,Y)) solves the BSDE.
ayty = g(s. Yi )ds + y(s. Yo )dWs, (s> 1), Y =y (u<t
(FBSDE) g g( ts) TA)’( t;) ST( [y) u Y, ( )
I =h(YF) + [4 fu(pZ))du— [ 2, dW,
o v(ty) = ji’y is a viscosity solution to the Cauchy problem.
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Summary

Summary

@ We have established the duality in robust utility maximization
with unbounded claim:

sup inf Ep[U(6-Sr+B)] = _min  (VAL.QIP) + AEalB)
pec® P A>0,QeMy

@ The key step is the analysis of robust utility functional:

us.p(X) := Inf E[U(X + B)]

via a Robust Extension of Rockafellar’s theorem.

@ Then everything else is cleared by standard methodology via
Fenchel’s theorem.

@ Based on:

Owari (2010) Duality in Robust Utility Maximization with Unbounded
Claim via a Robust Extension of Rockafellar's Theorem, Preprint.
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keita.owari @ gmail.com

Duality in Robust Utility Maximization Keita Owari 32/32



	Preview
	Basic Problem
	Convex Duality
	Our Idea

	Robust Rockafellar Theorem
	Convex Integral Functionals
	Robustification of Integral Funcitonals
	Main Theorem

	Duality
	Robust Utility Functional
	
	Indifference Prices

	Example
	Exponential Utility
	Brownian Case
	Description by BSDE

	Summary
	

