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° m JLIRNDETE
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o IT:=[L]x - -x[Iy]: BIVOERE
0 1= (iliz---im) el : i
o V=Rl m TROESE ([ IRJTTEXRY b ILZ2R)
X VIFEH v . I—ROZMEHLEES
o L: EMBR () =128 V ORFEIBNZM
° [Iog—afﬁne :E7_f)l/] L& 1571
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o A : BAREELK
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o (BBEF N Ly ): A & 151
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DeredA
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() 37T Split model

@ Split model (Hgjsgaard (2003)):
HEDERDOKEZ EICETIVEBE

=1 ir=1 =2
(fl) L=Lyy + L5 + L5

@ i = 1 slice : L=l = L{l} + L{3}

@ ip =2 slice : [?=2 = L{1)3}

o HEAIC L C Loz
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o BEBETIDIRAETIVE L T hierarchical subspace model
(LIF HSM) Z21& A
o HSM [FZRTTDEWAEIRTHRAL SN TEZL L D log-affine
EFIVICHET BHERE F—HFICHR S D DIERE R 124t
0 ELILEILIEETIVOERTHEIRANDBRG—BALEFA S
o AEETIIFIHERDBAFMELE WS BSRM D,
o LEONR, SAHEEDRFTEHE
o YIVIATERDFHE
% i
o YT EEE AW IERBREDBUES % EN
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Hierarchical subspace model
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conformality

o Wi,...,Wg 1V DIRFZERSYZER s.t. W=Wi+---+Wgk
o LM {Wj}JKzl (XL TEEA (conformal)

L=LNW=(LnNW1)+ -+ (LNWkg)

o LO(LNWh)+ -+ (LNWk) IFEICARIL
o WIILTL EHAIZL by
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(1) 3 TTRHAIRIZET IV

011 3|2DEFINV

O—E6—O©
@ W =1L+ L3y, Wi:=Lygy, Wai= L3
@ Biriy, Viyiy [ SEEROD RN

Q L: logpisiyis = iy + iy + Vis + 00isiy + 6 iniy
o LN Loy ={ay + B, +6bunit, LN Lpsy = {8, + Y, + 6" iit

— [L = (L N L{1,2}) + (L n L{273})J

oL Ingilizii*’ =g + ﬁiz + Vi + 5(¢i1i2 + 77bi27l3)
] LﬁL{1,2} = {ail +ﬂ’i2}v LﬁL{273} = {ﬁiz"‘%‘g}

- [L D(LNLpgy)+ (LN L{273})]
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(1) 3 TTRHAIRIZET IV

o1 U3|2DETINV

O—E0—0O
o W= L{172} + L{273}, Wi = L{172}’ Wy = L{273}
® Pigiy, Vi, [ FERROD BEEL

g L: logpi1i2i3 = 4y + ﬁig + Vi + 5¢i1i2 + 6/1/)2'21'3
o LN Loy ={ay + B, +6buit, LN Lpsy = {8, + %, + 6" iit

N [L = (LN L{1)2}) + (LN L{2’3})] conformall

Q@ o LNLpgy ={ay+06u}, LNLpsy={0,+7})
— (LN Lggy) + (LN Lpsy) = iy + By + i

— [L D(LNLgy)+(LNLpsy) ] not conformal
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hypergraph @ f:E

o divider S of redA:
Ju,vst. S D 2TERZE NBEET 218/ D clique separator
o S redA O divider DEES

o 2THRR u, v HYFEIERG (tightly connected):
u, v ZNBET B divider BNEFEFEL &L
@ compact component :
MERLTARDES
o C: redA @ K compact component DEE
(1) divider : {3,4}, -
compact component : {1,2,3,4}, {3,4,5,6}
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Hierarchical subspace model (HSM)

Definition (hierarchical subspace model)

LDOERBETIV Lo ISHHL LITOZRKE BT LT 5.
Q LCLa
Q redA D% divider S € S IT3FL Lg C L
Q LM {Lc,C eC}ITHtL T conformal

ZDEE L% Lp D hierarchical subspace model (HSM) & HEX
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K OLISHLT L E—fRICIE—ZBH T AL
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HSM @ MLE

o L: Lan @ HSM
e p(1) : p(¢) ® MLE

ﬁ(z) _ HCeCﬁ(iC) _ HCeCﬁ(iC) '
[[seslis)  Ilsesz(is)/n

U
% compact component C € C ICi19 %
BINEEICEEZ BT
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HSM @ MLE

o L: Lan @ HSM
e p(1) : p(¢) ® MLE

ﬁ(z) _ HCeCﬁ(iC) _ HCeCﬁ(iC) '
[[seslis)  Ilsesz(is)/n

U
E’% compact component C' € C (39 7&]

BREERICEHEE BPrt

o La H/NENZEAMBEENTLY
- (stEmErEL
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HSM D BFfitb e BEEF IV

o L IZ£IFET IV Ly, M HSM
o L Z HSM ILBL LS LREBET VIHFE

o HHRDBFMMLDAREENBEMSTSE L % HSM IC2T
RBRL/PNESNWERBETIV Lo ITHEENH S
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HSM D BFfitb e BEEF IV

o L IZ£IFET IV Ly, M HSM
o L Z HSM ILBL LS LREBET VIHFE

o HHRDBFMMLDAREENBEMSTSE L % HSM IC2T
RBRL/PNESNWERBETIV Lo ITHEENH S

o (L % HSM IS8 & S LB/ DRI REE T b [& Wit
I

[ambient decomposable model ]
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Ambient decomposable model
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HSM /H¥:%189 % hypergraph (redA)

@ S C[m] A L O partial edge separator

o LS cL
Q BEWIER AAUAUS =[m] BNEFEEL T,
LM {LAlLJSa LAzUS} 2%+l T conformal
o 2TAsR u, v A% L LTHiEss
u, v ZNBET B partial edge separator NAFFEL ALY

@ extended compact component (ECC)
B L ETHIBREEBORS
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HSM /H¥:%189 % hypergraph (redA)

S C [m] A% L @ partial edge separator

14 ) LsCL
©Q EWIER A, UAUS = [m] NEFEEL T,
LM {LAlLJSa LAzUS} 2%+l T conformal

2TEA= u, v A L L ChgiEss
u, v ZNBET B partial edge separator NAFFEL ALY
@ extended compact component (ECC)

B L FTRIERGRERORS
L h:%ET % hypergraph H

Bk ECC D& &R
Ly : H N RET 2REET IV

(]
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Ambient decomposable model
Ly & L @ ambient decomposable model T & % \
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Ambient decomposable model
Ly & L @ ambient decomposable model T & %

@ MLE

ﬁ(z) _ HCeHﬁ(iC) _ Hcenﬁ(iC) .
[Ises Blis) [[ses z(is)/n

o p(ic) : AR x(ic) DHIHKEF
Y
[H ® hyperedge (1A ECC) & THRINBATL ]
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Markov basis for HSM
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JRRERER L DB SR DIEFERE

o x: m LAl ([[/L, ; KTt~ b b)
o b: +fiEtE
@ JAst. Az =0b
X A BERITIZXE
o Pr(x | b) : EBRMAINT
Pr(z | b) KEDWERE =
@ 77 A4/8— Fp: b % share T BNERDES
Fo DEBZDYA LT IS K B Pr(x | b) OFHEIEFEEER]
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JRRERER L DB SR DIEFERE

x @ m TR ([[JL, 1 IRTTRI b ov)
b: +akistE
JAst. Az =0
X A BERITIZXE
Pr(z | b) : R[5
Pr(z | b) KEDWERE =
@ 77 A4/8— Fp: b % share T BNERDES
Fo DEZDYA EIFICEL B Pr(z | b) OFHEIEIETREH)

(]

U
MCMC Z W e T ) oo
(Diaconis and Sturmfels(1998))
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< IIaTEE

@ move z = {z;;} :

Az =0 &5 1=-9 BEED
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< IIaTEE

@ move z = {z;;} :
Az =0 &5l BEES)
excFpy=x+z y>0
Ay = Az +z) = Az
= yeh
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< /)7 EE

@ move z = {z;;} :
Az = 0 Z sl BEHES)
excFpy=x+z y>0
Ay = A(x + z) = Ax
= Yy c }—b
@ move DELFIEFICELST,
GB—2 7 A/N\—LDRDITRAD
RAEETSH 0] 5E
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< /)7 EE

Markov bases

@ move z = {z;;} : BRI 2L LOEEDT 7 /13—

Az =0 ZiGl=9 E/ED) IELE(CHE R move DES
excFpy=x+z y>0

Ay = Az +z) = Az
= y<cFp

@ move DELAIEICL ST,

G—2 7 4 /N\— LDF|DFRAD

WRAEEMH o] gE
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< /)7 EE

Markov bases

@ move z = {z;;} : BRI 2L LOEEDT 7 /13—
Az =0 ZiGl=9 E/ED) IELE(CHE R move DES

excFpy=x+z2 y>0
Ay = Az +z) = Az
= yecF o WIIATDERZRWED 7 A /8—
- N DRAEEBFZ AL vhIE, MCMC
° move DEL IS LS C&% p EDFENTLE
EAE?%%; ’_}_t DHIDTRAND (Diaconis and Sturmfels(1998))
IKREEMN o] gE

o —MBICIFvIINaATEEDELIT
PFLEBFTHTHRN
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R NA7EDRTEE

@ Dobra and Sullivant (2004)
BEBET IV Lo DIHE, & CeC-BUETIN LaoNLe ®IIVIAD
EeNS, 24k Ly OV 7 EENEL T4
(M (M

L g

NN
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R NA7EDRTEE
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R NA7EDRTEE
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R NA7EDRTEE

@ Dobra and Sullivant (2004)
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R NA7EDRTEE

@ Dobra and Sullivant (2004)
BEBET IV Lo DIHE, & CeC-BUETIN LaoNLe ®IIVIAD
EeNS, 24k Ly OV 7 EENEL T4

@ HSM L T LN Lo, C e H (BUET V) ORIV EEND
L o= EENFLOND

o BEREIEACEIC DULNTIE HST(2009) 258D &
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Numerical example
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BAEH] : WAM data

@ Woman and Mathematics (WAM) data : 6 JTTA El3%
New Jersey MNDBHRENDT >V r—b
(Fowlkes(1988),Hgjsgaard(2003))

(1) Attendance in math lectures (attended=1, not=2)

(2) Sex (female=1, male=2)

(3) School type (suburban=1, urban=2)

(4) Agree in statement “I'll need mathematics in my future work”
(agree=1, disagree=2)

(5) Subject preference (math-science=1, liberal arts=2)

(6) Future plans (college=1, job=2)
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BAER : BLf=E'T L

Q H; : HECJEEET IV
Lmoden = L1235 + L2345 + L3456}
Q Hg : split EF )V

=1 | =l | g is=2
Lmodez = L1235} + Lissy + Lipsy + Lioasy + Lizass)-

1. attendance in math 4. necessity of math in future
2. sex 5.  subject preference
3. school type 6. future plan
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Q Ho

BAER : BLf=E'T L

1: NPRC]REET IV

Lo = Lpipzsy + Lizzasy + Lizase)

. split EF )V

j3=1 1 j3=2
L1 = Liaasy + Lise) + Live) + Lisas) T Lizass)-

\(lmnl \uhurhan)

ja =2 sice ° “
(school=urban)

1. attendance in math 4. necessity of math in future
2. sex 5. subject preference
3. school type 6. future plan
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BUER : <7 EE

e By: L1 d=INIATHEE
BO = 6{1,2,3,5},{2,3,4,5,6} U 8{1,2,3,4,5},{3,475,6}
e By: Lo d=INIATHEHE

i3=1
By = Bﬁ,z,s},{ms,a} U Bo

o Bo: ANATTREET NV C DRIV THE[E
o By is-slice IC&HT B Be
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BAEG) : FRATHER

° *ﬁi/\}bg'i'% : tgttﬁil\}bg'f%

p-value
Deviance  asymptotic x5 MCMC
1.851 0.396 0.399+0.012

@ split EF IV DIREREE FRIR

@ EAMI S L MCMC
O AR : T x5
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Conclusion
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FEHESRDERRE

@ hierarchical subspace model % i& A
o HEimDRBFTILDE D S ambient decomposable model % iEH
o MLE &2V a7 E[EDHED R

SR DERRE
@ RC association EFIVD & 5% 2 TTRDFIEBIZET IV DZTTADHLIR
@ extended compact component & Y /NS WEBEAANDFFT(L

o divider S IZx19 % Lg ¢ L D&F DFEF

61/63



References

[ Hara, H., Sei, T. and Takemura, A.(2009).
Hierarchical subspace models for contingency tables
arXiv:0909.4821

[@ Diaconis, P. and Sturmfels, B.(1998).
Algebraic algorithms for sampling from conditional distributions
Ann. Statist., 26, 363-397.

@ Malvestuto, F. M. and Moscarini, M.(2000).
Decomposition of a hypergraph by partial-edge separators
Theoret. Comput. Sci., 237, 57-79.

@ Dobra, A. and Sullivant, S.(2004).
A divide-and-conquer algorithm for generating Markov bases of multi-way tables
Comput. Statist., 19, 347-366.

[@ Hgjsgaard, S.(2003).
Split models for contingency tables
Computational Statistics & Data Analysis, 42, 621-645.

62 /63



Thank you for your attention!
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