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Basic notation and Notion

The twisted Alexander polynomial

The twisted A refinement of Ak (t)
Alexander = (the Alexander polynomial)
polynomial with p : 13 — GL(V)

| \

Notation
Ex := S3\ N(K) a knot exterior,
Adop:m(Ex) 2 SLo(C) 2% Aut(shr(C))
v o= e = Adygy v p(y)ve(y) Tt

sio(C)=C(§5) @ C(5%) @C(39)

The adjoint action Ad gives a connection with the character
variety Hom(m1(Ex ), SL2(C))//SL2(C).

\
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Metabelian representations

Definition of metabelian reps.

@ p:m(Ek) — SL2(C) is metabelian
< p([ﬂ']_(EK),ﬂ']_(EK )]) C SLz((C) abelian.

@ p:m(Ex) — SL2(C) is abelian
<~ p(m(Ex)) C SL2(C) abelian,
< p(lm(Ex) m(Ex)]) = {1}.
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Background

p: m(Ex) — SL2(C) metabelian
@ p:reducible

i () m(E] - {& (5 §)|wec) s

Ak (t) appears in the twisted Alexander.
(ﬁ Hyperbolic torsion at “bifurcation points” >
in Hom(7r1(EK R SLQ((C)))//SLz((C)

@ p:irreducible

p: e mEdl - { (§ 0 )[ac e\ c st

Does Ak (t) appear in the twisted Alexander?
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Main Theorem

Suppose that
p:mi(Ex) — SL2(C) s.t. {

an irred. metabelian and;
“longitude—regular .

(the twisted Alexander poly.)
Then AZERTn(t) = (t — 1)Ax (~t)P(t),

where Ak (t) is the Alexander polynomial of K.
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The details of AZ""*’(t)

Homomorphisms

@ p:m(Ex) — SL2(C) is metabelian
—  p([r1(Ex), m1(Ex)])(C SL2(C)) is abelian,

@ Suppose that p([r1(Ek ), m1(Ex)]) # {1}.
@ o :my(Ex) — m(Ex)/[m1(Ek ), m(Ex)] = Hi(Ex) = (t)
st a(u) =t

the twisted Alexander poly.

det <a®Ad op(g—gj> )
i j£1

det(a ® Ad o p(g; — 1))
from a presentation 71 (Ex) = (91,92, --,0k | i, - -+, Tk—1)-

®Ado
Ag. (1) =
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Main tools

@ We need a “good” presentation of 71 (Ex )
for metabelian reps.
@ X-S. Lin introduced a suitable presentation of 71 (Ex )
by using a free Seifert surface of K.
a Seifert surface S is free
& S%=Sx[-1,1]US3\S x [-1,1]
. a Heegaard decompo.

Figure: a free Seifert surface of the trefoil knot
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S°| D*u D3
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Main tools

@ We need a “good” presentation of 71 (Ex )
for metabelian reps.
@ X-S. Lin introduced a suitable presentation of 71 (Ex )
by using a free Seifert surface of K.
a Seifert surface S is free
= S3=8Sx[-1,1]US3\S x [-1,1]
. a Heegaard decompo

§ﬂ [—1,1JUS3\ S x [—

&9

Figure: a free Seifert surface of the trefoil knot
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Lin’s presentation

By using a free Seifert surface S with genus 2g,

7Tl(EK) = <N7Xla -5 X2g |Nai+:u’_1 = ai_ (I =1,.. 2g)>

where

@ X is a closed loop corresponding to 1-handle in
S3\'S x [-1,1],

-] aii isaword in Xq,...,Xpg, corresponding to closed loops
in the spine of S.

+
ai a’l
h.e. a2 )

Figure: a free Seifert surface of the trefoil knot
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Lin’s presentation
By using a free Seifert surface S with genus 2g,

7Tl(EK) = <N7Xla -5 X2g |Nai+:u’_1 = ai_ (I =1,.. 2g)>

where

@ X is a closed loop corresponding to 1-handle in
S\ S x [-1,1],

-] aii isaword in Xq,...,Xpg, corresponding to closed loops
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ay

a

Figure: a free Seifert surface of the trefoil knot
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Remark & Examples of Lin’s presentation

The generators X, ..., Xpg are null-homologous,
i.e., Xj € [7T1(EK), 7T1(EK )]

@ K = trefoil knot .

- -1
pX e = XX,
m(Ek) = <#,X1,X2 ‘ - _ _ >
(Ex) gt
@ K = figure eight knot

-
7T1(EK)=<M,X17X2 AL

1 -1
-1
(XXt = %o
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Explicit form of metabelian reps.

X-S. Lin, F. Nagasato

@ The correspondence

0 1 (& 0
o (Go) (o )

gives a metabelian rep.

@ They gives all representatives of conj. classes of
metabelian reps.

|Ag(=1)] -1
———

@ f(conj. classes of irred. metabelian reps) =
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Sketch of proof

Ad o p: m1(Ex) — Aut(slx(C))
=Aut(C(g5)®C (5 %) @C(99))

-1
B -1
-1
52
Xj — 1
( 52)

The subspace C (§ °, ) is invariant space.

Decomposition of Ad o p

Adop=pr®py

where p; is 1-dim. rep. and p, is 2—dim. rep.
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Observation about Ag~"*’(t)

a®Ado «a «a
AE}? p(t) - AEfmz(t) ) Agf’”(t) .....
Wada Milnor
. A (—t) <ot
- ECOR—
longitude—regular : (-t—1)
& inv. of conj.
for R—torsion i, Ak (—t)

=" (t = 1)(t +1)P(t) - — 1
= —(t—1)-P(t)- Ax(-1).
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Examples

o trefoil knot  Ay(t) =t2 —t + 1 (AxCLIEL _ gy
-1 -1
X = XX >
My X1, X2 _ _
< X2 Xlu 1= X5 !

( > 1)_<o c?)"’(XZ):<Co§ g392>

where (3 = e

= A‘éf“’"%t) = (t — 1)Ag(—t)
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@ figure eight knot

Figure: a free Seifert surface of the figure eight knot
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o figure eight knot Ay (t) = t2 — 3t + 1 (AxCHIEL — 9y,

- -1
HX 1=X1X2 ) >
-1 _
PXX ph T = X2

o = (O )= (5 &)= (5 2
o o= (5 §) b= (G )0 (§ 2

2nv/—1

where (s = e~ 5

m1(Ex) = <M,X1,X2

= A = (t - D)Ak(-)

( both reps. have the same result.)
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@ 5, knot

Figure: a free Seifert surface of 5, knot
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@ 5, knot  Ag(t) =2t> -3t +2 (\AK(—zl)l—l - 3).

= <:U‘7 X1, X2

- -1

X1 1=X1X2 ) >
—2y -1 _ -2

HXo "X ph T = X5

(5 -5 &5 &
o p(p) = (—01 é) pba) = ( T ng) Plxe) = (3 4794)
(4 & -] 2)

-
where (z = e~ 7
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o o= (O 5) o= (G )= (5 %)

N Agf)Adop(t) _ (t—1)(2+e6WM/7—|—e_6’TM/7)AK(—t)

® p(p) = (_01 é) p(Xa) = <%2 §792> ,p(X2) = <§ §794>
= AFPM(L) = (t-1)(2+e2V YT e 2V T A (1)
(& Y- (§ ) o-(§ 2

— Aaz(X)Adop(t) _ (t_1)(2_|_e47r\/—_1/7_|_e—47r\/—_1/7)AK(—t)
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