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0. Introduction

M : compact 3-manifold
p: 1M — GL(n,R) : representation

~ Amp(t) € R, t‘l]/(iat'>f"§§ : twisted Alexander polynomial

[Friedl-Vidussi '08]
{Amp 5 p: mM — S, = GL(n, Z)} detects fiberedness of M.

Which representations should we consider?




0. Introduction

M : compact 3-manifold

p: 1M — GL(n,R) : representation

~ Amp(t) € R, t‘l]/(iat'>f"§§ : twisted Alexander polynomial
[Friedl-Vidussi '08]

{Amp 5 p: mM — S, = GL(n, Z)} detects fiberedness of M.

Which representations should we consider?

One approach is to investigate “the twisted Alexander polynomial
associated to ;M — 71 M/(r, M),

[Cochran '04, Harvey '05]
Af\',])(t) € Wn(t);/(at')ffg" : higher-order Alexander polynomial
Kn(t) : skew field



Aim of the talk

To give a dynamical and Morse theoretical presentation of Af\;‘)(t)
(a generalization of a fiberedness obstruction)

Key tools

X: closed Riemannian manifold with by(X) > 0 and y(X) = 0
- (Non-commutative) Reidemeister torsion 7,(X)

- Circle-valued Morse theory f: X — St



Aim of the talk

To give a dynamical and Morse theoretical presentation of Af\;‘)(t)
(a generalization of a fiberedness obstruction)

Key tools

X: closed Riemannian manifold with by(X) > 0 and y(X) = 0
- (Non-commutative) Reidemeister torsion 7,(X)

- Circle-valued Morse theory f: X — St

[Friedl '07]
X=M = AP ~ 7, (M).

[Milnor "68]
f: X — St: fiber bundle with monodromy ¢

. o ind k
= Tf*(X) = gso = exp(Zk:l ZXEFitik wtk)-



O : closed orbits w» (s : Lefschetz-type zeta function
Critf ~» CNV(f) ~ 7%(f) : Novikov torsion

[Hutchings-Lee '99], [Pajitnov "99]
Tan(X) = o T().

Today. A generalization to non-commutative coefficients
7,(X) = i Ty(F).




O : closed orbits w» (s : Lefschetz-type zeta function
Critf ~» CNV(f) ~ 7%(f) : Novikov torsion

[Hutchings-Lee '99], [Pajitnov "99]
Tan(X) = o T().

Today. A generalization to non-commutative coefficients
T(X) = ip - 7).

Related topics
[Goda-Pajitnov '09]
Similar presentation of Reidemeister torsion for p: 11X — GL(Z)

7(Ch(F) = C.(X) @1 Z(W)") = L1,

[Mazur-Wiles '84] (lwasawa main conjecture (in number theory))
Iwasawa polynomial |, ~ p-adic zeta function .



Outline

@ (Non-commutative) Reidemeister torsion

@ Circle-valued Morse theory

@ Main theorem



1. (Non-commutative) Reidemeister torsion
F : skew field

det:GL(n,F) — F (:= F*/[F*,F*]) : Dieudonné determinant
(C., 0.) : acyclic finite dimensional chain complex / F

C: basis

~» 1(C,, €) € Fy : algebraic torsion



1. (Non-commutative) Reidemeister torsion

F : skew field
det:GL(n,F) — F (:= F*/[F*,F*]) : Dieudonné determinant

(C., 0.) : acyclic finite dimensional chain complex / F
C: basis
~» 1(C,, €) € Fy : algebraic torsion

Lemma. (Turaev)

Ci=CoC's.t.

(i) C/, C!" are spanned by subbases of ¢, and
(i) prey, 0 9i: G — C’, is an isomorphism.

= 1(C..0=+ n(detprciﬁl 0 8)Y.
i




Non-commutative topological torsion

p: Z[r1X] — F: homomorphism s. t.

HY (X, F) (= H*(C£X) ®z1x F)) =0

w 1,(X) 1= 7(C.(X) @z F, (€® 1)) € Fyy/ £ p(r1X)
: Reidemeister torsion

7,(X) is a simple homotopy invariant ,in particular, a topological
invariant.



Non-commutative topological torsion

p: Z[r1X] — F: homomorphism s. t.

HY (X, F) (= H.(C.(X) ®zjxx F)) = 0

o 7,(X) 1= 7(Cu(X) ®zpr,x F. (E® 1)) € Fyy/ + p(mr1X)
: Reidemeister torsion

7,(X) is a simple homotopy invariant ,in particular, a topological
invariant.

Take homomorphisms p: myX - Tand a: T - (t) s. t.
Z[I'] has the quotient (skew) field Q(T').

I'=Kera = ({t) ~» Q(I) = K(t)

If HY(X; K (t)) = 0, then 7,(X) € K(t)%,/ + p(r1X) is defined.



Rational derived series

{geG(n Y. 3kez\0s.t. g e [GMD, G,
: ratlonal derlved series

/G torsion free abelian
~s G/Gﬁ”*l) . poly-torsion-free-abelian
1 < G'gn)/ng+l) dee-d Glgl)/Gng—l) 4 G/G§n+1).



Rational derived series

G = {geG(” Y. 3kez\0s.t. g e [GMD, G,
: rational derlved series

G"/G™Y - torsion free abelian
~s G/Gﬁ”*l) . poly-torsion-free-abelian
1 4 G'gn)/GEn+l) dee-d Glgl)/Gng—l) 4 G/G§n+1).

Theorem. (Passman)

I" : poly-torsion-free-abelian
= Z[I'] has the quotient (skew) field Q(I).

So, for example, we can take I' = 7r1X/(7r1X)§”+1).



2. Circle-valued Morse theory

f: X = S': Morse-Smale map, i. e.,
¥p, g € Critf, unstable manifold D(p) M stable manifold A(Q).
0 :={0:S' > X; j—g = -V f}/U(1): nondegenerate, i. e.,

for a return map ¢ around x € o(S?),
detfd — (dg)y: TxX/T,0(S) — T, X/T,0(S?)) # 0.




2. Circle-valued Morse theory

f: X — S!: Morse-Smale map, i. e.,
¥p, g € Critf, unstable manifold D(p) M stable manifold A(Q).

0 :={0:S' > X; j—g = -V f}/U(1): nondegenerate, i. e.,

for a return map ¢ around x € o(S?),
detfd — (dg)y: TxX/T,0(S) — T, X/T,0(S?)) # 0.

t € 1St : “downward” generator
Assume f,: 71X — (t) is surjective.

A={Y enxd Y, & €Z, (x)} . Novikov completion of Z[rX]
(x) Vke Z, #ly e mX; a, # 0, degf.(y) <k} < co.
Aap : Novikov completion of Z[H1(X)]

e.g,X=S. f=id = A=Awm=2Z((1) C= Z[[ ).



Novikov complex

Choose a lift p € X for each p € Critf.

CiN°"(f) = Zpof indexi P - A : Novikov complex
aif: CN(f) » CRY(f): Py Zqotindexi-1y N(P-7.8-v)q- 7',
n(p-7y,6-7) := signed number of flows from p-yto §-y’.



Novikov complex

Choose a lift p € X for each p € Critf.

CiNO"(f) = Zpof indexi P - A : Novikov complex

6if : CiNOV(f) - C.'\i(iv(f) FN) Y P Zq of index i—1,y n(ﬁ Y, q : 7/)61 : 7,’
n(Pp-vy,q-vy’) := signed number of flows from p-yto q-y’'.

Theorem. (Pajitnov)
CNoY(f) ~ C,(X) ®zayx A : chain homotopic.

p: A — F: homomorphism s. t. H/(X;F) (= H.(CN(f)®, F)) =0
~ TNY(F) 1= 7(CY(f) @4 F.(P® 1) € F/ + p(m1X)
: Novikov torsion



Lefschetz-type zeta function

[0] € O, ¢ : return map around x € o(S?)
~> p(0) := degp: S' — o(Sh))
€(0) := sgndetid — (d¢),)

€EAxp®Q.

{ii= exp{z %[0]

[o]leO



Lefschetz-type zeta function

[0] € O, ¢ : return map around x € o(S?)
~> p(0) := degp: S' — o(Sh))
€(0) := sgndetid — (d¢),)

€EAxp®Q.

(i o= exp{z E ))[0]

[o]leO

Lemma.

G= [] @-C0-CEEYT e ny,
[0]€0, p(0)=1

where i*(0) are the number of real eigen values of det(d — (d¢))
which are > 1 and < —1 respectively.




3. Main theorem

Take (p, @) s. t.
(i) mX—2—T1 , (i) Z[I'] has the quotient (skew) field Q(T').

(t)
€. 9., T = mX/(mX)™)

f.

I' = Kera = (t) ~w» Q) = K(t)



3. Main theorem

Take (p, @) s. t.
(i) mX—2—T1 , (i) Z[I'] has the quotient (skew) field Q(T').

t
e.g., T = mX/(m X)™Y)

f.

I' = Kera = (t) ~w» Q) = K(t)

p: Z[mX] - K() = K((O) (= K]
> 7p(X) € K((1))5/ * p(rX)

pi A — K((1)
~o ThY(F) € K((1)5/ + p(maX)



Non-commutative Lefschetz-type zeta function
N < K((1)} :

Vk € Z, 3 a representative in K((t))* which equals 1 up to degree k.
~ K((0)5 == K(10))5/N

Remark. K, — ‘K((t))%



Non-commutative Lefschetz-type zeta function

N < K((1)} :
Vk € Z, 3 a representative in K((t))* which equals 1 up to degree k.
~ K((0)5 == K(10))5/N

Remark. K, — ‘K((t))%

For each [0] € O with p(0) = 1, choose a path o, from * to o(S?).

Go= || @-C0Opo00r) VT e KO
[0]€0.p(0)=1

{1, does not depend on the choices of o, and the order of the
product.




Statement

Main Theorem
HY (X, K((1)) = 0

= 7,(X) = {1, - 7, (1) € K((W)S/ £ p(mX).

p: X — Hy(X)
~» Hutchings-Lee’s, (acyclic version of) Pajitnov’s



Statement

Main Theorem
HY (X, K((1)) = 0

= 7,(X) = {1, - 7, (1) € K((W)S/ £ p(mX).

p: X — Hy(X)
~» Hutchings-Lee’s, (acyclic version of) Pajitnov’s

X = M : 3-manifold

If pn: 1M — M/ (mM)™ D is not cyclic and A # 0, then

AD(Y) = Crp, - TN(F) € Ka(()S /(LN
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