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Dehn surgery

.

Definition

.

.

.

. ..

.

.

M:3-manifolds
K ⊂ M: knot

M(K , φ) = [M − ν(K )] ∪φ D2 × S1,

where
φ : ∂D2 × S1 → ∂ν(K )



φ(∂D2) = p[meridian] + q[longitude]

This line p[meridian] + q[longitude] is called “slope” of Dehn
surgery.

When M is homology sphere, “longitude” and “meridian” are
standard.
Then let write the resulting manifold:

M(K , p/q).



Known result

The Dehn surgery map

M
(K ,ℓ)−→ M(K , p/q).

.

Theorem (Lickorish, Wallace)

.

.

.

. ..

.

.

∀M :orientable 3-manifold
∃a sequence of Dehn surgery s.t.

S3 (K1,ℓ1)→ M1
(K2,ℓ2)→ · · · (Kn,ℓn)→ M.

１．All orientable 3-manifold are connected in terms of Dehn
surgery.
２．All orientable 3-manifold can be obtained from a Dehn
surgery of a link.
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But knot cannot make all 3-manifolds

Which kinds of manifolds can knot make?



.

Theorem (Kronheimer-Mrowka-Ozsváth-Szabó)

.

.

.

. ..

.

.

If

S3 (K ,ℓ)−→ S3,

then K is the unknot.

L(p, q) := S3(unknot, p/q)

.

Theorem (Kronheimer-Mrowka-Ozsváth-Szabó)

.

.

.

. ..

.

.

If

S3 (K ,p)−→ L(p, 1),

then K is the unknot.
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.

Question (Lens space surgery)

.

.

.

. ..

.

.

Suppose that M is a homology sphere.
Which does (K , p/r) satisfy

M
(K ,p/r)−→ L(p, q)?

Classify

M
(K ,p/r)−→ L(p, q)!

.

Theorem (Gordon-Luecke)

.

.

.

. ..

.

.

If |r | ≥ 2, then K ⊂ S3 is non-hyperbolic,
Namely K is torus knot or satellite knot.

.

Theorem

.

.

.

. ..

.

.

If K ⊂ S3 is satellite, then r = 1 and K is a 2-cable knot.

We have only to consider ”Integral Surgery”
as long as lens space surgeries over S3.
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Lens space surgery
Suppose that M is a homology sphere.

If L(p, q) = M(K , p), then

K̃ ⊂ M(K , p) (dual knot)

[K̃ ] ∈ H1(L(p, q), Z)

[K̃ ] = k[c],

where c is the core of genus 1 handlebody of L(p, q).
⇒ k2 = q (p), and gcd(k, p) = 1

(p, k)

Lens surgery parameter
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Lens space not always an integral Dehn surgery of a knot.

There are some restrictions.

.

Theorem (First restriction(Fintushel-Stern))

.

.

.

. ..

.

.

There exist a homology sphere M s.t.

L(p, q) = M(K , p)

if and only if
q = k2(p).

In particular if p is prime, then

(
q

p
) = 1
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Example (Lens space L(5, q))

.

.

.

. ..

.

.

S3 (U,5)−→ L(5, 1) k = 1

S3 (T2,3,5)−→ L(5, 4) k = 2

S3
(K ,5)

̸−→ L(5, 2), L(5, 3) for any knot K

M
(K ,5)

̸−→ L(5, 2), L(5, 3)

for any knot K and any homology sphere M

(
2

5
) = (

3

5
) = −1
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Example (Lens space L(13, q))

.

.

.

. ..

.

.

Homeo type (orientation-pres.).

L(13, 1), L(13, 2), L(13, 3), L(13, 4), L(13, 5), L(13, 6), L(13, 12)

(
2

13
) = (

5

13
) = (

6

13
) = −1

S3 (U,13)−→ L(13, 1) k = 1

S3 (T2,7,13)
−→ L(13, 4) k = 2

S3 (T3,4,13)
−→ L(13, 3) k = 3

S3
(K ,13)

̸−→ L(13, 12) k = 5

But

Σ(3, 5, 8)
(K ,13)−→ L(13, 12).
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A. Alexander polynomial
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Alexander polynomial

The Alexander polynomial

K −→ ∆K (t) ∈ Z[t, t−1]

isotopy invariant of knot with

∆K (t) = ∆(t−1) and ∆K (1) = 1

χ(HFK (K , M)) = ∆K (t)



.

Main philosophy

.

.

.

. ..

.

.

Alenxander polynomial is
closely related to classification of Dehn surgery.



.

Theorem (Second Restriction(Kadokami-Yamada))

.

.

.

. ..

.

.

Suppose that M is a homology sphere.
If M(K , p) = L(p, q), then
there exist h, g such that gcd(h, g) = 1, hg = ±1, and

∆K (t)
.
=

(thg − 1)(t − 1)

(th − 1)(tg − 1)
(tp − 1).

Moreover
(p, h)

is a lens space surgery parameter of M(K , p) = L(p, q).

(∵) Surgery Formula of Reidemeister torsion.



.

Theorem (Third Restriction(Ozsváth-Szabó))

.

.

.

. ..

.

.

Suppose that M is an L-space homology sphere.
If M(K , p) = L(p, q), then

2g(K ) − 1 ≤ p

(∵) Heegaard Floer homology.
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Theorem (Fourth Restriction(Ozsváth-Szabó))

.
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.

Suppose that M is an L-space homology sphere.
If M(K , p) = L(p, q), then there exists a sequence

0 = n0 < n1 < n2 < · · · < nm = d

s.t.

∆K (t) = (−1)m +
m∑

j=1

(−1)m−j(tnj + t−nj ).

Abs. values of all coeff. in ∆K (t) is smaller than 2.(flat-ness)
non-zero coeff. in ∆K (t) are alternating.(alternate-ness)

(∵) Knot Floer homology.
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Dehn surgery over an L-space homology sphere or not.

L-space homology sphere
Examples:
S3, Σ(2, 3, 5) and conected sums of copies of them.
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If lens space sugery parameter (p, k) satisfies First, Second Third,
and Fourth Restrrictions, then (p, k) is realized by a Dehn surgery
S3(K , p) = L(p, q) with the lens surgery parameter (p, k),
or
Σ(2, 3, 5)(K , p) = L(p, q) with the lens surgery parameter (p, k),

.

In the case of S3

.
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. ..

.

.

Greene obtained the same result in the case of S3 (’10).
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This means.
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.

In other words some polynomial is a criterion for whether a lens
space can be constructed by a Dehn surgery of a knot or not.
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Figure: L(18, 7) = S3(Pr(−2, 3, 7), 18)
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Figure: Σ(2, 3, 5)(K , 22) = L(22, 3)
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This is non-flat and alternate!
From Main Theorem parameter (17, 3) is not realized by a lens
space surgery over any L-space homology sphere.
In fact there exist K ⊂ Σ(2, 3, 11)

L(17, 2) = Σ(2, 3, 11)(K , 17)

and Σ(2, 3, 11) is a non-L-space.
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.

.
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Flow of proof
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4 If so, find standard lens space surgery corresponding to (p, k).
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3 Ozsváth-Szabó’s flat-ness and alternate-ness.

.

.

4 Examples in S3 and Σ(2, 3, 5).

Flow of proof

.

.

1 Take coprime integers (p, k).

.

.

2 Compute ∆p,k Kadokami-Yamada’s polynomial.

.

.

3 Check that ∆p,k is flat and alternate.

.

.

4 If so, find standard lens space surgery corresponding to (p, k).



Proof

Key point

.

.

1 Expansion formula Kadokami-Yamada’s polynomial.

.

.

2 continued fraction.

.

.
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Standard Lens space surgery

.

Definition

.

.

.

. ..

.

.

Let M be a homology sphere

M = U0 ∪Σ2 U1: genus 2 Heegaard splitting.
K is doubly primitive.
def⇔

.

.

1 K ⊂ Σ2

.

.

2 [K ] ∈ π1(U0) and π1(U1) are both primitive elements.

.

Theorem (Berge)

.

.

.

. ..

.

.

For any doubly primitive (M, K ) there exists (p, k) s.t.

M(K , p) = L(p, q).
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.

Berge’s examples ⊂ {doubly primitive knots in S3} (Berge)

.

.

.

. ..

.

.

type k p

(I,II) (k , k ′) = 1 k1k
′ = ±p + 1

(III+,±) d |k + 1, k+1
d : odd p = ±(2k − 1)d (k2)

(III−,±) d |k − 1, k−1
d : odd p = ±(2k + 1)d (k2)

(IV+,±) d |2k + 1 p = ±(k − 1)d (k2)

(IV−,±) d |2k − 1 p = ±(k + 1)d (k2)

(V+,±) d |k + 1, d : odd p = ±(k + 1)d (k2)

(V−,±) d |k − 1, d : odd p = ±(k − 1)d (k2)

(VII±) k2 ± k + 1 (p)

(VIII±) k2 ± k − 1 (p)

(IX) 11j + 2 22j2 + 9j + 1

(X) 11j + 3 22j2 + 13j + 2



.

Examples ⊂ {doubly primitive knots in Σ(2, 3, 5)} (T.)

.

.

.

. ..

.

.

p k

A1 14J2 + 7J + 1 7J + 2
A2 20J2 + 15J + 3 5J + 2

B 30J2 + 9J + 1 6J + 1

C1 42J2 + 23J + 3 7J + 2
C2 42J2+ 47J + 13 7J + 4
D1 52J2 + 15J + 1 13J + 2
D2 52J2+ 63J + 19 13J + 8
E1 54J2 + 15J + 1 27J + 4
E2 54J2 + 39J + 7 27J+10

F1 69J2 + 17J + 1 23J + 3
F2 69J2 + 29J + 3 23J + 5
G1 85J2 + 19J + 1 17J + 2
G2 85J2 + 49J + 7 17J + 5
H1 99J2 + 35J + 3 11J + 2
H2 99J2 + 53J + 7 11J + 3

I1 120J2 + 16J + 1 12J + 1
I2 120J2 + 20J + 1 20J + 2
I3 120J2 + 36J + 3 12J + 2

J 120J2 + 104J + 22 12J + 5

K 191 15



Absolutely least remainder

p:positive integer
residue system:

⌊−p

2
⌋, ⌊−p

2
⌋ + 1, · · · ,−1, 0, 1, · · · , ⌊p

2
⌋ − 1, ⌊p

2
⌋

[x ]p : the absolute least remainder of x

ex)
[23]20 = 3
[14]18 = −4



.

Lemma (Expansion Formula(T.))

.

.

.

. ..

.

.

(p, k): Lens surgery parameter with 0 < k1 < p and k = k1 (p).

q2 = [−k2
2 ]p k2 = [k−1

1 ]p

c =
(k1 + 1 + p)(k1 − 1)

2
m =

k1k2 − 1

p
e = sgn(k2)

IK =

{
{1, 2, · · · , K} K > 0

{0,−1,−2, · · · , K + 1} K < 0

t−
(k1−1)(k2−1)

2
(tk1k2 − 1)(t − 1)

(tk1 − 1)(tk2 − 1)
=

∑
|i |≤p/2

ai t
i

Then for any i ∈ Z

ai = −m + e#{j ∈ {1, 2, · · · , k1}|[−q2(j + k1i + c)]p ∈ Ik2}



Continued Fraction

k2
2 = τ0p − q2, p = τ1q2 − q3, q2 = τ2q3 − q4, · · ·
, qn−1 = τn−1qn − qn+1, qn = τnqn+1 qn+1 = ±1

ni = det



τ1 1 0 0 · · · 0
1 τ2 1 0 · · · 0
...

. . .
. . .

. . . · · ·
...

... · · · . . .
. . .

. . .
...

0 · · · 0 1 τi−1 1
0 · · · 0 0 1 τi



qi = qn+1 det



τi 1 0 0 · · · 0
1 τ2 1 0 · · · 0
...

. . .
. . .

. . . · · ·
...

... · · · . . .
. . .

. . .
...

0 · · · 0 1 τi−1 1
0 · · · 0 0 1 τn





.

Lemma

.

.

.

. ..

.

.

If the absolute least reduction ∆p,k(t) is flat, then there exist u, v
s.t. 2 ≤ u < v ≤ n

|q2| > · · · > |qu−1| > 2|k2| > |k2| > |qu−1| > · · · > |qv | > · · · > |qn+1|

and
|k2| = |qu| + |qv |,

or

|q2| > · · · > |qu−1| > 2|k2| > |qu−1| > |k2| > · · · > |qv | > · · · > |qn+1|

|k2| = |qu+1| + |qv |,
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ex) (p, k) = (18, 5) (parameter)

k2 = [5−1]18 = −7 q2 = [−k2
2 ]18 = 5

(−7)2 = 3 · 18 − 5 (q2 = 5)
18 = 4 · 5 − 2 (q3 = 2)
5 = 3 · 2 − 1 (q4 = 1)

p = 18 = det

4 1 0
1 3 1
0 1 2


n1 = 4, n2 = det

(
4 1
1 3

)
= 11, n3 = 18

In fact
p = 18 > 5 > 2 > 1 q-sequence

18 > |k2| = 7 > 5 > 2 > 1

|k2| = 7 = 5 + 2 = |q2| + |q3| u = 2, v = 3

k2 = q2 + 2 ⇒ 2k2 + k − 1 ≡ 0 (18) (standard relation)
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In general

These data

|q2| > |q3| > · · · > |qn| > |qn+1| = 1

1 = |n0| < |n1| < |n2| < · · · < |nn|

k1 = n1 + n0

|k2| = |q2| + |q3|

are capable to compute this polynomial ∆p,k(t) concretely.
This step is important
but
the detail is omitted here.
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.

Classification

.

.

.

. ..

.

.

(p, k): any parameter

∆p,k(t) (Kadokami-Yamada’s polynomial)
If ∆p,k(t) is flat & alternate
then

(1) u = 1

(2) u = 2

.

.

1 ak2
1 ± k1 ± 1 = 0 (a=2,3,4,5,6,9)

.

.

2 (uℓ ± 2)k2
1 ± k1 ± 1 = 0

.

.

3 p = 191, k = 15

(3) u ≥ 3

.

.

1 ak2
1 ± 2k1 + b = 0 (a, b) = (5, 3), (3, 2), (5, 2)

.

.

2 5k2
1 ± 2k1 − 3 = 0

.

.

3 5k2
1 ± k1 + 2 = 0

.

.

4 (uℓ ± 1)k2
1 ± 2k1 ± 1 = 0
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1 ± k1 ± 1 = 0 (a=2,3,4,5,6,9)

.

.

2 (uℓ ± 2)k2
1 ± k1 ± 1 = 0

.

.

3 p = 191, k = 15

(3) u ≥ 3

.

.

1 ak2
1 ± 2k1 + b = 0 (a, b) = (5, 3), (3, 2), (5, 2)

.

.

2 5k2
1 ± 2k1 − 3 = 0

.

.

3 5k2
1 ± k1 + 2 = 0

.

.

4 (uℓ ± 1)k2
1 ± 2k1 ± 1 = 0



(1) u = 1 ⇒Berge’s (VII),(VIII)

(2) u = 2

.

.

1 ak2
1 ± k1 ± 1 = 0 (a=2,3,4,5,6,9)

⇒Berge’s (IX),(X). My (Ai , Ci , Di · · · , Hi )

.

.

2 (uℓ ± 2)k2
1 ± k1 ± 1 = 0 ⇒Berge’s (III),(IV)

(3) u ≥ 3

.

.

1 ak2
1 ± 2k1 + b = 0 (a, b) = (5, 3), (3, 2), (5, 2)

⇒ (Ii ) (i = 1, 2, 3)

.

.

2 5k2
1 ± 2k1 − 3 = 0 ⇒ (J)

.

.

3 5k2
1 ± k1 + 2 = 0 ⇒ (B)

.

.

4 (uℓ ± 1)k2
1 ± 2k1 ± 1 = 0 ⇒ (V)

.

.

5 p = 191, k = 15 ⇒My (K)
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