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Let Mapd(CPm, CPn) be the space consisting of all continuous maps f :
CPm → CPn of degree d, and Map∗

d(CPm, CPn) ⊂ Mapd(CPm, CPn) the
subspace of all based continuous maps f : CPm → CPn of degree d. We
denote by Hold(CPm, CPn) ⊂ Mapd(CPm, CPn) (resp. Hol∗d(CPm, CPn) ⊂
Map∗

d(CPm, CPn)) the corresponding subspace consisting of all holomorphic
maps (resp. based holomorphic maps).

The motivation of this poster derives from the work of G. Segal [6], in
which he describes that the Atiyah-Jones type result holds for the inclusion
map Hol(CP1, CPn) → Map(CP1, CPn) as follows.

Theorem 0.1 (G. Segal, [6]). The inclusion maps
{

id : Hol∗d(CP1, CPn) → Map∗
d(CP1, CPn) = Ω2

dCPn # Ω2S2n+1

jd : Hold(CP1, CPn) → Mapd(CP1, CPn)

are homotopy equivalences up to dimension (2n − 1)d.

Remark. A map f : X → Y is called a homotopy equivalence (resp.
a homology equivalence) up to dimension D if the induced homomorphism
f∗ : πk(X) → πk(Y ) (resp. f∗ : Hk(X, Z) → Hk(Y, Z)) is bijective when
k < D and surjective when k = D. Similarly, a map f : X → Y is called a
homotopy equivalence (resp. a homology equivalence) through dimension D
if the induced homomorphism f∗ : πk(X) → πk(Y ) (resp. f∗ : Hk(X, Z) →
Hk(Y, Z)) is bijective whenever k ≤ D.

Segal also expected that a similar Atiyah-Jones type result would hold
for the inclusion Hol(CPm, CPn) → Map(CPm, CPn) even if 2 ≤ m ≤ n, and
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we would like to investigate this problem. For this purpose, we study the
restriction fibration sequence

Fd(m,n) → Map∗
d(CPm, CPn)

r−→ Map∗
d(CPm−1, CPn),

where the map r is defined by the restriction r(f) = f |CPm−1 and Fd(m,n)
denotes the fiber defined by

Fd(m,n) = r−1(ψm−1,n
d ) =

{
f ∈ Map∗

d(CPm, CPn) : f |CPm−1 = ψm−1,n
d

}
.

Here, ψm,n
d ∈ Map∗

d(CPm, CPn) is the holomorphic map defined by ψm,n
d ([x0 :

· · · : xm]) = [(x0)d : · · · : (xm)d : 0 : · · · : 0] and we choose it as the base-
point of Map∗

d(CPm, CPn). We remark that there is a homotopy equivalence
Fd(m,n) # Ω2mCPn.

Let Hd(m,n) ⊂ Hol∗d(CPm, CPn) be the subspace defined by Hd(m,n) =
Fd(m,n) ∩ Hol∗d(CPm, CPn). We investigate the homotopy types of the sub-
spaces Hd(m,n), Hol∗d(CPm, CPn) and Hold(CPm, CPn) with the correspond-
ing inclusion maps
{

i′d : Hd(m,n) → Fd(m,n), id : Hol∗d(CPm, CPn) → Map∗
d(CPm, CPn)

jd : Hold(CPm, CPn) → Mapd(CPm, CPn).

Recently, J. Mostovoy proved the following very remarkable important result.

Theorem 0.2 (J. Mostovoy, [5]). If 2 ≤ m ≤ n, the inclusion maps
{

i′d : Hd(m,n) → Fd(m,n), id : Hol∗d(CPm, CPn) → Map∗
d(CPm, CPn)

jd : Hold(CPm, CPn) → Mapd(CPm, CPn)

are homotopy equivalences through dimension D(d; m,n) when m < n, and
homology equivalences through dimension D(d; m, n) when m = n.

Here, (x) denotes the integer part of a number x and D(d; m,n) is defined

by D(d; m,n) = (2n − 2m + 1)
(
(d + 1

2
) + 1

)
− 1.

Since lim
d→∞

D(d; m,n) = ∞, we may regard Hd(m,n) and Hol(CPm, CPn)

as finite dimensional homotopy (or homology) models for the infinite dimen-
sional spaces Ω2mCPn and Map(CPm, CPn), respectively. We know that the
Atiyah-Jones type Theorem holds for several other cases, and the homotopy
stability is usually satisfied for these cases. So one may expect that the homo-
topy stability may hold even if m = n. This is just my starting point and we
shall announce that this holds when m = n, too. We remark that Hd(m,n),
Hol∗d(CPm, CPn) and Hold(CPm, CPn) are simply connected if m < n. So the
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homotopy stability follows from the homology stability if m < n. However,
if m = n they are not simply connected, and we need investigate their fun-
damental groups and homotopy types of universal coverings. Then our main
result is as follows.

Theorem 0.3. If n ≥ 2, the inclusion maps
{

i′d : Hd(n, n) → Fd(n, n), id : Hol∗d(CPn, CPn) → Map∗
d(CPn, CPn)

jd : Hold(CPn, CPn) → Mapd(CPn, CPn)

are homotopy equivalences through dimension D(d, n) = (d + 1

2
).
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