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1 String topology

Theorem (Chas-Sullivan ’99):  There is a product

H,(LM)® H,(LM) ——— H,(LM)

(the string topology product) and additional structure which gives
H.(LM)[n] a natural structure of BV-algebra. Moreover, o is

compatible with:
1. the intersection product in H, (M)

2. the Pontryagin product in H,(Q2M).

R.Cohen — J.Jones: Realized string product at homotopy

theoretic level.



Definition: A BV-algebra is a graded vector space V with:

e A product aob, (V = graded comm. assoc. algebra)

e AV =V, A?2=0, degA=1

e |a,b] graded Lie algebra with deg|, | = 1.
such that:
(i) |a,—] is a graded derivation of o :

[a,bc] = [a,blc + (—=1)lPlUalFDplq (]

(ii) A is a graded derivation of |, ]
(iii) A(aob) — (Aa)ob — (=1)l*lao Ab = (=1)l%l[a, D]



Question: When does H * (LX) have such a structure?

“Definition”: An orbifold is a topological space X with an open

cover {U,}acy such that:

Ua ~ Ma/Ga

where:
e M, = smooth manifold

e (G, = finite group of diffeos



2 (Groupoids

Definition:

1. A groupoid G is a small category in which every arrow is

invertible.

Go = objects, g1 = arrows

Structure maps:

Gr x5 G1—"—=G1 ——3Go—"—G)
()
2. A groupoid is smooth if
e Gy and Gy are smooth manifolds
e the structure maps s,t,e, 7, m are smooth

e s,t:G; — Gy are submersions (so that Gy ; x5 G1 is a mfd.)
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3. A smooth groupoid is proper if (s,t):Gi — Gy X Gy is proper.

4. A smooth groupoid is étale if s,t are local diffeomorphisms.

e Morphism of groupoids: ¢ :G — G

e Equivalence of gropoids: ¢:G — G

~Y

e Morita equivalence: G «— H — G

Theorem (Moerdijk—Pronk): The category of orbifolds is equi-
valent to the category of proper, étale groupoids, after inverting

Morita equivalences.



From now on:

e M smooth, compact, connected, oriented manifold

e (5 finite group of diffeos acting on M

Definition: A “global quotient orbifold” X is one represented by a
groupoid of the form

MxG—=M
t

Notation: X =[M/G]

Fact: The classifying space of X is
BX=Mqg=M xg EG



3 The free loop space

e Vge G,  Py(M)={y:[0,1] = M |~v(0) -g=~(1)}

e G-action on Pg(M):
Py(M) x G — Py(M)
((v,9), h) — (0, k™" gh)

e Define the loop orbifold LX:
LX := [Pa(M)/G] — BLX =Pg(M) xq EG
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Lupercio—Uribe: Construct loop groupoids for any smooth

groupoid.

In the case of X = [M/G] we have:

Lemma: There is weak equivalence: 7 : LBX — B(LX).

Proof: There is a map of fibrations

LBX : » B(LX)
x /’Uol
BX

which is an equivalence on fibers. []



Two extreme cases:
o G={e}, LIMxgFEG)=LM

o M ={x}, L(MxgEG)=LBG=]]BC(g)
(9)

In the last case:

D H.(Clg);k) = HH.(kG)
(9)
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4 Principal G-bundles

e G-bundles /S!: G—Q— S! are classified by
holonomy

Bung(S') =[S, BG], = m1(G) =G

e Bung(S?t, M) = iso classes of G-equiv. maps from principal
G-bundles to M.

e G-action on Bung(S!, M) : Given S : Qg — M, kecG

(8, k) — Br—1gk : Q19 — M
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Also:
Bung( St M H Bun, ( Sl

geG

Proposition: The loop orbifold LX = [Ps(M)/G| is isom.
to [Bung(St, M) /G].
Thus,

(BLX = Pa(M) x¢ EG
Bung(S', M) x¢ EG =

| LBX = L(M xg EG)
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5 Orbifold string product

Given g, h € (G, there is a composition product:

* : PQ(M) €1><€0 Ph(M) - Qh(M)

Equivalently, the following is a pull-back:

PQ(M)Gl X eo Ph(M) — PQ(M) X Ph(M)

EOOJ J/Gl X €Q

M » M x M

va = tubular neighborhood of A
~ normal bundle of embedding AM C M x M

= tangent bundle T'M
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V= (61 X 60)_1(VA) C Pg<M) X Ph(M>
= evi (T M)

Have a Thom—collapse map:

Py X Py — Py X Pp | (PyxPp—0) & (Pye;Xe, Pp)eTM)

_—

Py X Ph— (Py e Xey Pr) - —— (Pyn)

€1 XéoJ eool J{el/Q

M x M NV MM

T M T M

Consider the composite:

Hp(Pg)@Hq(Ph)—X_> p+q(739><73h)*o—7> p+q<PghM)u—*> p+q—d(739h)
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Taking direct sum over all g € G :

x  Hy(Pa)® Hy(Pg) — Hpiq—a(Pa)

To obtain an honest orbifold invariant, need also:

1. A good morphism: 0. : H,(LBX) — H.(Pgq)

Ur™

H*(PG X EG) >H*(7Dg)

)

H*(PG Xa EG)

2. The map induced by:
o : Po— Pa xXa EG
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Definition: The orbifold string product

o : H,(LBX)® H(LBX) — Hpy,—a(LBX)

is defined by the following composite:

H.(Pg x EG)®? 220 H,(Pg)®? = H._a(Pc) —=— H._4(Pg xc EG

Theorem (L-U-X): For X = [M /G|, the homology H,.(LBX) has
a BV-algebra structure and realizes the Chas-Sullivan construction
when G = {e}.
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6 Operadic structure

e Cohen, Godin, Voronov: BV-structure on H,(LM) comes

from an action of the flat chord diagram operad MC, on LM

Marked chord diagram "Cactus" associated
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e G-marked chord diagrams: Principal G-bundles / ¢ € MC,

(13)

(23)
(12)

(123)
(132)
0

>

Fig. 2: Y3-chord diagram over marked chord diagram.

e GMC, acts on Bung(S!, M) and induces BV-structure on
H,.(LMg).



