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Definitions

• Σg,1 : a compact connected oriented surface of genus g ≥ 1

with one boundary component.

• A homology cylinder (M, i+, i−) over Σg,1 ([2], [1], [6]) consists of

{
M : a compact oriented 3-manifold,
i+, i− : two embeddings Σg,1 ↪→ ∂M

satisfying that

1. i+ is orientation-preserving and i− is orientation-reversing,

2. ∂M = i+(Σg,1) ∪ i−(Σg,1) and i+(Σg,1) ∩ i−(Σg,1) = i+(∂Σg,1) =

i−(∂Σg,1),

3. i+
∣∣
∂Σg,1

= i−
∣∣
∂Σg,1

,

4. i+, i− : H∗Σg,1 → H∗M are isomorphisms.

Namely, it is a homology cobordism of Σg,1 with markings of its boundary.

• Cg,1 : the set of all diffeomorphism classes of homology cylinders

over Σg,1.

=⇒ Cg,1 has a natural monoid structure.

unit : (Σg,1 × I, id×1, id×0)

• The mapping class group Mg,1 of Σg,1 is embedded in Cg,1 by assigning

(Σg,1 × I, id×1, ϕ× 0) to ϕ ∈ Mg,1.

• By Stallings’ theorem, for every (M, i+, i−) ∈ Cg,1,

i+, i− : Nk(π1Σg,1)
∼=−−→ Nk(π1M), for k ≥ 2



where Nk(π1Σg,1), Nk(π1M) are the k-th nilpotent quotients of π1Σg,1 and

π1M . This gives a monoid homomorphism

σk : Cg,1 −→ AutNk,
(
(M, i+, i−) 	→ (i+)−1 ◦ i−

)

for each k ≥ 2. Then

Cg,1[1] := Cg,1, Cg,1[k] := Ker σk for k ≥ 2

defines a filtration of Cg,1.

The Magnus representation For every (M, i+, i−) ∈ Cg,1[k],
Lemma 1. H∗(M, i±(Σg,1);KNk) = 0,

where Nk := Nk(π1Σg,1)
∼=−−−→

i+=i−
Nk(π1M),

KNk := ZNk(ZNk − {0})−1. (the right quotient field)

• The Magnus matrix rk(M) ∈ GL(2g,KNk) of M = (M, i+, i−) ∈ Cg,1[k]
is the representation matrix of the composite of isomorphisms

K2g
Nk

∼= H1(Σg,1, p;KNk)
∼=−−−→

i−1
+ ◦i−

H1(Σg,1, p;KNk)
∼= K2g

Nk
.

=⇒ rk : Cg,1[k] −→ GL(2g,KNk) becomes a monoid homomorphism, and

we call it the Magnus representation.

Rem. rk factors through the homology cobordism group Hg,1 of homology

cylinders, namely it is homology cobordism invariant.

• By taking the Dieudonné determinant of (2g− 1)-minor of I2g − rk(M)

(with some adjustment), we can define theNk-Alexander rational function

∆Nk(M) ∈ (K×
Nk

)ab ∪ {0}.

These invariants generalize those for string links in [5].



Nk-torsion Lemma 1 admits us to define the Reidemeister torsion

τNk(M) ∈ K1(KNk)/(±Nk)

of the acyclic complex C∗(M, i+(Σg,1);KNk) for every (M, i+, i−) ∈ Cg,1[k].
We call it the Nk-torsion of (M, i+, i−).

Rem. For M = (M, i+, i−) ∈ Mg,1 ∩ Cg,1[k], we have τNk(M) = 1.

Harvey’s higher-order degree [3], [4] For each finitely presentable

group G (or a finite CW-complex X with π1X = G), Harvey’s higher-order

degree is defined by

δ
ψ

Γ(G) = δ
ψ

Γ(X) := rank
K
ψ
Γ
H1(G; Kψ

Γ[t±]) ∈ Z≥0 ∪ {∞},

where (Γ, ψ) is a pair of a group and a primitive element of H1G with

certain conditions, and K
ψ
Γ[t±] is the skew Laurent polynomial ring of the

skew field K
ψ
Γ defined by the pair.

Rem. When Γ = H1G/(torsion), this invariant is nothing other than the

degree of the Alexander polynomial w.r.t. ψ.

Main results For M = (M, i+, i−) ∈ Cg,1[k], we define

CM := M/(i+(x) = i−(x)), x ∈ Σg,1,

and call it the closing of M . Note that Ni(π1Σg,1) = Ni(π1CM) for i ≤ k.

Theorem 1. For M = (M, i+, i−) ∈ Cg,1[k] and a primitive element

ψ ∈ H1CM = H1Σg,1,

δ
ψ

Nk
(CM) = dψ

(
det(τNk(M))

)
+dψ(∆Nk(M)),

where det is the Dieudonné determinant, and dψ is the map assigning the

degree w.r.t. ψ.



This decomposition consists of

dψ
(
det(τNk(M))

) · · · monoid homomorphism part

dψ(∆Nk(M)) · · · homology cobordism invariant part

Comparing with Harvey’s Realization Theorem in [3], we have the following

result for the homomorphism part.

Theorem 2. For each primitive element ψ ∈ H1Σg,1,

dψ
(
det(τNk(·))

)
: Cg,1[2] → Z≥0, (k = 2, 3, . . . )

are defined on Cg,1[2]. Moreover they are all non-trivial monoid homomor-

phisms, independent of each other, and trivial on Mg,1 ∩ Cg,1[2].

This theorem is proved by constructing homology cylinders that are homol-

ogy cobordant to the unit of Cg,1, and we see that the above decomposition

gives a new insight of higher-order degrees for CM .
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