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{knots} C {virtual knots}

n-bridge knots = “n-bridge virtual knots”
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Remark. For classical knots, the following (A) and (B) are equiv-
alent.

(A) K has a diagram with n over-paths and n under-paths.
(B) K has a diagram with n maximal points and n minimal

points.

For virtual knots, (A) seems more natural to define “n-bridge
presentation”. We adapt our definition of bridge presentation to

(A).
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Definition. (Bridge presentation of a diagram D)

An n-bridge presentation of D is a division of D into n over-paths
(paths without under-crossings) and n under-paths (paths without
over-crossings) appearing alternately.

diagram with a 2-bridge presentation

Definition. (Virtual bridge index of K)
b(K) = min{n| K has a diagram with an n-bridge presentation}

0-4



Proposition 1 If b(K) = n then Q4 (K) (upper knot quandle)
and Q_(K) (lower knot quandle) can be generated by n elements.

And hence G4 (K) (upper knot group) and G_(K) (lower knot
group) can be generated by n meridian elements.

diagram with a 2-bridge presentation

Q(K) = (A1, A | Ay = A A7 72 = Ay = (A |
Q-(K)=(B1,B:|B{* =By,By* * 7 =B)) = (B] )
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Corollary 2 If b(K)

1t hen@+( ) = Q- (K) = (x| ) ={z},
and G1(K) = G_(K) = (r|

112 ||

Remark. For classical knots K, the followings are equivalent.
(i) K is a trivial knot.

(if) b(K) =
(iif) € ()=Q—(K)%< ) =1
(iv) G (K) =G (K) = (x| ) =Z

For virtual knots, (i) = (ii) = (iii) = (iv). But (iv) = (i) does
not hold in general.

Thisknot hasb(K) =1, Q. (K) =2 Q_(K) = {z},and G, (K) =
G_(K) 2 Z. But it is not a trivial knot. Jones polynomial # 1 .
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Theorem 3 There exist infinitely many 1-bridge virtual knots.

Proof. For n > 2, let K,, be a virtual knot with a diagram

Figure 1: n positive crossings and n — 1 virtual crossings

( A2 (A‘Q L (A" + 1) n : even
fr, (A) = S 1+A47°
" —2n( Ll (A" 2 _2
| AT (AT - A2 A7) niodd
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There are 99 pseudo-prime non-trivial virtual knots with cross-
ing numbers less than 5 in Naoko Kamada’s table.

c(K)=2= {1,

c(K)=3=42,---,18,

c(K)=4=>19, - ,#99.

Here ¢(K) is the minimal crossing number of K. K is pseudo-prime
if K does not have a composite diagram with ¢(K) crossings.

#1(02)(13)/(1,1) b(K) =1

Al A2 Al
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b(K) =1

42 (03)(14)(25)/(1,1,1)
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b(K) =2

This knot has a 2-bridge presentation. G (K) # Z. Thus
b(K) = 2.
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Lemma 4 (Bridge Reduction Lemma) Let A; and A;11 be over-

paths and B; an under-path such that A;, B; and A;11 appear in
this order.

(1) (Forward Bridge Reduction) If there exist no real crossings
between B; and A;y11, then we can reduce the number of bridges.

(2) (Backward Bridge Reduction) If there exist no real crossings
between A; and B;, then we can reduce the number of bridges.

Proof. See Figures. g

This lemma is very useful to reduce the number of bridges.
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Bridge Reduction (Forward)
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Bridge Reduction (Backward)
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<:2§§;éf§%§i[7:;;i> #3

M Ql
A3 A2 A3

Bridge Reduction (Forward)
(1) No real crossings between B1 and A2.
(2) Move real crossings on B1 beyond A2.
(3) Connect A1l and A2 to make a single over-path.
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Theorem 5 For the 99 wvirtual knots in the table, we have the
following.

(1) The following knots have bridge indices 2:
3,4,19,20,21,44,45, 46,47, 49, 50, 51, 58, 59, 60,
61,62, 81,82, 83,84, 85, 86, 87, 88.

(2) The knot 857 has bridge index 1 or 2.

(3) The other knots have bridge indices 1.

Proof. By Bridge Reduction Lemma, all knots that are not listed
in (1) and (2) can be presented by a diagram with 1-bridge pre-
sentation. Thus we have (3).

By Bridge Reduction Lemma, the knots listed in (1) and (2)
can be presented by a diagram with 2-bridge presentation. Thus
we have (2).

If 5(K) =1 then G4 (K) = G_(K) = Z. However, knots listed
in (1) do not satisfy G4 (K) = G_(K) = Z. Thus we have (1). g
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Problem 1: Decide the bridge index of #57.

457

2-bridge presentation  b(K) =1 or 27
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Problem 2: For a classical knot K, define

bl (K) = min {n ‘ K has a diagram without virtual crossings } |

and with n-bridge presentation

By definition, b(K) < b**3(K) .
Is b(K) = b**3(K)?

Problem 3: b(K #K>) = b(K;) + b(K3) — 1?7 (Yes, for b™(K) of
classical knots.)

0-17



