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§1. Introduction

¶ ³
Alternating linksµ ´

An alternating diagram is a link diagram such that an

overcrossing and an undercrossing appear alternately

along every component.

An alternating link is a link with an alternating diagram.
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¶ ³
The Alexander polynomialµ ´

The Alexander polynomial ∆L(t) ∈ Z[t, t−1] is an invari-

ant for oriented links up to multiplications of ±tl (l ∈ Z).

Today’s normalization

mindeg∆(t) = 0 and ∆(0) > 0.

(e.g. ∆31
(t) = 1 − t + t2, ∆41

(t) = 1 − 3t + t2,. . . )

Characterization of ∆K

• K: a knot ⇒ ∆K(t−1)
.
= ∆K(t) and ∆K(1) = ±1.

• f(t) ∈ Z[t, t−1] with f(t−1)
.
= f(t) and f(1) = ±1

⇒ ∃ a knot K such that ∆K(t) = f(t).
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¶ ³
My motivation and known resultsµ ´
Motivation

Characterize ∆K(t) of an alternating knot K.

Known results

• Crowell-Murasugi’s theorem

• Trapezoidal conjecture & Log-concavity conjecture

• Ozsváth-Szabó’s theorem
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¶ ³
The Alexander polynomial of an alternating knotµ ´
Notation

• [f ]i: the coefficient of the i-th term of a polynomial f .

• For an alternating knot K, we denote ∆K(−t) by ∆K.

Proposition [’59 R. H. Crowell, K. Murasugi]

Let K be an alternating knot. Then

•deg∆K = 2g(K).

•[∆K]i > 0 for i = 0,1, . . . ,2g(K).

⋆ K: an alternating knot with g(K) = 2 ⇒

∆K = [∆K]0 + [∆K]1t + [∆K]2t2 + [∆K]1t3 + [∆K]0t4,

and [∆K]2 = 2([∆K]1 − [∆K]0) ± 1 (∵∆K(1) = ±1).
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¶ ³
Trapezoidal conjecture & Log-concavity conjectureµ ´
Definition f(t) =

m∑
i=0

ait
i ∈ Z[t, t−1] : trapezoidal ⇔

f(t−1)
.
= f(t) and 0 < a0 < · · · < aj = aj+1 = · · · = a[m2 ]

for some 0 ≤ j ≤ [m2 ].

Trapezoidal conjecture [’62 R. H. Fox]

L : a non-split alternating link ⇒ ∆L(−t) : trapezoidal

Example

∆51
(−t) = 1 + t + t2 + t3 + t4

∆63
(−t) = 1 + 3t + 5t2 + 3t3 + t4

∆73
(−t) = 2 + 3t + 3t2 + 3t3 + 2t4

∆85
(−t) = 1 + 3t + 4t2 + 5t3 + 4t4 + 3t5 + t6

∆87
(−t) = 1 + 3t + 5t2 + 5t3 + 5t4 + 3t5 + t6
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Fact T.C. is true for 2-bridge links [’79 R. Hartley],

certain alternating algebraic (⊃ 2-bridge) links,

certain alternating fibered links [’85 K. Murasugi],

alternating knots of genus 2 [’03 P. Ozsváth-Z. Szabó, ’07 J.]

Definition A polynomial f ∈ Z[t, t−1] is log-concave

⇔ [f ]i−1[f ]i+1 ≤ [f ]2i for all i.

Log-concavity conjecture [05’ A. Stoimenow]

L : an alternating link ⇒ ∆L(t) : log-concave.

Remark

• Log-concavity conjecture “⊃” Trapezoidal conjecture.

• the Log-concavity conjecture is true for alternating

knots of genus 2. [’07 J.]

Ref. I. D. Jong, “Alexander polynomials of alternating

knots of genus two” (submitted to OJM)
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¶ ³
Ozsváth-Szabó’s inequalityµ ´
Proposition 1.2. [’03 P. Ozsváth-Z. Szabó]

K: an alternating knot, σ = σ(K): the signature of K.

∆K(t) is normalized so that ∆K(1) = 1.

Then, for each s = 0,1, . . . , g(K),

(−1)s+σ
2

g(K)−s∑
j=1

j[∆K(t)]g(K)−s−j − max(0, ⌈
|σ| − 2|s|

4
⌉)

 ≤ 0.

In particular, for an alternating knot with g(K) = 2,

2[∆K]0 ≤[∆K]1 if σ(K) = 0,

2[∆K]0 + 1 ≤[∆K]1 if |σ(K)| = 2,

2[∆K]0 − 1 ≤[∆K]1 if |σ(K)| = 4.

Remark |σ(K)| ≤ 2g(K).
8
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¶ ³
Main Theoremµ ´

Main Theorem¶ ³
Let K be an alternating knot of genus 2.

Then the following inequalities hold ([∆]0 ≥ 1):

3[∆K]0 − 1 ≤ [∆K]1 ≤ 6[∆K]0 + 1 if σ(K) = 0,

2[∆K]0 + 1 ≤ [∆K]1 ≤ 6[∆K]0 − 1 if |σ(K)| = 2,

2[∆K]0 − 1 ≤ [∆K]1 ≤ 4[∆K]0 − 2 if |σ(K)| = 4.

Moreover, any other linear inequality on [∆]0 and [∆]1

for all alternating knots of genus 2 is a consequence

of our inequalities. (Completeness)µ ´
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¶ ³
Main Theorem vs

trapezoidal property & Ozsváth-Szabó’s inequalityµ ´
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¶ ³
Main Theorem vs (σ = 0)
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¶ ³
Main Theorem vs (|σ| = 2)
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¶ ³
Main Theorem vs (|σ| = 4)

trapezoidal property & Ozsváth-Szabó’s inequalityµ ´
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§2. Proof of Main Theorem
¶ ³
Generators for genus 2 knotsµ ´
Definition (t′±2 move)

t2'

t 2'

,

t2'

t 2'

Lemma 2.1. [’05 A. Stoimenow]

{reduced alternating knot diagrams of genus 2}
/t′±2 move, mirror image, flype

={51, 62, 63, 75, 76, 77, 812, 814, 815, 923, 925, 938,

939, 941, 1058, 1097, 10101, 10120, 11123, 11148, 11329,

121097, 121202, 134233, 31#31, 31#41, 41#41} =: G2
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t2'

t 2'

,

t2'

t 2'

Lemma 2.1. [’05 A. Stoimenow]

{reduced alternating knot diagrams of genus 2}
/t′±2 move, mirror image, flype

={51,62,63,75,76,77,812,814,815,923,925,938,939,941,1058,

1097,10101,10120,11123,11148,11329,121097,121202,

134233, 31#31,31#41,31#3∗1,41#41} =: G2
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We name crossings of the diagrams in G2 as follows:

σ = 0

6 7 8

9 10 1241

3 7 12

1202
58

c2

c5
c1

c3 c4

c2

c5
c6

c1

c3 c4

c2c1
c3

c4

c2

c5

c6

c1

c3

c4

c2

c5

c6

c1

c3

c4

c2

c5

c6

c1

c3

c4

c1

c2

c3

c4

41 41#

31 31# *

c2
c5

c1
c3

c4

c6

12



|σ| = 2

6 7 8

9 9 111025 39

2

97 148

6 14

c2

c5

c1

c3

c4

c2

c5

c1
c3

c4

c2

c5

c6
c1

c3

c4

c2
c5

c6

c1

c3

c4

c2 c5

c6

c1

c3

c4 c2 c5

c6

c1

c3

c4

c7

c2 c5

c6

c1

c3

c4

c7

c8

c4

31 41#

c2

c1
c3

c5
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|σ| = 4

5 7 8 9

12 1311

11109 10

1 5 15 23

329

123

4233

12010138

1097

c2

c5

c6

c1 c3

c4

c7

c1

c2
c3
c4

c5

c1

c2

c3

c4
c5

c6

c2

c5

c6

c1

c3

c4

c7

c2

c5

c6

c1

c3

c4
c7

c2

c5

c6

c1

c3
c4

c7 c8

c2

c5 c6

c1 c3

c4

c7

c8

c2

c5

c6

c1

c3

c4

c7

c9

c8

c2

c5
c6

c1 c3

c4 c7

c8

c2

c5c6

c1
c3

c4

c7

c9

c8

c2

c5

c6

c1
c3

c4

c7 c9

c8 31 31#

c2 c5

c1
c3

c4
c6
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Notation

D: a diagram, c1, . . . , cm: crossings of D

D(ck1
1 , . . . , ckm

m ): the diagram obtained by applying

ki-times t′2 moves at ci for i = 1,2, . . . , m
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Notation

D: a diagram, c1, . . . , cm: crossings of D

D(ck1
1 , . . . , ckm

m ): the diagram obtained by applying

ki-times t′2 moves at ci for i = 1,2, . . . , m

t2'

t 2'

,

t2'

t 2'

D/c1 · · · cm: the diagram obtained by smoothing c1, . . . , cm
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Main Theorem¶ ³
Let K be an alternating knot of genus 2.

Then the following inequalities hold ([∆]0 ≥ 1):

3[∆K]0 − 1 ≤ [∆K]1 ≤ 6[∆K]0 + 1 if σ(K) = 0,

2[∆K]0 + 1 ≤ [∆K]1 ≤ 6[∆K]0 − 1 if |σ(K)| = 2,

2[∆K]0 − 1 ≤ [∆K]1 ≤ 4[∆K]0 − 2 if |σ(K)| = 4.

Moreover, any other linear inequality on [∆]0 and [∆]1

for all alternating knots of genus 2 is a consequence

of our inequalities. (Completeness)µ ´

16



Main Theorem¶ ³
Let K be an alternating knot of genus 2.

Then the following inequalities hold ([∆]0 ≥ 1):

3[∆K]0 − 1 ≤ [∆K]1 ≤ 6[∆K]0 + 1 if σ(K) = 0 ,

2[∆K]0 + 1 ≤ [∆K]1 ≤ 6[∆K]0 − 1 if |σ(K)| = 2 ,

2[∆K]0 − 1 ≤ [∆K]1 ≤ 4[∆K]0 − 2 if |σ(K)| = 4 .

Moreover, any other linear inequality on [∆]0 and [∆]1

for all alternating knots of genus 2 is a consequence

of our inequalities. (Completeness)µ ´

16-a



Main Theorem¶ ³
Let K be an alternating knot of genus 2.

Then the following inequalities hold ([∆]0 ≥ 1):

3[∆K]0 − 1 ≤ [∆K]1 ≤ 6[∆K]0 + 1 if σ(K) = 0 ,

2[∆K]0 + 1 ≤ [∆K]1 ≤ 6[∆K]0 − 1 if |σ(K)| = 2 ,

2[∆K]0 − 1 ≤ [∆K]1 ≤ 4[∆K]0 − 2 if |σ(K)| = 4 .

Moreover, any other linear inequality on [∆]0 and [∆]1

for all alternating knots of genus 2 is a consequence

of our inequalities. (Completeness)µ ´

16-b



Proposition 2.2.

D: an alternating diagram,

c: a crossing of D. Then

σ(D(c)) = σ(D).

Lemma 2.3. [’05, E. S. Lee]

D: a reduced alternating diagram.

c+(D) = #{positive crossings of D}

o(D) = #{circles obtained by splicing all crossings as}

Then

σ(D) = o(D) − p(D) − 1.
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Proof of Proposition 2.2.

• c is positive.

t2'

t2'

σ (D(c)) = o (D(c)) − p (D(c)) − 1

= (o(D) + 2) − (p(D) + 2) − 1

= o(D) − p(D) − 1

= σ(D).
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Proof of Proposition 2.2.

• c is positive. (c: negative ⇒ take the mirror image)

t2'

t2'

σ (D(c)) = o (D(c)) − p (D(c)) − 1

= (o(D) + 2) − (p(D) + 2) − 1

= o(D) − p(D) − 1

= σ(D).
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¶ ³
Method for calculating ∆(−t) of an alternating linkµ ´

D : an alternating diagram

Step 1 : Constructing an oriented graph with a

weight map from the alternating diagram D.

• Orientation : terminal points = undercrossings.

• Weight : the weight of the edges which are on the

left (resp. right) of the crossings = 1 (resp. t).

1 t
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Step 2 : Fixing a root vertex c0 and enumerating

the maximal rooted trees with the root vertex c0.

c

t
2

t tt

t

t

t

t

t

t

t t

t

Step 3 : Summing up the weights of the trees.

Here the weight of a tree is multiplication of all weights

of the edges in the tree. 1 + 3t + t2 = ∆41
.

※ (ambiguity of the choice of c0)“=”(ambiguity of ×tl).
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Lemma 2.4.¶ ³
c : a crossing of an alternating diagram D

⇒ ∆D(c) = ∆D + (1 + t)∆D/cµ ´

t2'

t2'
t

1

1

1t

t
t

c 1t

eet

1

c

c c c'

1

e

'
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c : a crossing of an alternating diagram D
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1t

t
t

c 1t
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1

c
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1

e
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cc ct 1

eet

cc ct cc ct

t

t

et

11' ''

e1

' e' e'

e1 e1

et
t

t

t

1

c

=

t ct

t

==

t
2

2

ct

t

t

t

t∆D + t(1 + t)∆D/c
.
= ∆D + (1 + t)∆D/c
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Lemma 2.4.¶ ³
c : a crossing of an alternating diagram D

⇒ ∆D(c) = ∆D + (1 + t)∆D/cµ ´

Fact

c : a crossing of a reduced alternating diagram D

⇒ deg∆D/c = deg∆D − 1
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Lemma 2.5.

D ∈ G2,

c1, . . . , cm: crossings of D,

D′ = D(ck1
1 , c

k2
2 , . . . , ckm

m ), (k1, . . . , km ∈ Z≥0). Then

∆D′ = ∆D +
∑

1≤i≤m
ki(1 + t)∆D/ci

+
∑

1≤i<j≤m
kikj(1 + t)2∆D/cicj

+
∑

1≤i<j<l≤m
kikjkl(1 + t)3∆D/cicjcl

+
∑

1≤i<j<l<p≤m
kikjklkp(1 + t)4∆D/cicjclcp

.

Remark

[(1 + t)l∆D/ci1
···cil

]0 = [∆D/ci1
···cil

]0,

[(1 + t)l∆D/ci1
···cil

]1 = [∆D/ci1
···cil

]1 + l[∆D/ci1
···cil

]0.

24



Lemma 2.5.

D ∈ G2,

c1, . . . , cm: crossings of D,

D′ = D(ck1
1 , c

k2
2 , . . . , ckm

m ), (k1, . . . , km ∈ Z≥0). Then

∆D′ = ∆D +
∑

1≤i≤m
ki(1 + t)∆D/ci

+
∑

1≤i<j≤m
kikj(1 + t)2∆D/cicj

+
∑

1≤i<j<l≤m
kikjkl(1 + t)3∆D/cicjcl

+
∑

1≤i<j<l<p≤m
kikjklkp(1 + t)4∆D/cicjclcp

.

Remark

[(1 + t)l∆D/ci1
···cil

]0 = [∆D/ci1
···cil

]0,

[(1 + t)l∆D/ci1
···cil

]1 = [∆D/ci1
···cil

]1 + l[∆D/ci1
···cil

]0.

24-a



To estimate the ratios

[(1 + t)l∆D/ci1
···cil

]1

[(1 + t)l∆D/ci1
···cil

]0
=

[∆D/ci1
···cil

]1

[∆D/ci1
···cil

]0
+ l,

we define m(D) and M(D) by

m(D) = min


[∆D/ci

]1

[∆D/ci
]0

+ 1,
[∆D/cicj

]1

[∆D/cicj
]0

+ 2,
[∆D/cicjcl

]1

[∆D/cicjcl
]0

+ 3,4

 ,

M(D) = max


[∆D/ci

]1

[∆D/ci
]0

+ 1,
[∆D/cicj

]1

[∆D/cicj
]0

+ 2,
[∆D/cicjcl

]1

[∆D/cicjcl
]0

+ 3,4

 .

Set ∆̂D′ = ∆′
D − ∆D. Then we obtain

m(D) ≤
[∆̂]1
[∆̂]0

≤ M(D).
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m(D) ≤ [∆̂D′]1
[∆̂D′]0

≤ M(D)

⇔ m(D)[∆̂D′]0 ≤ [∆̂D′]1 ≤ M(D)[∆̂D′]0

[ ]1

[ ]0

m(D)[ ]0

M(D)[ ]0

^

^

^

^

0
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⇔ m(D)[∆̂D′]0 ≤ [∆̂D′]1 ≤ M(D)[∆̂D′]0

⇔ m(D)([∆D′]0 − [∆D]0) ≤ [∆D′]1 − [∆D]1

≤ M(D)([∆D′]0 − [∆D]0).

Set r(D) = [∆D]1 − m(D)[∆D]0 and

R(D) = [∆D]1 − M(D)[∆D]0. Then we obtain

m(D)[∆D′]0 + r(D) ≤ [∆D′]1 ≤ M(D)[∆D′]0 + R(D).
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⇔ m(D)[∆̂D′]0 ≤ [∆̂D′]1 ≤ M(D)[∆̂D′]0

⇔ m(D)([∆D′]0 − [∆D]0) ≤ [∆D′]1 − [∆D]1

≤ M(D)([∆D′]0 − [∆D]0).

Set r(D) = [∆D]1 − m(D)[∆D]0 and

R(D) = [∆D]1 − M(D)[∆D]0. Then we obtain

m(D)[∆D′]0 + r(D) ≤ [∆D′]1 ≤ M(D)[∆D′]0 + R(D).

[ ]1

[ ]0

m(D)[ ]
0

M(D)[ ]0

0

+r(D)

+R(D)
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By calculating m(D), M(D), r(D), and R(D) of the 27

generators, we obtain 27 inequalities.

By taking the convex hull for each σ, we obtain Main

Theorem.

[ ]1

[ ]00
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The inequalities which decide the boundary of the con-

vex hull are the following red ones.

σ = 0
G2 m M r R ([∆]0, [∆]1, [∆]2)

63 3 5 0 −2 (1,3,5)
77 3 6 2 −1 (1,5,9)
812 4 6 3 1 (1,7,13)

941 3 14
3 3 −2 (3,12,19)

1058
10
3

14
3 6 2 (3,16,27)

121202 4 13
3 6 3 (9,42,67)

31#3∗1 3 4 −1 −2 (1,2,3)
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|σ| = 2

G2 m M r R ([∆]0, [∆]1, [∆]2)

62 2 5 1 −2 (1,3,3)
76 3 6 2 −1 (1,5,7)
814 3 5 2 −2 (2,8,11)

925
10
3

14
3 2 −2 (3,12,17)

939
10
3

11
2 4 −5

2 (3,14,21)

1097
18
5

14
3 4 −4

3 (5,22,33)

11148
25
7

23
5 4 −16

5 (7,29,43)
31#41 3 5 −1 1 (1,4,5)
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|σ| = 4

G2 m M r R ([∆]0, [∆]1, [∆]2)

51 2 4 −1 −3 (1,1,1)

75
5
2 4 −1 −4 (2,4,5)

815 3 4 −1 −4 (3,8,11)

923
13
4 4 −2 −5 (4,11,15)

938 3 4 −1 −6 (5,14,19)

10101
13
4 4 −7

4 −7 (7,21,29)

10120
25
7 4 −18

7 −6 (8,26,37)

11123
24
7 4 −13

7 −7 (9,29,41)

11329
7
2 4 −5

2 −8 (11,36,51)

121097
7
2 4 −2 −10 (16,54,77)

134233
11
3 4 −3 −10 (21,74,107)

31#31 3 4 −1 −2 (1,2,3)
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Main Theorem¶ ³
Let K be an alternating knot of genus 2.

Then the following inequalities hold ([∆]0 ≥ 1):

3[∆K]0 − 1 ≤ [∆K]1 ≤ 6[∆K]0 + 1 if σ(K) = 0 ,

2[∆K]0 + 1 ≤ [∆K]1 ≤ 6[∆K]0 − 1 if |σ(K)| = 2 ,

2[∆K]0 − 1 ≤ [∆K]1 ≤ 4[∆K]0 − 2 if |σ(K)| = 4 .

Moreover, any other linear inequality on [∆]0 and [∆]1

for all alternating knots of genus 2 is a consequence

of our inequalities. (Completeness)µ ´
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Proof of the completeness for σ = 0 (upper bound)

Let D = 812.

Then [∆̂D(cn
1)

]0 = n, [∆̂D(cn
1)

]1 = 6n, we have

[∆̂D(cn
1)

]1

[∆̂D(cn
1)

]0
= 6.

812

c2c1
c3

c4

[ ]1

[ ]0
^

^

0

6[ ]
0
^
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§3. Characterization of the alternating knots of genus

two with [∆]0 ≤ 3

Corollary 3.1.¶ ³
D: a reduced alternating diagram

⇒ [∆D(c)]0 > [∆D]0.µ ´
Lemma 3.2. [’63 K. Murasugi]

Let L be an alternating link. L is fibered ⇔ [∆]0 = 1.

Fact

The fibered knots of genus one are just 31, 3∗
1 and 41.
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¶ ³
The alternating fibered knots of genus 2 ([∆]0 = 1)µ ´

The knots in G2 with [∆]0 = 1 are just 51, 62, 63, 76,

77, 812, 31#31, 31#3∗1, 31#41, and 41#41 up to ∗.

Corollary 3.1.¶ ³
D: a reduced alternating diagram

⇒ [∆D(c)]0 > [∆D]0.µ ´

Theorem 3.4.¶ ³
The alternating fibered knots of genus 2 are just the

following knots: 51, 5∗
1, 62, 6∗

2, 63, 76, 7∗
6, 77, 7∗

7, 812,

31#31, 31#3∗1, 3∗
1#3∗1, 31#41, 3∗

1#41, and 41#41.µ ´
We denote the set of these knot diagrams by AF2.
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Corollary 3.5.

The Alexander polynomials which have the trapezoidal

property

1 − n1t + (2n1 − 1)t2 − n1t3 + t4 for n1 = 4 or n1 ≥ 8,

1 − n2t + (2n2 − 3)t2 − n2t3 + t4 for n2 ≥ 6

are never realized by an alternating knot.

Remark

∆K(t) = 1 − 4t + 7t2 − 4t3 + t4

The knot with this ∆ satisfies the inequality in Main

Theorem.

However, this polynomial is never realized an alternating

knot.

Incidentally, ∆944
(t) = 1 − 4t + 7t2 − 4t3 + t4.
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K: a knot with ∆K(t) = 1 − 4t + 7t2 − 4t3 + t4,

For ∀K, |σ(K)| ≤ # {α ∈ C \ R| ∆K(α) = 0, |α| = 1}.

α1, α2, α1, α2 ∈ C: zeros of ∆K(t) ⇒ |α1|, |α2| ̸= 1.

∴σ(K) = 0. Then

The ineq. in Main Thm ⇔ 3[∆]0−1 ≤ [∆]1 ≤ 6[∆]0+ 1.

(Ozsváth-Szabó’s ineq. ⇔ 2[∆]0 ≤ [∆]1.)

∴The knot with ∆K(t) = 1−4t+7t2−4t3+ t4 satisfies

the inequality in Main Theorem. (Trapezoidal prop-

erty and Ozsváth-Szabó’s inequality are also satisfied.)

However, a knot with this ∆ is non-alternating knot.
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For ∀K, |σ(K)| ≤ # {α ∈ C \ R| ∆K(α) = 0, |α| = 1}.

α1, α2, α1, α2 ∈ C: zeros of ∆K(t) ⇒ |α1|, |α2| ̸= 1.

∴σ(K) = 0. Then

The ineq. in Main Thm ⇔ 3[∆]0−1 ≤ [∆]1 ≤ 6[∆]0+ 1.

(Ozsváth-Szabó’s ineq. ⇔ 2[∆]0 ≤ [∆]1.)

∴The knot with ∆K(t) = 1−4t+7t2−4t3+ t4 satisfies

the inequality in Main Theorem. (Trapezoidal prop-

erty and Ozsváth-Szabó’s inequality are also satisfied.)

However, a knot with this ∆ is non-alternating knot.
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¶ ³
The alternating knots of genus 2 with [∆]0 = 2µ ´

The knots in G2 with [∆]0 = 2 are just 75, 814 up to ∗.

Other alternating knots of genus 2 with [∆]0 = 2 are

obtained by applying once t′2 move at a crossing of a di-

agram in AF2: 51(c1) = 73, 62(c1) = 811, 62(c2) = 84,

62(c3) = 86, 63(c1) = 813, 63(c2) = 88, 63(c3) = 88,

63(c4) = 813, 76(c1) = 98, 76(c2) = 921, 76(c3) = 915,

76(c4) = 912, 77(c1) = 914, 77(c2) = 914, 77(c3) = 919,

77(c4) = 937, 77(c5) = 919, 812(c1) = 1013, 812(c2) =

1035, 812(c3) = 1013, 812(c4) = 1035.

The composite alternating knots of genus 2 with [∆]0 =

2 are just 31#52, 31#61, 41#52, and 41#61 up to ∗
for each factor.
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¶ ³
The alternating knots of genus 2 with [∆]0 = 2µ ´

The knots in G2 with [∆]0 = 2 are just 75, 814 up to ∗.

Other alternating knots of genus 2 with [∆]0 = 2 are

obtained by applying once t′2 move at a crossing of a di-

agram in AF2: 51(c1) = 73, 62(c1) = 811, 62(c2) = 84,

62(c3) = 86, 63(c1) = 813, 63(c2) = 88, 63(c3) = 88,

63(c4) = 813, 76(c1) = 98, 76(c2) = 921, 76(c3) = 915,

76(c4) = 912, 77(c1) = 914, 77(c2) = 914, 77(c3) = 919,

77(c4) = 937, 77(c5) = 919, 812(c1) = 1013, 812(c2) =

1035, 812(c3) = 1013, 812(c4) = 1035.

The composite alternating knots with [∆]0 = 2 are just

31#52, 31#61, 41#52, and 41#61 up to ∗ for each

factor.
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¶ ³
The alternating knots of genus 2 with [∆]0 = 2µ ´

The knots in G2 with [∆]0 = 2 are just 75, 814 up to ∗.

Other alternating knots of genus 2 with [∆]0 = 2 are

obtained by applying once t′2 move at a crossing of a di-

agram in AF2: 51(c1) = 73, 62(c1) = 811, 62(c2) = 84,

62(c3) = 86, 63(c1) = 813, 63(c2) = 88, 63(c3) = 88,

63(c4) = 813, 76(c1) = 98, 76(c2) = 921, 76(c3) = 915,

76(c4) = 912, 77(c1) = 914, 77(c2) = 914, 77(c3) = 919,

77(c4) = 937, 77(c5) = 919, 812(c1) = 1013, 812(c2) =

1035, 812(c3) = 1013, 812(c4) = 1035.

The composite alternating knots of genus 2 with [∆]0 =

2 are just 31#52, 31#61, 41#52, and 41#61 up to ∗
for each factor.
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Theorem 3.6.¶ ³
The alternating knots of genus 2 with [∆]0 = 2 are

just the following knots up to ∗: 73, 75, 84, 86, 88, 811,

813, 814, 98, 912, 914, 915, 919, 921, 937, 1013, 1035,

31#52, 3∗
1#52, 31#61, 3∗

1#61, 41#52, and 41#61.µ ´
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¶ ³
The alternating knots of genus 2 with [∆]0 = 3µ ´

By the same way (i.e. by applying twice t′2 moves on

AF2), we have the following theorem.

Theorem 3.7.¶ ³
The alternating prime knots of genus 2 with [∆]0 = 3

are just the following knots up to ∗: 94, 97, 104,

107, 1010, 1020, 1034, 1036, 1113, 1159, 1165, 11195,

11211, 11214, 11230, 12197, 12691, 31#72, 3∗
1#72,

31#81, 3∗
1#81, 41#72, and 41#81.µ ´
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Corollary 3.8.

The Alexander polynomials which have the trapezoidal

property

2−n1t+(2n1−3)t2−n1t3 +2t4 for n1 = 8 or n1 ≥ 14,

2 − n2t + (2n2 − 5)t2 − n2t3 + 2t4 for n2 ≥ 12

are never realized by an alternating knot.

Corollary 3.9.

The Alexander polynomials which have the trapezoidal

property

3 − n1t + (2n1 − 5)t2 − n1t3 + 3t4 for n1 = 6,10,14,18

or n1 ≥ 20,

3−n2t+(2n2−7)t2−n2t3+3t4 for n2 = 8,16 or n2 ≥ 18

are never realized by an alternating knot.
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§4. Non-alternating knots up to 10 crossings

Fact

[∆]0 ≤ 3 holds for any non-alternating prime knot up

to 10 crossings (in Rolfsen’s table).

There exists non-alternating knots which satisfy our in-

equality. (e.g. ∆(t) = 1 − 4t + 7t2 − 4t3 + t4.) i.e.

we have non-alternating knots whose ∆ are similar to

those of alternating knots.

We enumerate these non-alternating knots up to 10

crossings and deg∆ = 4.
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§4. Non-alternating knots up to 10 crossings

Fact

[∆]0 ≤ 3 holds for any non-alternating prime knot up

to 10 crossings (in Rolfsen’s table).

There exists non-alternating knots which satisfy our in-

equality. (e.g. ∆(t) = 1 − 4t + 7t2 − 4t3 + t4.) i.e.

we have non-alternating knots whose ∆ are similar to

those of alternating knots.

We enumerate these non-alternating knots up to 10

crossings and deg∆ = 4.
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§4. Non-alternating knots up to 10 crossings

Fact

[∆]0 ≤ 3 holds for any non-alternating prime knot up

to 10 crossings (in Rolfsen’s table).

There exists non-alternating knots which satisfy our in-

equality. (e.g. ∆(t) = 1 − 4t + 7t2 − 4t3 + t4.) i.e.

we have non-alternating knots whose ∆ are similar to

those of alternating knots.

We enumerate these non-alternating knots with deg∆ =

4 up to 10 crossings.
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[∆]0 = 1

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

820 (1,2,3) 0 31#31
821 (1,4,5) 2 31#41
944 (1,4,7) 0 ∃/
945 (1,6,9) 2 ∃/
948 (1,7,11) 2 ∃/

10132 (1,1,1) 0 51
10133 (1,5,7) 2 76
10136 (1,4,5) 2 31#41
10137 (1,6,11) 0 41#41
10140 (1,2,3) 0 31#31

Corollary 3.5.

1 − n1t + (2n1 − 1)t2 − n1t3 + t4 for n1 = 4 or n1 ≥ 8,

1 − n2t + (2n2 − 3)t2 − n2t3 + t4 for n2 ≥ 6

are never realized by an alternating knot.
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[∆]0 = 1

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

820 (1,2,3) 0 31#31
821 (1,4,5) 2 31#41
944 (1,4,7) 0 ∃/
945 (1,6,9) 2 ∃/
948 (1,7,11) 2 ∃/

10132 (1,1,1) 0 51
10133 (1,5,7) 2 76
10136 (1,4,5) 2 31#41
10137 (1,6,11) 0 41#41
10140 (1,2,3) 0 31#31

Corollary 3.5.

1 − n1t + (2n1 − 1)t2 − n1t3 + t4 for n1 = 4 or n1 ≥ 8,

1 − n2t + (2n2 − 3)t2 − n2t3 + t4 for n2 ≥ 6

are never realized by an alternating knot.
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[∆]0 = 2

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

10129 (2,6,9) 0 88
10130 (2,4,5) 0 75
10131 (2,8,11) 2 814,98
10146 (2,8,13) 0 ∃/
10147 (2,7,9) 2 811
10166 (2,10,15) 2 915

[∆]0 = 3

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

949 (3,6,7) 4 ∃/
10135 (3,9,13) 0 1034
10144 (3,10,13) 2 31#81
10163 (3,9,11) 2 1020
10165 (3,11,17) 0 1010
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¶ ³
Symmetric unionµ ´

K: a knot represented by a closure of a tangle T .

Definition [’57 S. Kinoshita-H. Terasaka]

The symmetric unions of K, denoted by Kn, are the

knots represented by the following diagrams.

T T*

n full-twists}
Kn=K= T ,

Proposition 4.1. ∆Kn = ∆2
K for ∀n ∈ Z.
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• K = 31 ⇒ K0 = 31#3∗1, K2 = 820, K4 = 10140.

• K = 41 ⇒ K0 = 41#41, K2 = 10137.
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• K = 31 ⇒ K0 = 31#3∗1, K2 = 820, K4 = 10140.

• K = 41 ⇒ K0 = 41#41, K2 = 10137.
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• K = 31 ⇒ K0 = 31#3∗1, K2 = 820, K4 = 10140.

• K = 41 ⇒ K0 = 41#41, K2 = 10137.

[∆]0 = 1

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

820 (1,2,3) 0 31#31
821 (1,4,5) 2 31#41
944 (1,4,7) 0 ∃/
945 (1,6,9) 2 ∃/
948 (1,7,11) 2 ∃/

10132 (1,1,1) 0 51
10133 (1,5,7) 2 76
10136 (1,4,5) 2 31#41
10137 (1,6,11) 0 41#41
10140 (1,2,3) 0 31#31
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[∆]0 = 2

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

10129 (2,6,9) 0 88
10130 (2,4,5) 0 75
10131 (2,8,11) 2 814,98
10146 (2,8,13) 0 ∃/
10147 (2,7,9) 2 811
10166 (2,10,15) 2 915

[∆]0 = 3

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

949 (3,6,7) 4 ∃/
10135 (3,9,13) 0 1034
10144 (3,10,13) 2 31#81
10163 (3,9,11) 2 1020
10165 (3,11,17) 0 1010
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¶ ³
Kanenobu’s knot familyµ ´

T. Kanenobu discovered families of knots, denoted by

K(a, b).

a

b

K(a,b) =

K(0,−1) = 88,

K(2,−1) = 10129,

K(0,0) = 41#41,

K(2,0) = 10137.

Proposition [’86 T. Kanenobu]

∆K(a,b) = ∆(ε, δ) (ε ≡ a, δ ≡ b mod 2).

Here ∆(0,0) = (1,6,11), ∆(0,1) = ∆(1,0) = (2,6,9),

∆(1,1) = (1,3,5,7).
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¶ ³
Kanenobu’s knot familyµ ´

T. Kanenobu discovered families of knots, denoted by

K(a, b).

a

b

K(a,b) =

K(0,−1) = 88,

K(2,−1) = 10129,

K(0,0) = 41#41,

K(2,0) = 10137.

Proposition 4.2. [’86 T. Kanenobu]

∆K(a,b) = ∆(ε, δ) (ε ≡ a, δ ≡ b mod 2).

Here ∆(0,0) = (1,6,11), ∆(0,1) = ∆(1,0) = (2,6,9),

∆(1,1) = (1,3,5,7).
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[∆]0 = 1

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

820 (1,2,3) 0 31#31
821 (1,4,5) 2 31#41
944 (1,4,7) 0 ∃/
945 (1,6,9) 2 ∃/
948 (1,7,11) 2 ∃/

10132 (1,1,1) 0 51
10133 (1,5,7) 2 76
10136 (1,4,5) 2 31#41
10137 (1,6,11) 0 41#41
10140 (1,2,3) 0 31#31
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[∆]0 = 2

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

10129 (2,6,9) 0 88
10130 (2,4,5) 0 75
10131 (2,8,11) 2 814,98
10146 (2,8,13) 0 ∃/
10147 (2,7,9) 2 811
10166 (2,10,15) 2 915

[∆]0 = 3

K ([∆]0, [∆]1, [∆]2) |σ| alt. knot

949 (3,6,7) 4 ∃/
10135 (3,9,13) 0 1034
10144 (3,10,13) 2 31#81
10163 (3,9,11) 2 1020
10165 (3,11,17) 0 1010
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