An asymptotic behavior of the
dilatation for a family of pseudo-
Anosov braids
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pseudo-Anosov braid

D,,; n-punctured disk
M(D,,); mapping class group of D,

One can classify mapping classes ¢ € M(D,,) into 3 types

1. the order of ¢ is finite
2. the order of ¢ is infinite and ¢ is reducible

3. (pseudo- the order of ¢ is infinite and ¢ is irreducible




B,,; n-braid group

T : B, — M(D,); surjective homomorphism

o; — t; (t; is the positive half twist)

Using I', one can classity braids into 3 types.



two invariants, dilatation and volume

pA braids have two invariants.

1. A(b) := \(®}) > 1; dilatation
2. vol(b) := vol(T (b)) > 0; volume

Choose any representative f : D, — D, of I'(b) € M(D,,), and
form the mapping torus




A family of braids

We consider the tollowing braid S, my. my.s
1 and each integer m; > 1. These braids are all pA.

) for each integer k& >

We would like to say this family is nice, because it has
interesting properties on the two invariant.



1. Our braids have a nice inductive formula to compute
their dilatation.

For an integral polynomial f(¢) of degree d, the reciprocal of
f(t), denoted by f,(t), is t2f(1/¢).

Thm. A (Inductive formula) The dilatation of the pA braid
By, mp,,) 18 the largest root of the polynomial




2. The dilatation of our braids can be arbitrarily small.

Thm B.(Asymptotic behavior)

lim )‘(ﬁ(mh-",mkﬂ)) — %

(AP0 ,mk+1_>oo

The dilatation measures some complexity of pA mapping classes.
Thm B. says that if all indices go to oo, then the complexity of

- our braids goes to 0.
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Question. What happen for the volume of a family of pA braids
whose dilatation is arbitrarily small.

(Known two families {b,} and {v,} with arbitrarily small di-
latation)

1. lim, ., vol(b,) = oo and the number of the cusps of the map-
ping torus T(b,) goes to co as n goes to oo.
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We can give another family of braids:
Thm. There exist a family of pA braids (3, such that

lim A(G,) =1 and lim vol(f3,) = o

n—aoo n—oo

and such that the number of the cusps of the mapping torus T(3,)
is 2 for each n.

(Proof.) Note that the braided link B, ... m, ) is an alternating
link (in fact 2 bridge link) with twist number k£ 4 1. A result by

Lackenby tells us that 2m,

S
ST Wag) < B ST,

2m] +1 2mk+] +1
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graph maps, transition matrices

G; graph,
A continuous map g : G — G is called a graph map.

We suppose that g is “tight”.

tight; OK loose; NG

One can define the transition matrix M (g) = (m; ;) as follows:

m; ; := the number of times that g(e;) passes through e;.



Notation

For the transition matrix M (g),
o M(g)(¢t) := [t — M(g)|

= characteristic poly. of the transition matrix M(g)

e \(M(g)) := the spectral radius of the transition matrix M (g)
= max{|\| ; \is an eigenvalue of M(g)}

- In general, the dilatation of a pA braid is given by the spectral




combined tree maps

Inductively, we will define the combined tree Qy, ... 1, .,) and
the combined tree map qun, ... mp.1) @ Limg, mars) — Lma, - mass)

Prop. (combined tree maps know the dilatation of 3,,, ... ;s,.,))

A - i) = MM (G- i)
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Let G, + and G, _ be trees of star type having one vertex of
valence n + 1.

The combined tree Qy, ... m,.,) 1S the one obtained by gluing
k+ 1 trees Uny +, Uy — oo+ 3 G, (- 1y% 10 the following way:

gluing

Qa.2.1)




First, take the following tree map ¢, : G, 1+ — Gy 4

Suppose that the combined tree map (up to k) is defined:

d(my, - my,) - Q(ml,---,mk) G Q(ml,”',mk)'

Note that the two trees Qy, ... m,) and Gy, ., can be thought as
thiecnlatrecsiof O fe b



Take the extension q of g, ... my) @ Ly, my) O:
q: Lmy misr) = L i)
Take the extension g of g, ., : Gm,,, O
0 )
Then we define

(e amiagioipn O s i O it nnng,







Lem.

A (G o e n)) > A (Gt )

Cor. (Monotonicity)




proof of Thm. A (inductive formula)

Thm. A (Inductive formula) The dilatation of the pA braid
By, mp,y) 15 the largest root of the polynomial

phae R(ml,“' M) (t) " (_1)k+1R(m17“' 7mk)*(t)’

where R, .. m,)(t) is given inductively as follows:

Rt ey a0k aniid
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proof of Thm. A (inductive formula)
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Fixing mq,--- ,my > 1, consider the family of combined tree
map

{q(mkz—l—l) = 4(my, ,mkz+1)}mk+121‘

One can define the dominant tree map

Jeie— F(mh"-,mk) = R(m1,--~,mk) — R

whose transition matrix M(7) equals the upper-left submatrix of

fllr R o
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(How to define the dominant tree map 7 : R — R)

The tree R is obtained from the combined tree Q, ... m,) to-
gether with the edge of G,,, ...

For each e € E(R), the edge path 7(e) is given by the edge path
(my.,)(€) by eliminating edges which do not belong to the edge set

Note: _The tree map 7 does not depend on the ch01ee of mkH
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dominant tree map 7 : R — R for {qum)}m>1.

20



Lem. Let
R(t) — R(ml,---,mk)(t) = M(F) (t)
Then there exists a poly. S(t) such that

M(Gmy, i) ) () = THR(E) + 5(2)

(Proof.) Use this form




Mysterious Lem. (the poly. R(t) knows the poly. S(%).)
Let S(t) be as in the previous lem. (i.e, M (q(n,,,))(t) = t"+ R(t)+
S(t).) Then
(=1 R, (2).

Thanks to the mysterious lemma, the proof of Thm. A is done:
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proof of Thm. B (asymptotic behavior)

Thm B.(Asymptotic behavior)

lim )‘(ﬁ(mu",mkﬂ)) ==

My, Mg41—700

Final Lemma.
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(Proof of the final lemma.)

For an integral poly. Q(t), let A\(Q(t)) be the largest absolute
value of roots of Q(1).

Let us consider a family of polynomials

Qn(t) =t"R(t) £ 5(),
where R(t) is a monic integral poly. and S(t¢) is an integral poly.
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Key lemma. Suppose that R(t) has a root outside the unit circle.
Then,

ACR(t)) = Tim A(@n(2))-

n—aoo

Key lemma together with the inductive formula [Thm A] to
compute R, ... m,)(t) gives us the proof of the final lemma. [J







2. Compute the characteristic poly. of M(7)(t) = t® — t°> — 2¢.

3. Compute its reciprocal (t® — > — 2t), = —2t° —t + 1

—> For each m > 1, the dilatation A(84,,) is the largest root of

£ —° — 2t) + (=28 —t + 1).



