Tokyo-Berkeley Summer School
“Geometry and Mathematical Physics” — 1st Week —

The purpose of the first week is to provide students systematic accounts
for deformation of singularities, primitive integrals, infinite root systems,
flat structures etc starting from basic materials. We will also focus on a
relation to integrable systems and give an introduction to derived categories
and stability conditions, which will give an introduction to some talks in the
second week.

Program

Tuesday, July 21, 10:00-12:00, 13:00 - 15:00, Balcony A
Lecturer : Kyoji Saito (Kavli IPMU)

Wednesday, July 22, 10:00-12:00, 13:00 - 15:00, Seminar Room B
Lecturer : Todor Milanov (Kavli IPMU)

Thursday, July 23, 10:00-12:00, 13:00 - 15:00, Balcony A
Lecturer : Akishi Ikeda (Kavli IPMU)

Friday, July 24, 10:00-12:00, 13:00 - 15:00, Seminar Room B
Student Session

Tuesday, July 21, 10:00-12:00, 13:00 - 15:00, Balcony A
Lecturer : Kyoji Saito (Kavli IPMU)
An introduction to Period Integrals

Abstract : In the present lectures, I'll give an introduction to an analytic
theory of Period Integrals over open CY-manifolds, or, so called, B-side LG-
model theory from mathematical view point. In the first half, I'll start with
the theory of elliptic integrals, and will show how such classical theory leads
to the construction of the flat Frobenius structure and elliptic modular func-
tions. As a toy model, we examine how the mirror symmetry appears in this



context. In the second part, I'll give a higher dimensional generalization of
the elliptic integral theory by introducing 1) semi-infinite Hodge structure, 2)
higher residue pairings on the Hodge structure, 3) the primitive elements (=
the primitive forms) on the Hodge structure, and 4) the flat Frobenius struc-
ture on the parameter space. Finally, I'll discuss how these concepts lead
to the construction of the (genus 0) pre-potential functions and its mirror
symmetry. We shall also discuss some examples.

The references for Saito’s lectures are given in the last 3 pages of
the program.

Wednesday, July 22, 10:00-12:00, 13:00 - 15:00, Seminar Room B
Lecturer : Todor Milanov (Kavli IPMU)

If X is a compact complex orbifold with semi-simple quantum cohomology,
then it was conjectured by Givental and proved by Teleman that the higher-
genus Gromov-Witten (GW) invariants can be reconstructed from genus zero
only. Moreover, Dubrovin and Zhang have constructed an integrable hierar-
chy (one for each target orbifold) that governs the GW invariants. I would
like to give an introduction to another approach whose goal is to characterize
the GW invariants and the Dubrovin-Zhang’s hierarchies in terms of certain
class of Vertex Operator Algebra (VOA) representations.

Lecture 1: Introduction to GW theory.

The main goal is to state Givental’s higher-genus reconstruction and mirror
symmetry. I am going to assume the most basic notions from the geometry
of complex manifolds, such as: cohomology, vector bundles, connections and
Chern classes (see Chapter 0 in Griffiths and Harris). Some familiarity with
symplectic geometry: Hamiltonian vector fields and Poisson brackets (see e.g.
the on-line available Ana Cannas da Silva’s notes “Lectures on symplectic
geometry” ).

Lecture 2: Twisted VOA representations.

I would like to present an explicit construction of a certain class of twisted
vertex algebra representations, which are expected to govern GW invariants.



The precise mechanism to reconstruct the GW invariants from the VOA
representation is known only for simple singularities and to some extend for
Fano orbifold curves. The 2nd goal of this lecture is to explain the case of
simple singularities.

References :

1. A. Givental. “A tutorial on quantum cohomology.”

2. A. Givental. “Gromov — Witten invariants and quantization of quadratic
hamiltonians.”
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potential of a simple singularity.”

Thursday, July 23, 10:00-12:00, 13:00 - 15:00, Balcony A
Lecturer : Akishi Ikeda (Kavli IPMU)
Introduction to derived categories and stability conditions

The purpose of this lecture is to be familiar with derived categories, tri-
angulated categories and stability conditions. I plan the following contents.

Lecture 1: Derived categories

In the first part, after short review of the homological algebra, I would like
to introduce the derived categories of abelian categories through the localiza-
tion of categories. As important examples of derived categories, we deal with
the derived categories of coherent sheaves on algebraic varieties and repre-
sentations of algebras. I'll also give the construction of derived functors.

Lecture 2: Stability conditions

In the second part, we see axioms of triangulated categories. After that I
would like to introduce bounded t-structures on triangulated categories and
construct the standard t-structures on the derived categories. Finally I'll
explain Bridgeland stability conditions on triangulated categories and state
the basic theorem for the space of stability conditions.



References

e S. I. Gelfand and Yu. I. Manin, Methods of Homological Algebra,
Springer-Verlag (1996).

e T. Bridgeland, Stability conditions on triangulated categories, Ann. of
Math. 166:317-345, (2007), arXiv:0212237.



References for Saito’s lectures
Reference for Part I.

[A] Abel, N.: Recherches sur les fonctions elliptiques, Journ. Fuer Math. 2
(1827), 101-96.

[D] Du Val, P.: Elliptic Functions and Elliptic curves, London Math. Soc.,
Lect. Note Ser. 9 (1973)

[Ei] Eichler, M.: Introduction to the theory of Algebraic Numbers and func-
tions, Academic Press (1966).

[Eu| Euler, L.: Leonhardi Euleri Omnia Opera (1) 20-21, Leipzig, (1921).
[Fa] Fagnano, G.C.di.: Produzioni matematiche, Pesaro, (1750).

[Fr] Fricke, R.: Elliptischen Funktionen, Encyk. Math.Wiss. 11.b3..2(2), 177-
348, Leipzig (1913)

[G] Gauss, C.F.: Elegantiores integralis [ —-2

Lemniscata, Ges.Math.Werk 1 (1881), 49-239 [J] Jacobi,C.G.J.: Fundamenta
nova functionarum ellipticarum, Koenigzberg (1829), Ges. Math.Werke 1
(1881), 49-239.

[K] Klein, F.: Vorlesungen ueber die Theorie die elliptischen Modulfunktio-
nen, Leipzig, (1890).

[L] Legendre, A.M.: Traité des fonctions elliptiques, paris, (1825-8).

[S] Siegel, Carl Ludwig: Topics in Complex Function Theory, Vols.I,U and
ITI, Wiley-Interscence, 1969.

[We] Weber, H.: Elliptische Funktionen und algebraische Ahalen, reprint as
Lehrbuch der Algebra 3, Brunswick, (1908).

[Wei] Weierstrass, K.: Lectures given at Humboldt uni. from 1862.

[Weil] Weil, A.: Elliptic functions according to Eisenstein and Kronecker,
Springer-Verlag, (1999).

proprietates and De Curva

Reference for Part 11

[F] Fan,H., Jarvis,T., and Ruan,Y.: The Witten equation, mirror symmetry,
and quantum singularity theory, Ann. of Math. (2) 178 (2013), no. 1, 1-106.
[G] Givental,A.: Semisimple Frobenius structures at higher genus, Internat.
Math. Res. Notices 23 (2001), 1265-1286.

[HLSW] He,W., Li,S., Shen,Y. and Webb,R.:

[HV] Hori,K. and Vafa,C.: Mirror symmetry, preprint at arXiv: hep-th/0002222.
[HKKPTVVZ] Hori,H, Katz,S., Klemm,A., Pandharipande,R., Thomas R.



Vafa,C., Vakil,R., and Zaslow,E.: Mirror symmetry, Clay Mathematics Mono-
graphs, vol. 1, American Mathematical Society, Providence, RI, 2003.

[Ko] Kontsevich,M: Homological algebra of mirror symmetry, 2 (Ziirich, 1994),
Birkhauser, Basel, 1995, pp. 120-139.

[Kr] Krawitz,M: FJRW rings and Landau-Ginzburg Mirror Symmetry, Ph.D.
thesis, University of Michigan, 2010.

[KS] Krawitz,M. and Shen,Y.: Landau-Ginzburg/Calabi-Yau Correspondence
of all Genera for Elliptic Orbifold P1, preprint at arXiv: math.AG/1106.6270.
[LLS] Li,C., Li,S. and Saito,K.: Primitive forms via polyvector fields, preprint
at arxiv: math.AG/1311.1659.

[LLSS] Li,C., Li,S., Saito,K. and Shen,Y.: Mirror symmetry for exceptional
unimodular singularities, arxiv.org/abs/1405.4530, to appear in Europian
J.M..

[M] Milanov,T.: The Eynard-Orantin recursion for the total ancestor poten-
tial, Duke Math. J. 163, no. 9 (2014), 1795-1824.

[M] Milanov,T.: Analyticity of the total ancestor potential in singularity the-
ory, Advances in Math. 255 (2014), 217-241.

[MS] Milanov,T. and Shen,Y.: Global mirror symmetry for invertible simple
elliptic singularities, arxiv: math.AG/1210.6862.

[R] Ruan,Y.: The Witten equation and the geometry of the Landau-Ginzburg
model, String-Math 2011, 209-240, Proc. Sympos. Pure Math., 85, Amer.
Math. Soc., Providence, RI, 2012.

[Sk1] Saito,K.: Period Mapping Associated to a Primitive form, Publ. RIMS,
Kyoto Univ., 19(1983)1231-1264.

[Sk2] Saito,K.: The higher residue pairings K(k) for a family of hypersurface
singular points, Singularities, Part 2 (Arcata, Calif., 1981), 1983, pp. 441-
463.

[Sk3] Saito,K.: Around the theory of the Generalized Weight System Rela-
tions with Singularity Theory, the Generalized Weyl Group and Its invariant
Theory, Etc., Amer.Math.Soc.Transl.(2)183 (1998) 101-143

[Sk4] Saito,K.: Primitive automorphic forms, Mathematics unlimited-2001
and beyond, 1003-1018, Springerm Berlin, (2001).

[ST] Saito,K. and Takahashi,A.: From primitive forms to Frobenius man-
ifolds, From Hodge theory to integrability and TQFT tt*-geometry, Proc.
Sympos. Pure Math., vol. 78, Amer. Math. Soc., Providence, RI, 2008, pp.
31-48.

[Sm1] Saito,M.: On the structure of Brieskorn lattice, Ann. Inst. Fourier

(Grenoble) 39 (1989), no. 1, 27-72.



[Sm2| Saito,M.: On the structure of Brieskorn lattices, II, preprint at arxiv:
math.AG/1312.6629.

[Tal] Takahashi,A.: Primitive forms, Topological LG models coupled to
Gravity and Mirror Symmetry, preprint at arxiv: math.AG/9802059.

[Ta2] Takahashi, From Calabi-Yau dg Categories to Frobenius manifolds via
Primitive Forms, arxiv.

[Te] Teleman,C.: The structure of 2D semi-simple field theories, Invent.
Math. 188 (2012), no. 3, 525- 588.



